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TREATISE ON FLUXIONS 



SECTION I. 



DEFINTFIONS. 

Art. 1. Every quantity is here considered as 
generated by motion ; a line by the motion of a point ; 
a surface by the motion of a line; a solid by the 
motion of a surface; an angle by the rotation of a line 
about one of its extremities'*^. 

(2.) The quantity thus generated is called the Jltient, 
or flowing quantity. 

(3.) The velocities with which flowing quantities 
increase pr decrease at any point of time^ are called the 
fluxions of those quantities at that instant. 

Cor. 1. As the velocities are in proportion to the 
increments or decrements which would be generate 
in a given time, if at any instant the velocities were 
to become uniformy such increments or decrements will 
represent the fluxions at that instant t. 

* Sir L Newton, lu the introduction to his Sktadraiure of 
Curves, observes that " these geneses really take place in the nature 
of things,, and are daily seen in the motion of bodies. And after 
this manner, the ancients, by drawing moveable right lines along 
immoveable right lines, taught the genesis of rectangles/' 

*f* This is agreeable to Sir L Newton's ideas on the subject. 
He savsy *' I sought a method of determining quantities from the 
velocities of the motions or increments with which they are gene* 
rated ; and callirtg these velocities of the motions or increments, 
^lotions, and the generated quantities fluents, I fell by degrees upon 
the method of iluxious*''— 'Introd. to mtad. Curves, 

B 



3 DEFINITIONS. 

CoR« 2. Hence, as any given time may be assumed, 
the fluxion is not an absolute but a relative quantity. 
When we have several cotemporary fluxions, we may 
assume one fluxion what we please, and thence deter- 
mine the values of the others. Thus, if x and y in- 
crease uniformly, and if x increase by p in the time that 
y increases by y, then the cotemporary increments of 3c 
and y will be p and 9, 2p and 2q^ 3p and 3^, &c. hence, 
if p be assumed the fluxion of Xf the fluxion of y will 
be ^ ; if the former fluxion be 2p, the latter will be 
2qf &c. &c. 

Cor. 3. A constant quantity has no fluxion. 

(4.) The first letters,, a, J, c, &c. of the alphabet 
are usually put for constant quantities, and the last, 
Vy Wy X, y, 2, for variable ones; and they are to be 
thus understood, unless the contrary be expressed. 

(5.) The fluxion of a simple quantity, as x, is ex* 
pressed by placing a point oyer it, thus x.* 



To find the FLUXIONS of QUANTITIES. 

Prop. li 

If tivo quantities increase or decrease uniformly ^ the 
increments of decrements generated in a given tinier 
will he as their fluxions. 

(6.) This appears from Art. 3. Cor. 1. 

Prop. IL 

If one quantity increase uniformly^ and another of 
the same kind increase with an accelerated or retarded 



^ Foreign mathematicians denote the fluxion of x by dx, which is 
liable to two objections : first, it is not so simple as x, aiid becomes 
still more complex for the higher orders of fluxions ; secondly, d x 
is a notation which also signifies the product of d multiplied by x. 
Every notation should have bat one meaning. 



FLUZIONg OF auAMTmxs. 3 

velocity J and two increments he assumed which are gene* 
rated in the same time ; if those increments be diminished 
till they vanish^ that ratio to which they approach as 
their Mmit, is the ratio of thejluxions of those quantities^ 

(f.) Let the line FK be described with an uniform', 
velocity^ and AZ with an accelerated velocity^ and' 
let the increments Os, Pmhe generated in the same 
time; let also Pv be the increment that would have 



^^ ^K 






been generated in the same time, if the velocity at P 
had been continued uniform; then by Prop. 1. the 
fluxions of FKy AZ, at the {x>ints G and P, will be 
represented by Gs and Pv. Let f^ be the velocity at 
P, or' the velocity with which P r is described^ and 
let r be the increase of velocity from P to m ; then 
the velocity at m will be f^+r, and v'm is the incre- 
ment which is described in consequence of the increase 
r of velocity since the describing point left P. Now 
let F'+w be the uniform velocity with which Pm would 
be described in the same time that Pv and Pm are 
described^ as before mentioned; then it is manifest^ 
that this uniform velocity must be between the ve- 
locities at P and m, that is, f^+w is greater than ^' 
and less than f^+r, or w is greater than o and less 
than r. Also, since the spaces described in the same 
time are as the velocities, f^ : f^+tv :: Pv : Pm*. Now 

■ L - ■ _ -1 ■ - ■ - ■ ■ ■ ■— ^-^^^— — ^- 

''^ If we diminish the times in which these increments are de* 
scribed ; then as the points v and m approach to P, Pv will con« 
tinue to be described with the uniform velocity Vj but r will be 
diminished^ and by diminishing the time till it becomes indefinitely 
sm^, r will become indefinitely small ; but tm is described in 
consequence of this increfise r of velocity ; hence, when r becomes, 
indefinitely small with respect to V, the space vm must become ih« 
definit^y small in respect to Pvi therefore the ratio of Pb : Pni 



4 . FLUXIONS OF aUANTITIEd. 

in Bvery state of these incretDents, V : /^+fi? :: Pv : Ptn } 
and by continually diminishing the time5 and conse- 
quently the increments, we diminish r and Wj but 
K remains constant ; it is manifest therefore that th« 
ratio of V : ^-f w, and consequently that of Pv : Pm^ 
continually approaches towards a ratio of equality, 
agreeably to what is shown in the note ; and when 
tne time, and consequently the increments, become 
actually =0, then rs=0; consequently ti;=0; therefore 
the limit of the ratio of Pv : Pm becomes that of V : 
f^, a ratio of equality*. Hence, the limit of the ratio 
of Gs : Pm is the same as the limit of the ratio of 
Gs : Pvy or it is Gs : Pv, that ratio being constant ; 
that is, the limiting ratio of the increments is the 
ratio of thefiuodons. 

The same is manifestly true for the limiting ratio of 
the decrements of two quantities \ for, conceiving the 
describing points to move backwards, the decrements 
sG, mP in this case become the same as the incre- 
ments in the other ; consequently their limiting ratio 
will express the* ratio of the fluxions at G and P, or 
the rate at which FG^ AP are, at thjat. instant, de- 
creasing. As the points P, G, may be take^at A^F^ 
respectively, the limiting ratio of two nascent or evan- 
escent quantities, will be the ratio of their; fluxions at 
the instant they begin or cease to be.t / , 



I 



is^: io that state, ind^ficutcly near to a ratio of equality ; but it ig 
manifest that it never can become accurately a ratio of equality^ 
because vm wilJ not vanish until Po and Pm vanish ; consequently 
the ratio of the actual increments Gs : Pm can ncyer accurately 
express the ratio of the fluxions, that ratio being expressed by th« 
jratio of Gs : Pr. We are therefore to consider, to what ritio 
Po : Pm approaches as it's limit, when we make the time in which 
the increments are described^ and consequently the increments 
themselves, vanish. 

* By keeping the ratio of the vanishing quantities thus ex* 
pressied by finite quantities, it removes the obscurity which may 
ari^ when we consider the quantities themselves ; this is agreeable 
to the reasoning of Sm I. Nswton in his Principia, Lib. L Sect, u 
hwa. 7, 8, ?. 

• ^ Hence, if JP6r, ^ P, represent the numerator and denominator 

of 



FDUXIONB OF OUAKTITIES. O 

, Henoe^ the limiting ratio of the increments or de-i 
cremenfes of two quantities : which are both generated- 
by variable velocities, will be the ratio of their fluxions^ 
And as the velocities with which these two lines in- 
crease or decrease, may be made to agree with the rate 
of increase or decrease of any two quantities which 
may be compared together, the proposition must be 
true for quantities of any kind. 

Cor. As the limiting ratio of the increments is the 
ratio ' of ttie fluxions, it is manifest that when the 
increments are in an increasing or decreasing state^ the 
fluxions will be increasing or decreasing. 

(8.) - It has been said, that when the increments are 
tictiiaily vanished, it is absurd to talk of any ratio be- 
tween them. It is true ; but we speak not here of 
any ratio then existing between the quantities, but of 
that ratio to which they have approached as their 
limit ; and that ratio still remains. Thus, let the in- 
crements of two quantities be denoted by ajf + nut 
and W-^nw y then the limit of their ratio. When 
ar^O, is mzh; for in every state of these quantities; 
aaf^-hmx : k^ + nx :: ax+m : bx+n :: (when a?=:0) 
tn : n. As the quantities therefore approach to iWk 
thing, the ratio approaches to that of m i n as ifs 
Umit. Het^ce, if "m^i?, the limit of this ratio is a 
ratio of equality. We must therefore be careful to 
distinguish between the ratio of two evanescent quan- 
tities, and the limit of their ratio ; the former ratio 



of a fraction^ and by the motion of G and Pto A and F respectively, 

AP,FG, yanish together, the limit ef «7 is expressed by — r- 

^^ FQ 

at the time when A P, JPG vanish. This is what we always mean 

by the value of « ; wliich expression has been objected to, because 
not properiy understood. 

Ex. The value of- -• when »«*«, la, (taking the fluxions bjr 
Prop. 5.) -?- =5 2*= 2a. 



6 FLUXIONS OF auAKmiEs; 

never arriving at the latter, as the quantities vanish 
at the instant that stich a circumstance is about to 
take place. 

Prop. III. 

If the Jiuxim of x be denoted hy x, the fluxion of 
ax uMl be ax. 

(9*) For if a? increase uniformly, ax will also increase 
uniformly, and a times ^s fast ; hence, by Prop. 1. the 
fluxion of the latter will be a times that of the former^ 
or it will be ax. 

Cor. Hence, in taking the fluxion of a variable 
quantity multiplied into a constant one, the constant 
multiplier is retained. 

Prop. IV. 

The flusdon qfx±^ is x. 

(10.) For a being constant, and only connected to 
X by the signs + or — , it does not afiect the increase 
pr decrease of the quantity; therefore the fluxion is 
tb^ same as the fluxion of a?, or it is ir. 

CoR. Hence, constant quantiti^ connected to va- 
riable ones by the signs + or — , disappear when the 
fluxions are taken. Thus it appears, that the fluxion 
has no necessary relation to the magnitude of the 
fluent. 

Prop. V. 

Given (x) the fluxion of x, to find the fluxion of 
x*, n being a whole number. 

(11.) Let X increase u niform ly by v and become 
x+v, then will o?^ become jm^" ; but (floods Alg. 

Art 332.) F+^»=a* +««"-•« +n.-~a^ -««* + &c. 

3 



FLUXIONS OF aUANTITIi;^. . 7 

and if from this quantity we take af^ there remains 

wdp*""*i; + w. ■■■ > a?"""*f;* + &c. for the cotemporary in- 

crement of j?** ; but although x increases uniformly by 
V, 3^ does not increase uniformly; for if in the in- 
crement of ^ we substitute 1, 2y 3, &c. for v^ and 
take the differences of the results, these differences will 
not be equal ; hence^ to get the ratio of the fluxion of 
X to the fluxion of jf* w^ must, according to Prop. 2. 
take the limiting ratio of the increments. Now the 
increment of x : the increment of sf" i\ v \ naf^^^v 

+«.— — x""'V + &c. :: 1 : m'"""^ + «. a^^^v + &c. 

^oid to get the limiting ratio of these increments, we 
must make v=:0, in which case the ratio becomes 
1 : naf^"^, which therefore expresses the ratio of the 
fluxion of X to the fluxion of x"^ ; but x denotes the 
fluxion of Xy therefore nx^^^Jb represents the cotem- 
porary fluxion of a:". 

If n = O, if* = 1 a constant quantity ; therefore by 
Art. 3. Cor. 3. it has no fluxion. 

Prop. VI. 

Tojind the Jluxion of x*^, m and n being any 
whole numbers. 



n 



(12.) Put y^s^sT'y then y*"=a?^; hence, by taking 

n/H^'^^x 
the fluxions, m\f^''^if'=^me^''^x^ /. y = — -^^ = (by 

fUf^'^^X 

substituting for y it*s value in terms of a?) — 



naf^^^x n ^^\ 



rnsf" ^ 



mx 
'^xaf^ Ix 



m 



m 



CoR. Let the root be a compound quantity as 
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a^ + af*, to find the fluxion of a"*+x'*|^ Put y =c 
€r+ar\% then y^=za^^jf^^ and m/^''^p =fnji^^^i ; 

hence, y= ,^ = — „i =- x fl'^ + aH ^ 

(13.) Hence it appears^ that whether the root be 
a simple or a compound quantity^ the fluxion of any 
power thereof is found by the following 

. RULE. 

Multiply hy the indexy diminish the index hy unity ^ 
and nmltiply by the Jluxion of the root. 

EXAMPLES. 

Ex. 1. The fluxion of a? is Qji^x. 
Ex. 2. The fluxion of 3y^ is Iby^y. 

Ex. 3. The fluxion of -y^ is— -y""'^y = — ^ . 

6 7^. 35 -. 4 . 35f 



Ex. 4. The fluxion of -^"i^'is — x~"^~xs=i 



9 99 99^1^ 

Ex. 6. The fluxion of -j? » is 'i^x'^x. 

7 63 

Ex. 6. What is the fluxion of oSF^^ ? 
V Here the root is a*+a?*, and it 's flux ion 2xx; 
hence^ the fluxion required is 3xa*+a?*]* X 2xx = 
€^+s^] X 6xx. 

Ex. 7. What is the fluxion of V^o^+j?, or of oH^ ^ ? 
Here the root is a^ + o?*, and it*s fluxion 2xx; 

1 — _ 1 . ^ XX 



hence, the fluxion is - x a* + ^\""'^x 2xi = — 



2^-^ • " I - :i-rz^i' 



^+3^' 



FLUXIONS OF auANnriEs. 



Ex. 8. What is the fluxion of x« +y^\^ ? 

Here the root is of -)-^\ and it's fluxion 2xx+ 2yy \ 

o 1 

hence, the fluxion required is - x ^+y*^ x (2xi + 2yy) 

=3 X a? +yT ^ (-^^^ +y^)' 

Ex. 9. What is the fluxion erf a?+y(* ? 
Here the root is i?+"yj and it's fluxion i+y ; hence, 
the fluxion required is 2 x (a? +y) x (i +y). 

Ex. 10. What is the fluxion of a^+aq^ r 

Here the root is a^+o?^, and it's fluxion btx^x ; 

hence, the fluxion required is ' - x a* +^]*'^ X 5a?*i=: 

Ex. 1 1 . What is the fluxion of ■ ? 

This quantity becomes a*+a?] ^, and the root ia 
a'+a?*, whose fluxion is 2xx\ hence, the fluxion re- 

quired is — .- x a* + x*l *^ x 2xa? = ^4 . In hke 

p 9Xa»+x»r^ 

manner, bring any quantity from the denominator up 
to the numerator, by changing the sign of the index, 
and then proceed by the rule. 

Ex. 12. What is the fluxion of as^^hf'^c^^},^ 

Here the root is aa?* + ft^ + c«^ and its fluxion 

2aa?i+3 Jy'^+4c^i;; hence, the fluxion required is 

Ex. 13. What is. the fluxion of \/a!* + ^o»+y» ? 
Put as = >/a?'+ Ja*-\-y*, then a» = a;' + -s/^+p^ 

now the fluxion of ^a*+y%orof a*+y1*, i» - x 



10 FLUXIONS OF QUAMTITIES. 

oF+pf^ X ayy=flF+p|"« xyy ; hence. 3«i=s2a?i 



^-T+Pj-i X yy, therefore %ss ■ ■ ■■■■ y , j^ = 

Prop. VIL 

To ^nrf Me fluxion of a product x y . 

(14.) The fluxion of {x+yf^ by the last rule, is 

2x(x+y)x(i+y) =2j?i+2ay +2yi + !2yy ; also, (i?+y)* 
=i:* + 2jy-fy% whose fluxion is 2xx + the fluxion of, 
2xy+2yy; make these two values of the fluxion of 

(x+yY equal to each other, omit the first and last 
terms which are common to both, and we have the 
fluxion of 2xysz2xy + 2yx ; hence, the fluxion of xy 
is xy +yx. 

Otherwise thus. If we suppose x constant, the 
fluxion of ^ is o^ by Prop. 3 ; and if we suppose 
y constant, the fluxion is yx ; hence, if neither be 
constant, the fluxion is xy +yx. 

Cor. Hence, we may find the fluxion of xyz. For 
if v=xyz, and w^=^xy, then v^^wzj and vszwz + 
zw ; but w = xy, .\ w =: xy + yx; substitute these 
values for w and w and we get v^=^xyz+ zxy + zyx. 

(15.) In like manner we proceed for any number 
of factors ; hence, the fluxion of the product of any 
number of quantities is found by the following 

RULE. 

MuUiplv the fluxion of each quantity into the pro-^ 
duct of (M the rest J and the sum of all the products is 
the^^usion required. 

EXAMPLES. 

EjK. 1. The fluxion of xy is x*X3/y+y'x 2df« 
^S^Yy + ifxx. 



FLUXIONS OF QUANTITIES. II 



Ex. 2. The fluxion ofy^x^z is x^zxr.y^y+^'^z x 

3 2 o 

Ex. 3. The fluxion of ufaf'i/^z' is iiM?''yVtt^"^w + 
ntif^y^z'if'^^i+rw^af'z^y''''^y+sw'^jfyW''^z. 



Ex. 4. To And the fluxion of x^xa^-^y^f'. 



3 Q ^ 

By the last rule, the fluxion of a*Tpl^ is -xa*+y*] 

X 

X 4 y^y = 6 X a*+iy* j x y'y ; hence, the fluxion required 

is a^x 6 X «*Tp)*Xy*y+o*Tp^x 2JJir. 

Ex. 6. To And the fluxion of M^a^ + x^x ^b^+y\ 
Find the fluxion of each part by the last rule, and the 

fluxion required is ^a* + a?* x . t> '-\ + V 6*+y*x 

(l6.) It appears from this Prop, that the fluxion of 
xy consists of two parts^ xy, and yx, the former part 
arising from the increase of y by y, and the latter from 
the increase of a? by x; but if x should decrease 
whilst y increases, th^n the fluxion^ expressing the 
increase of xy upon the whole, will be xy^yx^ be- 
ibg the increase minus the decrease. Hence, to express 
the rate at which any quantity increases, the fluxion 
of the parts which increase must be written with the 
aign+9 s^tid those which decrease with the sign—*. 
Now the increa;sing quantity is considered as positive ; 
but if a negative quantity increase in raagpitade, it 
must be considered as a decreasing quantity, and it's 
fluxion will be negative. In like manner, a negative 
qtiahtity decreasing in magnktide must be considtik^ 
as an increasing quantity, and ifs fluxion will be po- 

' I ■ ■ ■ I I ■ I I*—— iM^i»^— JU— ii—l— W^— ^^— — 1» 

* Hence it appears, that when a quantity passea through a maxi« 
mum or mioimuni, the fluxion on each side has a different sign. 
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sitive. , If therefore the fluxions of increasing quanti- 
ties be Vrritten with the sign+, and of decreasing with 
— , whenever the fluxion of any quantity is positive, 
it shows that quantity to be in an increasing state; 
and when negative^ to be in a decreasing state. In 
like manner, if a?*+i/*= a constant quantity, then if 
X decrease and y increase, the fluxion is — 2xi -f- 

Prop. VIII. 

To Jind the Jltixion of a fraction - * 

J 

nr 

(17.) Put «= -, then ^^=jr, and zp+yi^x (Art. 

' ■ ■ • I . • 

140; /.i=tlJ:=.l!Vl^ Hence, we 

y y y . 

find the fluxion of a fraction by the following 

RULE. 

From thejltixion of the numerator multiplied into the 
denominator y subtract the Jluxion of the denominator 
multiplied into the numerator ^ and divide by the square 
i)f the denominator. 

EXAMPLES. 

Ex. 1 . The fluxion of -j is •-^ ^ •■LjSL =s 

y^ f 

2yxi'-'3x^y 

Ex. 2. The flux. of£g^/x(^+.y)-(^+.y)x3«'i 
j_ » X <i+.y)— (a;+.v) x 3z 

■ Ex. 3. The flux, of ^i8£>LW±y:0^:££il£fi. 

a* z* 

... Z ' 



%cnoLivu. Id 

Ex. 4. Th(? fluxion of - is --5- j for a being con- 

stanf^ the fluxion of the numerator is nothing, and 
therefore the fluxion of the numerator multiplidl into 
the denominator is nothing ; in this case therefore, the 
fluxion of the fraction is minus the fluxion of the de- 
nominator multiplied into the numerator, divided by 
the square of the denominator. 

Ex. 5. The fluxion of —_ is 



lyj-n-i^ . or the fluxion of x~" = — fw?""*"" *x ; when 
dierefore the index of a quantity is negative, the 
fluxion is found by the same rule (Art. 13.) as when 
the index is {x>sitive. 

Ex.6. The fluxion of ^^£+£ is 

., ^^^^ — : 



^d^-^x-^Jb^+f ^rj:p^4 



The putting of a quantity into fluxions, is called 
the direct method of fluxions. 



SCHOLIUM. 

{18.) In questions of a geometrical ond philosophical 
nature, where we want to get the relation of the fluents 
from the fluxions, and in others where we want to 
find whether quantities are positive or negative from 
the relation of them to their fluxions, it is necessary 
to pay regard to the signs of the fluxions, as explained 
in Art 16. But in putting' equations into fluxions, 
as in the Problems de Maximis et Minimis, although 
one variable quantity may lnci:e9se at the same time 



H SCHOLIUlf. 

that another decreases, yet we may write the fluxion 
of each positive ; for by writing it so in each equation^ 
in order to obtain the same fluxion from the diflerent 
equations, the result will not be altered. In these, 
an4 such Kke cases, we may therefore make the fluxion 
of each quantity positive, and the result will be the same. 
W^e may further observe, that when any fluxion becomes 
negative according to the above rule, the quantity which, 
expresses it*s value becomes negative. For instance, if 

r= the radius of a circle, :p= the versed sine, y = the right 

• • • • ' 

sine of an arc, then y^^2rx'^ 0?% andy = ; now 

for the first quadrant, x and^ increase, and each fluxion is 
positive, and the value of if is positive, x being less 
than r ; but in the second quadrant, y decreases and 
it's fluxion becomes negative, and it*s value becomes 
negative, x being greater than r. This circumstance 
is similar to the case of a quantity passing through 
and changing it's sign, for y=^o at the end of the 
quadrant. 

(19.) When we compare the fluxions of two quan- 
tities, by comparing the increments that would be 
uniformly generated in a given time, the quantities 
have been supposed to be homogeneous, there being 
no relation between those which are riot homogeneous ; 
yet if, of two heterogeneous quantities, the numerical 
value of one be expressed in terms of the other, il is 
manifest that there will be no impropriety in expressing 
the fluxion of one in terms of the fluxion of the other. 
}f one side of a right-angled parallelogram be repre- 
sented by 6 and the other by 9, we say, 6X9=^^ thi^ 
area; our numerical operation is perfectly correct, but 
no one ever imagined that the units represented by 54 
are homogeneous to the units represented by 6 and 9^ 
if 6 and 9 represent inches in lengthy 54 will represent 
so xci^xtY square inches, or so many square areas, the 
side of each of which is 1 inch in length. Or if a and 
X represent the two sides, the area of the parallelo- 
gram will actually be ax^ referring that quantity to it's 
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proper unite; although therefore there is no relation 
between the area. and either of it*s side^ yet it is exr 
pressed in terms of the sides. And if a be constant 
ai|d X variable^ the fluxion of the area will be ai by 
Prop. 3 ; if therefore (i) the fluxion pf the abscissa x 
b^ 1 inch in length, the corresponding fluxion of the 
area will be a square inches; if i be 2 inches in 
lengthy the fluxion of the area will be 2 a square 
inches. And in general, when we consider, any tw;o 
quaintities which are not homogeneous, although their 
fluxions^ which are expressed by their increments 
tmi/ormhf generated in a given time, can have no re- 
latipp to each other, if we carry our ideas no further 
than the increments themselves; yet when we con- 
sider the numerical values of these fluxions, the analy- 
tical expression for one may be comprised in terms 
of the other without any impropriety, and our con- 
clusions will be perfectly just and correct, in the sense 
in which the units of the respective quantities are un- 
derstood, notwithstanding the fluxions themselves may 
be heterogeneous. Sir I. Newton, in his. Qieo^ro- 
ture of Curves, in finding the area of a curve, describes 
a parallelogram on the abscissa (a?), the other side (a) 
of which is constant ; and then he compares the 
^uxion of the area of this parallelogram with the 
fluxion of the area of the curve, they being homoge- 
neous quantities; and the fluxion of the area of the 
parallelogram being a i, he gets the fluxion of the area 
of the curve. From what has been said above, when 
we reduce these matters to calculation, there appears 
jbo be no absolute necessity for this; but it is more 
scientific to make the comparison between homoge- 
neous quantities, than between those which ar^ not 
hpmc^eneous, and therefore the former method 19 
always to be preferred in cases where it can be applied, 
kiotwithstanding the conclusions which are otherwise 
deduced are perfectly true and satisfactory. 

(20.) The ingenious and justly celebrated Author 
of the Analyst has endeavoured to show^ that the 
prindples of rluxioni> as delivered by it's Author, are 



16 SCHOUtJM. 

not fptinded upon reasoning strictly logical and <3on- 
clusive. He lays this down as a Lemma: "If you 
make any supposition, and in virtue thereof deduce 
any consequf«*rce ; if you destroy that supposition^ 
every consequence before deduced must be destroyed 
and rejected, so as from thence forward to be no more 
supplied or applied in the demonstration.'* This, he 
thinks, is so plain asf 'to need no proof. It may per* 
haps be admitted to be true, when we wieint to deauce 
the absolute value of a quantity which is to be obtained 
in virtue! of a supposition ; ' but it is n6t true when we 
want to obtain the relative values of quantities. He 
seems not to have properly attended to the meaning 
of the term limiting ratio, but went upon the term 
ultimate ratio, assuming equality where it was never 
intended, thereby totally misunderstanding the subject ; 
and this led him to disregard the connection which 
there must necessarily be between the two terms x, y, 
which constitute a ratio, s^nd the two terms m, n, 
which express the ratio to which x, y^ approach as 
their limit, when you diminish them sine limite, called 
the litmt of the ratio ; for every one must see, that if you 
make x and y vanish, they must approacli to some ratio 
as their limit ; but we do not say (as writers who do not 
understand the su^ect woufd make us say) when x and 
y becomes O, that o : o :: m vh; such is the assertion 
of those only who are igAoraht of the subject. Now 
it is agreed, that by jdiminishing the increments you 
approach to the ratio 6f tlie velocities which the quan- 
tities had at the points from whence the increments 
began to be generated, and that by making them 
become indefinitely small, you arrive at a ratio indefi* 
nitely near to that • of the velocities at those points. 
Let therefore x and y be two increments generated by 
two flowing quantities in the same time; then as 
their limit m : n must depend altogether upon x and 
^, that //mtV is obtained upon the supposition of the 
existence of the increments; but the limit is a certain 
determinate invariable ratio, totally independent of the 
magnitude of the terms of the ratio, or of the incre- 
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ments^ as appears by Art. 8. A ratio may limit the va- 
riable ratio of two increments^ although it cannot be said 
to be the ratio of any of the real increments. When we 
therefore deduce the limit by making t^^e increments va- 
nish, thee^c^ of the prior existence of tue terms x, y, of 
the ratio still remains in the terms m, w, which express 
the limit of the ratio. If the existence of the terms m, 
w, which express the limit of the ratio, depended upon 
the existence of the terms themselves x, y, of the ratio, 
the supposition which makes the latter vanish would 
necessarily make the former also vanish, and then no 
conclusion could be deduced by making the terms of 
the ratio vanish ; but as that is not the case, the limits 
which is obtained by making the terms become equal 
to nothing, contains an effect, after the increments are 
actually vanished, which depends upon their having 
existed. The limiting ratio is (as expressed by Mac- 
laurin) " the term or limit from which the variable 
ratio of the increments proceeds, or sets out, to in- 
crease or decrease." The lemma therefore of the 
Author, however true it may be under some circum- 
stances, cannot be applied against the reasoning upon 
which the principles of Fluxions are founded. The 
Author admits the conclusions to be true. He says, 
*^ I have no controversy about your conclusions, but 
only about your logic ; and it must be remembered, 
that 1 am not concerned about the truth of your theo- 
rems, but only about the way of coming at them." 
The above observations show, not only that our con- 
clusions are true, but that they are deduced by steps 
which are perfectly satisfactory, and strictly logical. 
It was unfortunate for Science, that neither the in- 
genious author of the Analyst^ nor his opponents, had 
any clear ideas of the subject they disputed upon ; the 
controversy however called forth Robins and Maclaurin, 
who showed in the most satisfactory manner, that the 
grouads of fluxions, according to the ideas of it's great 
Author, *were defensible, and the investigations founded 
upon the strictest principles of reasoning. 

c 
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Sect. II. 



On the maxima and MINIMA or • 

QUANTITIES. 

Prop. IX. 

To determine the value of a quantity, when it becomes 

a maximum or minimum. 

(21.) If a quantity first increase and then decrease^ 
at the end of it's increase it becomes a maximum; 
and if it first decrease and then increase, at the end of 
it's decrease it becomes a minimum. And as the 
fluxion of a quantity is the rate of it's increase or 
decrease (Art. 3.), when it becomes a maximum or 
minimum it's fluxion must be = 0, the quantity 
having, at that point of time, no furtlier increase or 
decrease. A maximum or minimum therefore do not 
necessarily mean the greatest or least value of a variable 
quantity, since, besides these values, the quantity may 
sometiifies increase or decrease, sine limite. If the 
value which is to give the maxima or minima come out 
impossible, the given quantity has no maxima or 
minima but what are infinite. 

(22.) If any quantity be a maximum or minimum, 
any power or root of that quantity must then, evidently, 
be a maximum or minimum. For the power or root 
of a quantity will increase or decrease as long as the 
quantity itself increases or decreases, and no longer. 

Any constant multiple", or part of a quantity which 
is a maximum or minimum, must also be a mstximum 
or minimum. For the multiple, or part of a quantity, 
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will increase or decrease as long as the quantity itself 
increases or decreases^ and no longer; therefore when 
it's fluxion is made =s o, the constant multiplier may 
be neglected. 

EXAMPLES. 

Ex. 1 . To divide a given tmmber a into two parts, 
x^ y , so that x°^ y° maj/ be a maximum. 

Since x-^-y^a, and ^y*=:max. the fluxion of each 
^O, the former^ because it is constant, and the latter, 
because it is a maximum ; .•. x'+y=0, and mj/^ af^'^^x 

+^Mf»y»»-^y=0 ; hence, x=: — y, and Xss JCn-i 

= ^ ; therefore — v =: — — ^ ; or m v = nx, and 

mt/ ^ my ^ 

nx fi X 
m: n :: X : y. Now y = — ; •*. a? H = a, conse- 

m ^ 

^, ma J / nx\ na 

quently a?= , and y ■ = — ) = . 

^ ^ m + n' ^\ m/ m^n 

If wi = n, the two parts are equal. 

Cor. Hence, to divide a quantity a into three parts, 
x,y, %, so that xy% may be a max. the parts must be 
equal. For suppose x to have it's proper value and to 
remain constant and y, «, to vary ; the product yz^ and 
consequently xyz^ will be greatest when y=«. Or if y 
remain constant, the product x%^ and consequently yx%, 
will be greatest when x^z. Thus it appears that the 
parts must be equal. And in like manner it may be 
shown, that whatever be the number of parts, they will 
be equal. 

Ex. 2. Given x+y+z=a, a«rfxy*z^ a maximum^ 
to find X, y, z. 

As X, y^ z, must have some certain determinate 

values to answer these conditions, let us suppose such 

a value of y to remain constant, whilst x and z vary 

till they answer the conditions, and then x + i = and 

. a. ^ . * . . 3xz^z 3xz 
»'x + 3a?«*« = 0; hence, x=-.x= — =- 

z^ 

C2 
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.\ z^3x. Now let us suppose the value of z to re- 
main constant, and x and y to vary, so as to satisfy 
the conditions; then i+y = 0, y'i + 2a7yy=0; hence, 

x= —y = 1^= ^, /. v = 2j?; substitute in 

the given equation, these values of y and z in terms 
of X, and a?+2a? + 3a? = a, or6a: = a; hence, j;= 

*a; /.yrs-a; » = -«. In like manner, whatever 

be the number of unknown quantities, make any one 
of them variable with each of the rest, and the values 
of each in terms of that one quantity will be obtained ; 
and by substituting the values of each in terms of 
that one, in the given equation, you will get the value 
of that quantity, and thence the values of the others. 

In like manner, ii a't"" =: j4,(x+1)x («+ l)=max. 
then a'+ * = 6'+ ^ For (Prop. 62.) the duxion of a* 6*= 

a' 6* X (i log. a — 2 log. 6) = 0, and ^ = .^ ' i; and the 

fluxion of {x + l) X {z+l)=xz- zX'-x+z=0; make 
the two values of z equal, and (a? + l) x log. a =3 
(« + l) X log. 6, and (Art. 109.) a'+^ = 6*+'. 

In taking the fluxions we have here observed the 
directions in Art. 16. 

Ex. 3. To Jind when y is a max. in x^ + y^1 * = a^*. 

Take the fluxions of both sides, and 2 x {3x^x +3y'y) 

X (x^ +y^) ^2a'^xx ; but when y is a maximum, y = O ; 

a* 
hence, Gx^xx (x^ +f/^)^2a*xx, .•. (j?^+y^)= - — , and 

(x^ +y^y=z — ; ; therefore a^x* = — ?, and a;* = — , or x = 
— «»; hence, ^ (a*x —a^) =—7?= r = «^ x 



W3 3*'' 3^3 ^ ^ 3V^ 
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Otherwise. Asy'=a'x-^, /. 3y^ = a«i-3a?*i=0, 



because y=o, .*. ar = 



a 



y/ 3 * 



Ex. 4. Criven (A) ay* - x*y^+x* a minimum^ tojini 
X and y. 

Ifs fluxion (^) 3ay'y-2y*a?i— 2a?^yy + 4^i = 0, 
and making the homologous terms (or those where jp, y, 
enter) each =o, we have Sayy — 2a?*yy=0, — 2y'j?x + 

4^-J?=0, or 3ay* = 3:c'y, and3^' = 2j?*; hence, x^—^ 

V^ 1 Q 

and = — , therefore y= 3a, and a?^= -y*=- a^, or a? = 



3<z 



-7=. Substitute these for a? and y into (-^^), and its 

least value comes out z=iQ^a!^. We must here attend to 

4 

what is said in Art. 21. respecting the minimum of a 

quantity. 

But it is not necessary to make the homologous terms 

each ssO, we may assume 3ay*^ — 2y*xir = 0, 4x'i — 

2ar^yy=0, and the condition of {A) is still answered. 

For, X = — ^~ and = 'V » ai^d v=3a; sub- 
- ^ 2y*x 4ar ^ 

stitute this fory in {A) and 27 a* — 9a*a?^+a?*=:a min. 

Q 

.•. — I8a*a?i+4a?'i = 0, and ar* = -a* as before. 

2 

Ex. 6. To inscnbe the greatest parallelogram 
DFGI in a g/iven triangle ABC. 

Draw BH perpendicular to AC\ put AC^=^a, BH^ J, 




HnST 
BE=x, then EH^b-^x; and by sim. as, ( : a :; a? : 



^ 
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ax 



ax 



DF= -J- ; hence, the area DFGI= -g- X (6 -x) = max. 
or (Art. 22.)^x(i-a^) = ij?— ap*=niax. .*. Ji — 3aMD=:6; 

hence, a? = - 6 ; therefore EH= tBH. 
2 2 

Ex. 6. Let ABC represent a cone^ AC the diameter 
of tiie base ; to inscribe in it the greatest cylinder 
DFGI. 

Put /> = ,78639 &c. then (the same notation re- 
maining) it will appear when we come to treat on the 

B 




method of finding the areas of curves, that ^ u^ = 

the area of the end DEF oi the cylinder ; hence, the 

content of the cylinder =^|r- x (b—x) = max. or c^ x 

(i-a:)=Ja?*-.:c8 = max. .\2bxX'-3oi^x^O\ hence, a? = 

\b', therefore E H ^l B H. 
<^ 3 

Ex. 7. ^p inscribe the greatest parallelogram 
DFGI in a given parabola ABC. 

Put jBjKr=a, j»=the parameter, x=BE'j then by 
the property of the parabola, DE'=^px, .\ DE^p^x^^ 




and DFsE 2p%^ ; hence, the area DFG'I= 2p^x^x(a — x) 
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=iBax. orx^x(a— x)=aj;*-ir^=inax. .'. -ax i- 
^xh=0; bence, -^ =3x*, or a = Sx, ,\ x=-a ; 



consequently EH=-Bff. 



Ex. 8. To cut the greatest parabola DEF Jrom 
a given cone ABC. 

Let ^ Gr C be tbat diameter of tbe base which is 
perpendicular to Z>GF; now EG is parallel to ABi 




put ^C=a, AB=b, CG=x, then A G=a~X i and 
by the property of the circle, DG—^ax—x*, .'.DF 

= 2tjax-~3^i also, by aim. as, a : b :: x i GE=-— ; 

3 
hence, we have the area of the parabola = ~ x 

— X Hy/ ax—x* = mas. hence, x^ ax — x' = max* 
orai^x (ax~x'^) = ax*~ x*^ max. .•.3aj^x—4x'x=0, 
and 3a=4j;, .*. x = ~a. 

4 

Ex. 9. Tb divide a given arc A into two parts, 
suck that the m* power of the sine of one part, multi- 
plied into the n"" power (^the sine of the other, may be 
a maximum. 

Let P and Q, be the two parts, x and y their sines, 
radius being unity; then di^x 3/"= maximum; hence^ 
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mi^af*~^i + «a^y"~'^=0, and mi/x = — nxp. Now 
(Art. 46.) P= -jJ=,Q=-jJ=; and asP+Q 

multiply this equation by the equation mi/x = — na?y, and 
mx — . ' =nx y ==,ormx tan. Q = wx tan. P, 

.•.m: w::tan. P:tan. Q, andm + w: m — w:: tan.P+tan. 
Q:tan.P- tanQ:: (Trig. Art. 113.)sin. (P + Q) : sin. 

(P— Q) :: sin. ^ : sin. (P— Q) = — - x sin. y^; hence 

we know the sine of the difference of the two parts of 
the arc, therefore we know the difference P—Q of the 
arcs themselves; and knowing the sum P + Q, or A, 
we know the two parts P and Q. . 

If the given arc be divided into three parts P, Q, -R, 
whose sines are a?, y, «, to find when oiS^y""^ is a max. 
then by proceeding as in Ex. 2. we get the tangents as 
m, n^ r. And the same into whatever number of parts 
the arc is divided. 

Ex. 1 0. To determine at what angle the mnd must 
strike against the sails of a mill, so that the effect to 
put it in motion may he the greatest possible. 

Put X = the cosine of the angle, then 1 — x^ = the 
square of the sine, radius being unity ; hence (by the 
Principles of Hydrostatics), the effect is as a?x (1 — ^*) 
=zx — a^y which is to be maximum; .*. i?-3a?^i? = 0; 

hence, x= V — the cosine of 64**. 44'. 

3 

Ex. 11. Given two elastic bodies A and C, to find 
an intermediate body x, so that the motion communi-* 
catedfrom A to C through x, may be a maximum. 

Put a= the given velocity of ^, ti;= the velocity 
communicated to x, and z the velocity communicated 
to C; then (by Mechanics), 
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A+x : 2 A :: a : w 
x + C : 2x :: w : z 

.*. comp. Ax + 3C* +AC + Cx : 4 Ax :: a : z, or 

AC 

A+X'\ hC: A A :: a : «; now as the two middle 

X 

terms are constant^ the last term varies inversely as the 

first; and as the last is to be a maximum, the first 

ACx 
must be a minimum ; therefore its fluxion x s— 

X 

acO; hence, a;* = ^C, and A : x :: x : C. 

V Ex. 12. Given the altitude BCqfan inclined plane 
AB, tojind ifs length, so that a weight P acting upon 
another W in a line parallel to the plane, may draw 
it up through A B in the least time. 

Put a=zBC, x=^AB i then (by Mechanics) the acce- 
lerating force of ^down J3^ is — — . ; hence, the raov- 

X 




inff force of the two bodies is P = -^ ; 

^ X • X 

therefore the accelerating force = (p^ur\ 5 ^"^ 

the time of describing AB varies as V t — ^ or as 

ac. ior« 

\/W±ElEE. - 

^ Px~afr ~ 



nun. or Px—afV ~ nnn. .*. 
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— — — i — =0; but when a fraction 

Px-afV] 
vanishes^ it's numerator =0; hence^ 2P3!*x^2afVxx 

£x. 13. To Jind the position of the planet Venm^ 
when it gives the greatest quantity/ of light to the 
Earthy the orbits being supposed to be circles tvith the 
Sun in their common centre. 

Let S be the Sun, E the Earth, V Venus, produce 
jB ^ on which let fall the perpendicular SB, and with 
the center /^describe the circular arc SA. Put a^^SE, 




b=Sr^AF,x:=^Er,t/=BF, then AB-b^y the 
versed sine of the angle SVA ; and {hy the Principles of 
Astronomy) the quantity of light received at the Earth 

from Venus varies as -^= ,-^ = max. Now 

0?* X^ X* 

(Euc. B. II. p. 12.) a* = 6» + a?» + 2xy, .-. y = 
~ = (if w»==a'- 6*) -^~- i hence, the quan- 
tity of light varies as i - ^^' = a&^-m' + ^ 

which is therefore a maximum} hence, it's fluxion 

{^bx + 2xx)x2s^-6x*x x (2 hx - m^+x*) 

j^ ^ = 0, or it*« 
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numerator 4bx^x + 4x^x- I2bx'x+6m*af'x + 6 J^i:=i0, 
or by dividing by 2a?*i, and uniting the like terms^ we 

a quadratic, from which j?= - 2i + \/ b*+3a\ Hence 
we know the three sides of the triangle ESV^ to find, 
the angle E of elongation. Now if a=l, 6=0,72333 
according to Dr. Halley ; hence, x = 0,43046, and the 
angle SEf^=:3ff*. 44' the elongation of Venus from the 
Sun when she is brightest. Also, the angle ESf^^ 
22"". 21'; but the angle ESF=43''. 40' at the planet's 
greatest elongation; hence, Venus is brightest between 
her inferior conjunction and her greatest elongation. 

For the planet Mercury, 6 = 0,3171, and ar= 1,00058, 
and the angle SEf^=22*'. 19' the elongation of Mer- 
cury when brightest. Also, the angle ESV^%^. b& ; 
but the angle ESV^^Q^W^'^b at the time of the 
planet's greatest elongation ; hence. Mercury is brightest 
between it*s greatest elongation and superior con- 
junction. 

In questions of a geometrical and philosophical na- 
ture, there are frequently restrictions which do not 
enter into the analytical expression. In the analytical 
expression, considered simply as such, the unknown 
quantity may be assumed of any value, and therefore 
it may be taken without the limits to which it is 
confined by the question. When it*s fluxion is there- 
fore made equal to nothing, that equation may con- 
tain, besides the roots which are applicable to the 
question, others which are not applicable; and if 
none of the roots be applicable, it shows that the 
maximum or minimum of the expression do not lie 
within the limit of the unknown quantity, as con- 
fined by the question; in which case, the roots de<- 
duced from making the fluxion of the equation = 0, 
can be of no use. In the present instance, the ex- 
pression is ^^^-j (A) for the quantity of light ; 

«« x^ 

and putting it's fluxion =0^ we get a? = — 3 6 ± 
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,J b^ 4- 3 Q* ; but it is only the root a? = — 2 6 + 
y/ b* + 3a^ which is applicable to the question, as this 
is a value of x which hes within the limits of the 
question ; and it gives the expression {A) a inaximuoi. 

The other root a?= — 26 — ^ fr^ + 3 a* being negative, 
which X never can be, cannot be applicable to the 
question ; but it nevertheless gives the value of {A) 
when a minimum. But although, when we make 

(^)=0, the roots of the equation do not give the 
points in the orbit where the light is a minimum, 
that is, the superior and inferior conjunctions; yet 
if we suppose x to be confined to the limits of the 
question, or to represent EV^ and V to move round 
in the circumference of the circle, in the two con- 
junctions x=0, and we still have (^)=o for those 

points. ' The equation therefore {A) = is, under the 
above restrictions, true for those points, because ,r=0, 
and not because the roots give those points. Whilst, 
in general, a maximum or minimum of {A) lie within 
the value oi x as restrained by the question, the roots 

of {A)=^0 will give those points; otherwise, not; 
and the maximum or minimum in the question must 
in the latter case be sought for, by considering, when 
the quantity which is to be a maximum or minimum, 
ceases to increase or decrease, according to the re- 
strictions of the unknown quantity. In the present 
instance, it is when i=0, or in the two conjunctions; 
for had {A) decreased and then increased between the 
maximum of light and either conjunction, there would 

have been a root of {A) = which would have 
shown the point where the light was a minimum ; 
but as there is no such root, it shows that {A) 
must decrease till the planet comes into each con- 
junction ; and as {A) then increases again by the same 
steps by which it decreased, the light at those points 
must have been a minimum. These observations 
appear to be of some importance, as they tend to 
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remove difficulties which might otherwise arise in the 
maxima and minima of quantities which are under 
certain restrictions ; for it might naturally be asked^ in 
the present question for instance, why does not the 

equation {A) = give three roots, one producing a 
maximum and the other two the minima of light, 
there actually being such points in one synodic re- 
volution of the planet ? 

For a superior planet, the maximum of light is 
evidently when the planet is in opposition, the whole 
lace being then illuminated, and the planet is at ifs 
nearest distance. Now to find whether the quantity of 
light becomes a minimum in going fr om opposi tion to 

conjunction, we still have a? = — 2 6 ± V^ 6* +3 a*. Now 
as a is less than b, b^ + 3 a* is less than 4 6% and 

\/ b*' + 3 a^ is less than 2 b ; hence, x (= - 2 i + 

\/ b* + 3 a*) is negative; and the other root is ma- 
nifestly negative; which not being possible for x, it 
appears that there is no minimum of light in going 
from opposition to conjunction, but that the quantity 
of light continually decreases through that part of the 
orbit. The expression (A) does not pass through 
it's maximum and minimum in opposition and con- 
junction, for the reason before given, and therefore 

the roots of (A) = cannot give those points. 
If i = a, a?i=0, and J^ coincides with E. 

It sometimes happens, that both the maximum and 
minimum take place when i = from the nature of the 
figure, and not from a root of the equation. Let a 
body move in straight lines from one focus of an ellipse 
to the curve and thence to the other focus, to find when 
the whole time will be a maximum and when a mini- 
mum, the velocity in the first line being to the velocity 
in the second as a : 5. Let m =: the major axis, x = the 

first line, m-'X:=i the second ; then a : x :: I" : - the 

a 
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time of describing x, and b : m^x i:l" : — r — the time 

of describing ni'^x, the velocity of the body being 
measured by the space described uniformly in 1"; hence, 

— h — r— =max. or min. or 5j? + ^a— a^=max. or 
u b 

inin. .*. bxr-ax^^O, or bx:=ax; but as b is not equal 

to a^ this equation can happen only when x^O, which 

takes place at the extremities of the major axis. If a 

be greater than b^ the max. takes place at the further 

extremity from which the body set out, and the min. at 

the nearest extremity; the contrary if 6 be greater 

than a. 

/• 

i Ex. 14. Let Q be an object plctced beyond the prin- 
cipal Jbcus Fqfa convex lens ; tojind ifs position; when 
ifs distance Qq from ifs image q, is the least possible. 

Put QF=x, FE = a; then (by the Principles of 
Optics) X : x+a :: x+a: Qq=^ = a min. hence^ 



A 



F 



V 

Its fluxion i^ i — ^ i — l_l.=o, and by 



as- 

X' 



suming the numerator=o, and dividing by x + a, we 
have 2a:i— a?i — ai!=o, or 0?— as:0, .\xssa. 

Ex. 16. To jind the 8un*s place in the ecliptic, 
when that part of the equation of time which arises 
from the obliquity of the ecliptic, is a maximum. 

Let ^ J^ be the equator, A W the ecliptic, S the 
Sun's place, and SB perpendicular to A V% then this 
part of the equation of time is the difierence of the Sun^s 
longitude AS and right ascension AB, turned into time. 
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Put ^ SB COS. of the angle ^=23^. 28', x = the tangent 




of AS; then by Spher. Trig. rad. = 1 : s i: jc : tan. .of 
AB = sx ; hence, by Plane Trig, the tangent of {AS - AB) 

X — $X /^ \ X X 

= ^ ^ ^ =(1—^) X 7-; — 5 = max. or-7— — ^ = max. 

.•. it s fluxion i ' ; = ; hence, the 

numerator i 4-*^*«i - 2 5^i? = 0, /. 1— ^,r' = 0, and 

x^S/L = l,044l6, the tan. of 46". 14' the Suns long. 

when this part of the equation of time is a maximum. 

If we retain 1* in the denominator for the square 
of radius, as the trigonometrical theorem gives it, 
thenl-*ar* = becomes l*-^ar* = 0, and ja?*=l* = 

rad.]* ; that is, t an> A S x tan. AB ^ rad.]*; but tan. 
AS X cot. -4 *S'= radTj* ; therefore tan. -^5 = cot. AS; 
hence, AS+AB^QO''. 

\ Ex. l6. Criven the base CB of an inclined plane 
AC, tojindifs altitude BA, when the time of the 
descent of a body down the plane is the least possible. 

Put a:=:^CB, x=BA, then ^¥+¥=AC; and 




(by Mechanics) the time down A C varies as ^ ._ — > 

^^ X 



y 
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which is therefore a minimum, or is a mini- 

X 

, HxxUx-xycia^+x^) ^ .., 
mum; hence, r — ^ ' — • =0, or itjs nume- 

rator So-'^i— a'i-a?*i'=0, therefore a^^^a^, and a? = a. 

Ex. 17. Given the base CB, to find the perpendi- 
cular BA, suck that a body descending from A to B, 
and then describing BC tvith the velocity acquired, the 
time through A B and B C may be the least possible. 

Put m =s 16 feet, a = CB, x = BA ; then (by 

I ^ 

/T 

Mechanics) the time down AB=i\r — ; also, with the 

velocity acquired at B continued uniform, the body 
would describe 2AB, or 2x, in the same time; hence, 
as the space described with an uniform velocity is as 

the time, 2x : a :: \/— : -— x \/ ^ = rra x V — 

the time of describing BC; hence, the whole time 

— 4/^ l\/T" i 4/^,1 -4 a/IT^ 
= V — +-«V — = -» X V — + ::ao? X V — =a 
^ ?» 2 wo? m 2 ^ m 

i , 1 -i . 1 -4 . 1 -» . 

mmimum, or x + -ao? ^= min. .•. "X ^x— , ax ^x 

• 2 2 4 

= 0, or x'^i = iax^'^ ; hence, a? =5 - a. 



Ex. 18. Given the base CB of an inclined plane 
AC, to find iVs altitude B A, ^wcA #Aaf M^ horizontal 
velocity of a body at C after descending down A C, may 
be the greatest possible. 

Put a = CB, X = 5^, then C^= V £l + -»*; "ow 
(by Mechanics) the velocity at C is as v/ 0?, and by the 

resolution of motion \/^ a^ + x" \ a \\ s/ x i ^ ^, 
which is as the velocity at C in the direction JBC, 
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^ich is t6 be a fhaxiinum ; or 



3C 



a^+a:^ 



a niiBiximuin ; 



•'. J — 5 — =0, or the numerator a* J? + 

• - ■ ' < 

Ex, 19. Given the solidity of the cofie^ to find the 
base and height^ when the time of ifs vibration shall 
be a mininmm, siq)posing the point of suspension to 
be the vertex. 

Put y = radius of the base, x = the altitude, p = 
3,14159 &c. then ipxy^=zs; and (Ex. 11. Prop. 30.) 

— - — 2—= the distance from the point of suspension to 
the centre of oscillation = minimum. But y* = 



ipx 






4_^jk2a 
5x* 



==mHi. 



and- — —- 1— ^ = O.; hence, a? = 

25 x^ * ' 



i 




a^ ; therefore y = ■■ ■ JL = ^ 2 x a ; consecjuently 



sf 



f 



: y :: 1 *: V2. 

Ex. 20. Tojind the longest straight pole that can 
be.put'Up a chimney. 

Let AB represent the floor, BC the back of the 
tliimney, M the edge of the mantle-piece. Now the 

c 



• .1 fa 



jr 




longest pole PO which can be put up, is tbt shortest 
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line PMO which can be drawn through My for my 
line longer than that, never can be brought into 
that position, but that pole can be put into any other 
position, every other line drawn through m being 
longer than that. Draw MR perpendicular to ABy 
and MN to BC. P ut a= MR, h = MN, x = PM, 
then PR=z\/^ X -a\ and V^ x*- a' : « :: 6 : MO = 

; hence, x -i — ;ss=ss = PO a min. and i+ 



bxJaf'-(^-hxxx*-a']-ixxx ,^ , , 
^JT^i = 0, multijJy by 

(«• - a*) X ^x'-a* and we get («» - a*) x ^ a*-if 
+ bx'—bd' - bx* = 0, or a^-a»]^ = ba\ and a? » 

V a* + iTfl4. hence, ^y=^ = >/ 6*+a^frf , and 

PO=Va* + ft^flrS^ + V6*+tff6* the length of the 
pole, 

Ifa=J, PO=:2y/Ta. 

Ex. 21. Z^^ A Je /Ae vertex of a parabola AZ 
whose axis AY is perpendicular to the horixon, C am/ 
given peint in AY; tojind the line DC of quickest 
descent from the curve to C, and CD' the quiikest 
descent from C to the curve. 

Draw DB, D' B\ CE, perpendicular to ^F, put 
AC^ay p = parameter, x^=^AB, yz=:BD, thefi px^^^ 
pa = C-B* ; also, GB = a - x ; a nd by Mecha nics, the 

time down XI C is as ^ ^ T ii = a mm. 

pi? + (a — 1?) px 

or ^ = mm. or -4— • + a ^ jet s mm. 

a - X a-x 

pxx (a-^x)+pxx . , va 

/. ' •: h-^ a? = 0, orfa— 1?) =011 and a- J^ 

= \/^fl^ . /. j: =5 a — \/^, or ^B = ^C — CE. 



:t • 
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In like manner* if x=iAB), we find ^sis^AC+CEi or 
A&mAC+CE. But AB^AC^CBy and ABlss 



t 




AC+CB'^ /. OS's C^=CJ8. Hencfe, with the 
reenter Cm4 radius CE describe ^a circle cutting CjT w 
JB, Ry and draw the ordinates BD^ B^U^^ and DC^ 

C^jy are the lines required. ,v. 

When CE becomes ecjual to or fess than AQ AC 
will Jbe theline of the shortest descent, to C ^ 



£k. S3. Tojini yi zzmaxivimmy when x" => -^. 

Let msshyp. log. x ; then aaafsK max. it^s hyp. log. 
is a oiax. cnr m^ ss ~. = max. and the hyp. log. -^ =3 
max. that is, hjrp. log. m— hyp. log. a?*, or hyp. log. 
m — mx =s max. ; hence, — — mx — J?m = o. But (Art. 



X 



X 



i — mi=0; hence, iii^j?+ 



4ft.) ms-; therefore 

' X mx 

Mtsl. Put a»i=v-}t;*+4.i;^-&c. then (Art. 103.) 

(v - I V* + it;' - &c.)» + (v - X|;« + ^y - &c.) x 

(l+t;) = l; and by the reversion of series (^^. Art. 

343.), V s .56, and Xss 1,56 the required vahie to produce 

ar* a ma^mum. 

..'■.. . 

D 2 



86 
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' Eic. 23. If AJy he a pdrahola whose vertex is A, 
and axis AZ pdralM to the horitotni to Jind at tvhat 
point C a body falling from A will strike an hori- 
zontal plane with the greatest force. 

Draw the tangent E C meeting the axis produced ; 
put x=s AB, y = BCy p =• parameter^ then EC ^ 




^ 4 X -i-y^= v^ 4 x^ +px ; and if m = iG^V f^*> ^^ 
^fjclocityat C=s>iy 4^y3=V^4mp2x ^, and thj ^ velocity 
is in the direction E O^ hence, V 4a?? + pi? : \/l^« u 



>v*. 



n/- 



1 3 



's/ 4mp^x^ : 4»i/>''y ^j^^ velocity in the direction 



BCy which is to be a max. or 



^ — 



4X+P 



^ tnax. bence, 



{4x+py 

is the focus of the parabola. ? 

V " Ex. 24. Oiven the' length of a many footf^ymd the 
distoji^qe of his heels; tojind the pojsition of his feet 
when he stands the Jitmest. 



Let AB, CD represent his feet, ^, C, his heels, then 



: »» 



• -B • ' E 



1 ■ .1 



V> ' 



\ 



•1.. i ■ ">'. 



' I' 



A. 




:..M 



.■ \ » 1 . . 






■-. \ 



. ■1 - 



A C . .w«^ 

he is supposed to stand ftrqiest when the area AnDC 
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is the greatiest. Draw AE perpendicul ar to BD ; pat 
AC=a, AB^b, BE=y, the n AE=^ b*-f,mA the 
area ABDC— (a+y) x \/ 6* —y* — max. henc^ 

y^/K^T"-^^^^ = 0, or i»-.y«-.a3^-3^'=0,and 

y = - io+ V i*' + -rr«*- Hence, 6 : - Ja + 
-v/ji' + TTO* :: rad. : sin. jB^£. 

If a=:0, or the heels touch, rad. : sin. BAE 

:: 1 : v^; Tience, BAE = 45"", and the feet stand 
at right angles to each other. 

/ Ex. 25. To turn down the comer of the leaf of a 
booh to the hack, so that the part turned down may 
he u mtfitntum. 

Let :^JSLil/ be the leaf, ADF the triangle turned 
down^ so that A may fall at C in LB; join CF, DF, 




bisecting AC m E, and draw EG perpendicular to 
^B, then ^G=i^:B. Put AG:=:a, AD^x, then 

EA^c^n^y ED=:x^Xx—a\*; and by similar triangles. 



8 
-"5" 



xixx—af : X ::x : DJP= > J ; hence^ th^ areii 
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ADF:s "^ 1 - =g nain. or .fL^ = min. therefore 

7^* *-« 



; — r- =: o, and X = — - ; hence, jID : w£ :: 

3 : 1, and the angle CAB =30^. 

To find when the length of the Kne DF is the 

least, we have ■ = min. and hence, jt = — — and 

-■ ■ >t 2 

x-a| 

the angle CAD^ 35°. l6'. 

>/ Ex. 26. Z/e< AB be a given straight line to which 
xy is parallel ; draw the straight lines AD^BC, and 
let a body move through AD, DC, CB, with given 
velocities a, b, c, respective^, in the lea$t time possible ; 
to find the points D, C. 

Put x—AD, y^DC, z = CB, and draw DE, CF, 
perpendicular to AB, and let AB = m, DE^ CFss d ; 




then AE-s/x'^d\ FB^,/z^^d% and s/lF^lP + 



X 



y+^z^'-d^ssm ; also, a : x i: 1"' : -- the time through 

t/ z 
AD, and in like manner, 7 > --^ are the times through 

DC, CB respectively ; hence, - + ^+ - = min. make 

' a o c 

y JBmd X v^TY together whilst z remain constant, and we 
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, X V xi . . -^hi '-XX 

and j?=:. /i " ■ I f and making y and z vary together^ 




Now it is manifest that E. JFI 

must lie between A and JS ; but if a and c be each = h^ 
X and z become infinite ; a and c must therefore be li- 

mited in respect to h. Now .4J5 ( = ^^TTTF) =— ^==« 

DF{=^^ZrF)=.;-^^; hence, -^|i^ + y + 
6rf ^ ad hd -. 

follows therefore, that a and c must be so limited as to 
give yii II + >, I I a quantity equal to or less 

than m. 

Lemma. Tafte SC : CH :: a : b, and CO : SC :: 
CH : SC — CH ; and with the center O and radius OC 
describe a circle CPD ; then SP : HP :: a : b wherever 
P is taken. 

From the last proportion CO : CH :: SO : SCi 
hence, CO (PO) : SO :: HO : CO {P0\ therefore 




the sides of the triangles POH, POS, about the com- 
mon angle O being proportional, the triangles are 
similar, and SP : HP :: SO : PO (CO) :: 5C : 
C/T :: a : ft. 
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Ex. 27. Let there be two lights at S and H tit the 
ratio o/* m : 1 ; tojind the point C between them where 
the least light is received ; and the locus of all the 
points where a proportional quantity is received. 

The quantities of light received at C from S and H 
^^^ ^^ SC* ' HC^' hence, -^ +-^^=min. there- 

^^^ — v7>3 ffr^ ^ ^' '^^^ ^^ *^^ ■*■ ^^ ^^ constant, 

*• * • • Tn 1 

SC + HCz=o, and 5'C= -i/C; hence, ^^ —Jjc^^ 

and aSC ; J?C :: m^ : 1. Having therefore deteroiined 
e, take CO : SC :: i/C : SC-HQ and with the center 
O describe the circle CPD, and it's periphery will b^ 
the locus required. For by the Lemma, SP : HP u 

Sr* TTC ' ^ • ^ •• , ^ - ■ J_ and -^ • 

"^P* '•' "W^ ' Tir* which are as the quantities of light 

from S and jBT at C 

When a quantity is a maximum or minimum, it 

frequently shortens the operation to assume it*s 

* logarithm a max. or min. For example^ to find when 

j^x^'-ax + b X ^m- a^ is a max. or min. assume 

log^x/^j-flu? + 6 X s/ m — x^ a max. or min., or log. 

,J x^-^ax-^rb + log. ^J m—x? = max. or min. ; hence, 
2 XX— ax , Sx^x 

x^-ax+b wi— a?' 



Ex. 28;, To Jind when (A) a?' - 1 8 a?* + 96X - 20 
becomes a maximum or minimum. 

Assume the fluxion = O, and Sx^x-sGxx+gSi 
=3 i X (x*— 12x4-32) = 0; hence, a? = 4 or 8. Now 
to determine which value gives the maximum and 
which the minimum, find whether the value of the 
fluxion, just before it becomes = O^he positive or negative; 
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if positive, the succeeding root gives a tnaximum; if ne^' 
gfUive a minimum ; for whilst a quantity increases itV 
fluxion is positive ; but when it decreases it*s fluxion 
becomes negative, by Art. l6. * Now as 3 ix (i:-4) x' 
(a:-8)==3ix(a?*- 12a?+32) ; when x is less than. 4, 
each factor being negative^ the value of the fluxion 
is positive, therefore the root 4 gives {A) x^'^l8x*+ 
96 X — 20y a maximum ; and as, when w increase* 
from 4 to 8, one factor is positive and the other nega- 
tive, the fluxion is negative, therefore the root 8 gives 
(A) a minimum. When we say that by making w^A 
it gives (A) a maximum^ we mean that (A) fii^t 
increases till x becomes 4 and then it decreases, and 
not that it is then the greatest possible; for by in-^ 
creasing x after it exceeds 8, the value of (A) ia-« 
creases sine limite. And in hke manner, (A) decreases 
whilst X increases from 4 to 8, and then it increases, 
and therefore when x = S, (A) is said to be a mini- 
mum, not that it is then the least possible^ for by 
decreasing x below 4, (A) will decrease sine limite. 

We have here supposed x to increase ; if we sup- 
pose X to decrease, and first assume it greater than 8, 
then as x decreases till it becomes 8, each factor a?— 4, 
X— 8 being positive, the product is positive, and there- 
fore it might appear that the root 8 ought to give a 
maximum ; but as a? is a decreasing quantity, it*s( 
fluxion (i) is negative by Art. 16 ; hence, 3ix (« — 4) 
X (at— 8) is negative till x becomes 8, and therefore this 
root gives {A) a minimum ; and whilst x decreases 
from & to 4, 3 i X (j? - 4) X (x— 8) is positive, and there- 
fore 4 gives {A) a maximum, agreeable to what was 
before determined. This instance shows the necessity 
of attending to the signs of the fluxions of increasing 
and decreasing quantities, without which we might 
have determined {A) to have been a maximum when 
it is a minimum, and a minimum when it is a maxi- 
mum; for it is merely arbitrary whether we suppose 
X to increase or decrease. 

When all the roots of the fluxional equation are 
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impossible^ as no possible value of ir can make ibe 
equation = 0^ it shows that by increasing x, the given 
quanti^ increases or decreases sine lindte, therefore it 
admits of no maximum or minimum. 

It may happen that the fluxion may be s O^ and yet 
tlie quantity (A) may not be a maximum or mini- 
mum^ which takes place when two of the roots <^ the 
iluxional equation are equal, because in that case^ the 
sign of the fluxion is the same bpth before and after ^e 
equation becomes = O from the substitution of one 6i 
the equal roots. For let the given quantity be xi^^ 
l6A*+90jf — 2l6a?, whose fluxion is 4j?'i— 48«*i 
+ 180XX - 2l6i = 4JF X (a?»- 12x' + 46x-64)=^ 
X (i?— 3) X (^—3) X (X" 6). Now just before x=3, this 
fluxion is -negative, and just after x±3, it is also 
n^ative ; therefore as the fluxion continues negative 
whilst X passes through 3, that root does not give [A) 
a minimum ; but as the fluxion passes from negative 
to positive whilst x passes from less than 6 to more 
than 6, the root 6 gives (A) a minimum, it's fluxion 
afl^r that time being positive, shows that (A) then be- 
gins to increase. 

Let the fluxional equation have three equal roots, 
as in X X (x - a) X (a?— a) x (x—a\yc (x — 6), and let a be 
less than b. Then it is manifest, that when x is less than 
a^ this fluxion is positive, and when x passes through 
d and lies between a and b, the fluxion is negative; 
therefore x =: a gives (A) a maximum. Hence it is 
manifest, that, in general, when the fluxional equation 
faas an even number of equal roots, one of those roots 
eives (A) neither a maximum nor minimum ; but when 
it has an odd number, that root gives {A) either a 
maximtim or minimum. 

Ex. 29. Tojind the value and portion of the greaiesi 
a9id least ordinates of a curve j whose equation is yszx^^ 
px*+qx— r, X being the abscissa and y the ordinate. 

Take the fluxion, and yszaa^x-^ipxi+qi; but 
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when ^ fajeoome^ a max. or . mio. ysso ; h ence, Sj c^x -^ 

2pxd:+qA^0; consequently ar=*;^±v^ — -r i the 

values of the abscissa corresponding to the required 
ordinates ; and if these values of x be respectively 
substituted into the given equation, the values of 
the ordinates themselves will be known. .Which of 
the values of a: gives the ordinate a maximum and 
which a minimum, may be found by Ex. 28. If 
p=zl8y q=z6o, r=10, then a?=:2 and 10, the two 
dbsdssae; which substituted for x in the given equa- 
tion,- give 46 and -210 for the two ordinates, the 
latter of which being negative, shows that the curve 
at that point lies below the abscissa. At the greatest 
and least ordinates the tangent is parajlel to the abscissa 
(Art. 23). 

But there are o^er cases when the ordinate becomes 
a miaximum or minimum^ that is,' sttthe point C of a 




c 



B 




curve, where the ordinate BC is a tangent at Cto the 
two parts CE, CD of the curve continued on both sides 
of C. When EC, CDy are concave to the abscissa, 
BC is a minimum, when convex^ a maximum. In cases 
of this kind, we must find when the fluxion of the 
ordinate becomes equal to the fluxion of the curve ; or, 
when the fluxion of the ordinate becomes indefinitely 
greater than the fluxion of the abscissa. 

These are the rules for finding the maxima an<) 
minima when the tangents are parallel or perpendicular 
to the abscissa. But if C should be the point of con- 
tr^y A^ure pf a curve, and a tangent at C should be 



44 



TANGENTS TO CURVES. 



parallel or perpendicular to the abscissa^ liiese rttles 
will not hol4ii because the ordinates will then continue 
to increase through the point C. 



To DRAW TANGENTS to CURVES. 

Prop. X. 

Let the curve ACTi he described hif the extremity 
cf the ordinate BC, which moves parallel to itself sm 
varies in ifs length ; to draw a tangent to the curve 
at any point C. 

(23.) Let TCP'he the required tangent ; draw any 
other ordinate Dr and produce it to «; draw also .CE 
parallel to BD ; join O*, and produce it to / and fF; 
produce also CE to any point G, and draw Gmn pa- 
rallel to Es. Now let Drs move up to JBC, then Iw 
the motion of r, the line fVrCt will revolve about (7, 
and when r coincides with C, it ceases to cut the curve 
between C and Z^ and it does not cut it between C 
and A J for to cut CA, Ct must fall below CT^ and 
consequently CIV must lie above CF", or r must have 
passed s, which it cannot have done, as r has been 
continually approaching to s and only now coincides 
with it; therefore when r comes to C, the line IFti 




ceasing to cut the curve, must become a tangent^ and 
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eohseqtiehtlf fFCt will then coinckle with VCT. Now 
whilst the abscissa AB by increasing becomes AD, the 
ofdinate ^0C Becomes Dr; hence^ the increment of the 
ordinate BC is Er; and, by similar triangles, the 
increment CE of the abscissa : the cotemporary in- 
crement Er of the ordinate :: CG : Gm. But when r 
arrives at Cy fVC coincides with f^Cj and consequently 
m mwt, coincide with n; hence, the limiting ratio of 
the increment CE of the abscissa to the increment Er 
of the ordinate, is that of the finite lines CG : Chiy 
wHich (b3^ sim* trian.) is the ratio of CE : Es^ 
taking DEs^ an any situation before it's coincidence 
with BC; hence, by Proposition II., if CE represent 
the; fluiion' "bf thfe abscissa, Es will represent the 
cotemporary fluxion of the ordinate. Put AB = Xy 
uBC^^, t«en BD=CE=x, Es=y ; and as JBCis pa- 
rallel to Es, and TB to CE, the angle TCB=:CsE, 
Sind C^TB^s^sCE, con^uently the triangles TBC, 
CEs are similar; hence, y (Es) : x (CE) :t y (C5) : 

BJ^y^i therefore set off'BT=^, join Tand C,and 

TO will be a tangent to the curve at C. If y decrease 
whilst X increases, then if becomes negative by Art. l6. 

and consequently *4- , or JBT, becomes negative, which 

shows that T lies on the other side of B. See Algebra, 
Art 474. 

When y=0, BT becomes infinite, and the tangent 
becomes parallel to the abscissa. 

Def. The line BT is called the subtangent. 

EXAMPLE$.;\ . . . I . : ^ ...'.:.,• .\. 

Ex. 1. Let the curve AC be a parabola, that is, a 
curve whose abscissa varies as any direct pdrntr ^ the 
ordinate ; to draw a tangent at the point C. 

I'hig equation depressing ihd relation between irand 
y is aS? =y*, for then x' : j^'* :1 f t a, a constant iratio. 
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Taltt the fluxion of both sides of the eqimtimi, «iid,w« 
have ai=m^-'^ ; hettce, r = S^, ... iT=s ^ « ^ 

ssnXy because^ =x. 



y 



If n s 2, it is the common parabdla^ and BT s 3 x. 

Ex. 3. 7b cfrati? a tangent to the, ellipse ACl'XltE^ 
at any point C. 

Let -rfZ> and PE be the two axes ; put AOssaJ PO 
:szhy AB^x, BC:szy, then 5D=2tf— ar; and by th* 

property of the ellipse, a' : 6* :: (2a-x)xa? ry^ss-^x 

{2ax - J?*) ; take the fluxions, and -5 x\2ai — S«r) « 2jir^ 

a* . 
nniltiply both sides by ^ , divide by 2 wbi(^ is com* 

' * • ' 

mon, and also by a— «, and i=r ^ x -2iL^ ^.^ •• » 



-" 







3aa?— a?* 






a— ar 



by s^tituting «-^ X (2aa;— o^) fory% 

;, As this value of TB is independent of h, or PO, 
if we take pOssAO, so that ApD may be a cird^ 



»* 
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and produce BC to c, cT will be a tangent to the 
<mrde. If JB be between O and 2>, so tbiii wbibt jr 
increases, y decreases, then y becomes negative by 

Art. 16. and consequently ^ is negative^ which sho^s 

y 

that the subtangent BT lies th^ other way from B. 

If j? = JBO, then BC= V«*-^, ai^d «• : 6» :: 
a^—jo* : y*=:— x^ (a*— a:^) 5 this equation is sometimes 

more convenient than the other. 

Ex. 3. To draw a tangent to the hyperbola AC, 
wime mqjor axis is AD. 

Bisect AD in Or put AO^a, the semi-axis minW 
=s6, AB =^ x^ BC^y\ then by the property of the 

hjrperbola, a* : 6* :: {2a +x) x ^ : y* == — x (2aa?+a?'), 
which is the same equation as for the ellipse, except that 




the sign of a?* is here positive ; .*. BT^ ax-^- ^^ 

If JBO = X, then y* = 51 X (of - a'). 

Ex. 4. 7b ifraii; a tangent to the Cissoid o/^Diocliei^ 

x^ 
trAwe equation is y'=— (Pr. 20. Ex. 7.) . 

a """ X 

• • -I ■ 

* ■ 

I ake.the fluxion, and 2yy=s . ).■ , ' 'la i.n" =. 
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. ' > ^ ' ■ ; hence, r = ^ / — Trdr* • • BT=^=: 

Ex. 5. To draw a tangent to the catenary curve. 
The equation of this cur ve is ax^=^z y (Prop. 130.) ; 

hence, BT^^^ ^ ^ ^ yJjJEH- . 

if a ^ a 

I £i^, 6. To di^aw a tangent to the logaiithinic curve. 

Here the equation is a^^^tf (Art. I09.) ; and if A 

-find^.y he the hyp. logs, of aandy; then xA^ Y\ 

• • • 

fcence, Ax^Y^^ (Art. 45.), therefore BT = •^= -r- 

E^. 7* ^o ^raii; a tangent to the curve whose 
t^atian iV x*=ty. 

If X and jT be the hyp. logs, of x and y, we 
have xX=jr, and xX + Xx = K; but* (Art. 46.) 

A'rr- and r=i^; r. x + Xx=- 1 , or yx +yXi 
^ , y y' "^ 

=y ; hence, BT ^U^^ - . f ^v = m^- 

Ex. 8.= To draw a tangent to an hyperbola between 
the asjfmptbtes. .^ . 

Here ^ = fl*, therefore (Art. 16.) yi— jry=0,and 

11 X 

yx^iyi hence BT =^ ^—ssx, which being negative 

(because when x\s +3 ,y is — ), shows that T lies on the 
other side of the ordinate in respect to the abscissa. 

^ f 2*) Draw CN perpendicular « to the tangent, 
and it is ditled the normal, and NB the suh-normaj. 
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Now the triangles TBC, NBC are similar ; hence, ^ 
(TB) :y{BC) ..y : B N = ^ the sub-normal. Also, 




civ = ,■ + 4^ -y. (.+!).,., £^. 



hence, CN=y x 



-,..N/^+.y^ 



J? 



the normal. 



Ex. Le^ f Ae curve be a parabola. 

Here aa?=y»; /. ax^mf-^y, andf^ = *^2L_, .\ ^AT 

yy a 

= "^ — rprr«- In the common parabola, where 



X ny 



a 



w = 2, JJiVrr-, a being the i!afiw rectum. Also, 



CiV=\/y»+i«*. 



In an equilateral hyperbola, the sub-normal :=: BO 
(Fig. Ex. 3.). 

(25.) If two quantities begra together and increase 
uniformly, one by x and the other by mx, m being 
constant, then, by the Composition of Ratios, the 
quantities generated will be in the ratio of x : mx, or 
as 1 : m, a constant ratio, 

(26.) If BC move parallel to itself, and AB 
ahd BC increase uniformly, the locus of the point 

£ 
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C is a straight line. For let BC come into the posi- 
tion Ds; then ^s JB and BC begin together and 




increase uniformly, they have always a constant ratio 
to each other, by Art. 26; therefore AB \ BC \\ 
AD : Dsj which is the property of similar triangles ; 
hence, A Cs is a straight line. Also, as BC is parallel 
to Ds, AB : AC :: BD : Cs; but AB*. ACin a constant 
ratio ; if therefore BD the increment of the base be 
constant^ the cotemporary increment Cs of the hy- 
pothenuse must be constant, or if the former increase 
uniformly, the latter will increase uniformly. Henoe^ 
the two uniform motions of C, one in a direction 
parallel to AB arising from the motion of BC, and the 
other in the direction BC, generate an uniform motion 
in a right line AC. 

(27.) The fluxion of the curve line AC, cotemporary 
with CE, Es (figui^e to Art. 23.) the fluxion« of the 
abscissa and ordinate^ is the space that would be de- 
scribed by the point C with it's motion continued 
uniform for the time in which CE, Es are described. 
Now the motion of C arises from two motions, one 
bv which it is carried parallel to AB by the motion of 
BCy and the other by which it is carried in the direc- 
tion BC by tibe increase of BC\ and (Art. 26.) the uni- 
form motion of C is determined by making these two 
motions become uniform ; but when these two mo- 
tions become uniform^ they are represented by CE and 
Es, by Art. 23. and these two uniform motions pro- 
duce a cotemporary uniform motion Cs, by Art. 36; 
hence, by Prop. 1. Cs will represent the cotemporary 
fluxion of the curve line at the point C. 
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To DRAW ASYMPTOTES to CURVES. 



DEFINITION. 

(28.) If a right line, intersecting the axis of a carve 
at a finite distance, continually approach the curve, and 
arrive nearer to it than by any assignable distance^ 
but indefinitely • produced never meets it, it is called an 
Asymptote. 

Prop. XI. 
To draw an asymptote to a curve. 

(29.) Let SDlf^ be an asymptote to the curve ACi 
then, by the definition, we may consider the asymp- 
tote SfP' as the limit to which the tangent approaches, 
when the abscissa AB is increased sine limite. Draw 
-^-Sparallel to the ordinate BC produced to Z), and 
let Tv be a tangent to the curve at C. 

Put ABsx, BC=y; ^then by Art. 23. BT=z^y 



hence, AT^^ — x. From the equation of the curve, 

find die value of this quantity when x and y are infi- 
nite, and if it then be finite, the curve admits of an 
asymptote SfF, and the value of AS is obtained. 




Then having computed the value of BT, find the pro- 

E2 
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portion of TB to BC; and to get their limit, make x 
and y infinite, and you get the proportion of SB to 
BD, because the Hmit of TB to BC is SB to 
BD ; but, by similar triangles, SB : BD :: SA : AE, 
the ratio therefore of SA to AE is known, and as AS 
is known, AE is known; therefore the point E is 
determined ; draw 8E, and produce it indefinitely, and 
it will be the asymptote. 

EXAMPLES. 

Ex. 1 . Let AC he the common hyperbola. 

Here, by Ex. 3. Art. 33. 52'= i^ifJlfl, there- 

fore-^r= a?=:' , the limit of which, when 

a+x ai-x 

• CLX 

X is infinite, is — =a = AS ; hence, S is the centre of 

X 

h - 

the hyperbola. Now BC=^'-X\/2ax+a^9 and B T=8 

— ; hence, BTiBC:: ; :-X\/ Qax+x^, 

a+x ^ a+x a ^ 

the limit of which (when x becomes infinite) is as J? : 

-XX ::a:b:: BSi BD :: AS: AE; but AS=^a, .-. 

a . 

^£ =r b ; hence, draw ^JE7 parallel to BC, and take it 
s 6, join ^Si?, and produce it indefinitely, and it will be 
the asymptote. 

Ex. 2. Let the equation of the curve he y*=ax'+x'. 
Here 3y*v = 2axx + 3x^x, and BT=^^=: 

y 

3i/' 3flic*+3^' 

'3ax+3a?-=25i+3i*5 *^^' 5^=^=4/ ax'+r3; hence, 

3/M?* 4- Sit' — «i..._ 

BT'.BC'.: ^ax+is* '' v'«^'+^\ the limit of which 
(when j; beconies infinite) isr x : x :: fi^ : BD :i 
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AS.AEi :.AS:=^AE: But ^T= ^-^^^^i^-a:= 



ax" 



2ax+3x' 



2ax+3x* 
, the limit of which (when x becomes infinite) 



is - =^ASi hence, AE^^-- ; take therefore AScz-^^ and 
3 3 3 

AE^r^ J^^^ '^^y ^^^ produce it indefinitely, and it 
3 

will be the asymptote. 

Ex. 3. Let the equation of the curve be ax^— by* + 
cxy=0. 

When :r IS itifioite ax* - 5y*=0, and x : t/ :: h* : cri 



also, BTss;?r- = (atan infinite distance) 



aafi 



, and AT 




I)V^ hv^ "^ a X* 

-2^ — j: = y ; — = o, therefore the asymptote passes 

oar ax^ 



through A ; hence, take AB : BD :: b^ : a^, and 
through D draw ADE, and it will be the asymptote ; 
for at an infinite distance AB : BD as AB : BC, or as 

J? : y, or as ft* : a*, since D and C then coincide. 



To DRAiY TANGENTS to SPIRALS. 

DEFINITION. 

< 

(30.) If an indefinite right line SM reyolve about S, 
atrtl a point C move in it continually from S, it will 
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describe a curve caHed a spiral ; S is called the centre, 
and SC it's ordinate. 



Prop. XII. 

To draw a tangent to any point C of d spiral. 

(3 1 .) Let YCs be a tangent to the spiral at C, and 
Sz perpendicular to SC% draw QE perpendicular^ and 
Es parallel to SM. Now the describing point Chas 
two motions, one in the direction SMj and the other 
perpendicular to it, arising from the motion of SM 
about S. The describing point C is therefore under 
the very same circumstances as in Art. 33. upon sup- 
position that CE is there perpendicular to the ordinate 
CB ; the fluxions therefore must be represented here in 
like manner as they were there ; for the fluxions at the 
point C in the directions CJB, CM^ and Cs, depend (Art 
3.) entirely upon the velocities of the describing point 
C in those directions, without any regard to what may 
take place afterwards from the further motion of MS 
about S\ the fluxions therefore will be just the same 




as if the ordinate were moving parallel to itself and the 
describing point C had the same two motions given to 
it ; hence, by Art. 27. Cs is the fluxion of the curve, 
and by Art. 33. Es is the fluxion of the ordinate^ and 
■CE the fluxion in the direction perpendicular to S€* 
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Put SC=y, then Es^y-, and> by similar triangles^ 
ECs, CSV, Es (p) : CE :: CS (y) : SV^^-^^L^. 

Cor. If the point C have no motion in the direction 
SMy the curve described will be a circle^ and Es be- 
coming = o, the cotemporary fluxion of a circular 
arc whose radius SC revolves with the same angular 
velocity, will be CE. 

(32.) With any radius SA describe the circle ABDj 
produce 8C to By and 8E to v meeting Bv a tangent 
to the circle ; and suppose the angle ASC to vary 
as SC*. 

Put AS^Vy SC=^t/y AB=Xy Bv=Xy cotemporary 
virith the fluxions CEy Es ; for the velocity of C perpen- 
dicalar to SC : velocity of B perpendicular to SB :: SC 
: SB ; then as at is the measure of the angle ASC, let 
us suf^pose that when x becomes sr^ y becomes t; then 

*:r :: y*: f», .•.^=j?,and^~p-^=i=5v; and 




fin-l. 



by similar triangles SBvy SCEy r : y :: ^^.^^ ^ : (OEss 

-^ ; hence, (Art. 31.), SF (=^^-^) = -^ . 

Cor. If SZ be perpendicular to CJT, we have, 
hy sim* triangles, J",^, SCZ, CV: CS :: CS: CZ= 
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•3Wy= V -r V V' + — ^^s = , J . Also, 

CY . SY:: CS : SZ ^ ^y ^ ^t^+my^ ' 

EXAMPLES. 

£x. 1 . Lei the curve be the spiral o/* Archimedes. 



Here m = l, and 8Y= ^ ; hence, CF= \/^+y* 
Jf^y* + ^ therefore CZ = -7=^-5 . Hence also. 



«2 



Ex. 2. Le/ /^ curve he the reciprocal or hypeDrtiolie 
spiral. 

Here m=:— 1, and SJTzs^t, a constant quantUy. 
Here ^ lies on the other side of B^ and when or =0^ y 
becomes infinite and an asymptote to the curve^ for 
xy=:rt a constant quantity. 

Ex. 3. Let the spiral he the Lituus. 

2t'^ 
Here mqp — 2, and SY^ . 

y 

Ex. 4. Let the curve he the logarithmic spiral. 

This curve is generated by the uniform angular 
motion of SC about 5', whilst C recedes from S with 
a velocity proportional to SC\ hence, sE^ the fluxion 
of SCj varies as SC ; . but as the angle CSE is alwa^^s 
the same in the same time, SC will vary as CE j 

CE 

hence, CE : Es (y) :: a\ 1, a constant ratio, /.— :- =a^ 

y -■" 

and Sjr=^^—: — = ^y ; consequently SV : SC :: ay : 
y :: a : 1, a constant ratio ; hence, the triangle SCY 
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continues always similar to itself^ and therefore the 
angle SCY is constant, and is knomi from the ratio 
of a : 1. 

Prop. XIII. 

To draw a tangent to a curve ZPW, the nature of 
which is expressed in terms of SP, HP, drawn from 
two given points S, H. 




(33.) Let PT be the tangent at P, produce SP^ and 
taking Pm to express the fluxion of the curve, if mr 
be drawn perpendicular to PL, and mn ,to HP^ then 
(Art 31.) Pr and Pn express the cotemporary fluxions 
of SP, HP. Draw HT perpendicular to Hp^ meeting 
the tangent PT at T, and draw TL perpendicular to 
PL\ then the figure PHTL is similar to Pnmr, and 
Pr : Pn :: PL : PH; if therefore PIT represent the 
fluxion of PHf PL will represent the cotemporary 
fluxion of SP; putting therefore SP=r, HP^y, 
we have the following rule : 

Put the equation of the curve into fluxions ; assume 
^=y, and find i; take PLz^x, and perpendicular to 
PL draw LT, meeting a perpendicular HT to HP, 
in Tf and join PT, and it will be a tangent. 

Ex. 1. Let ZPWhe an ellipse, whose foci are S and 
Hy and major axis a; then x+y=a, and (Art. l6.) 
A-i-y=0; and assuming y=y (Art. 3. Cor. 2.), we 
have x=y; take therefore PL ^ PH, draw LT 
perpendicular to PL, and HT to HP, and PT is a 
tangent. 

Ex. 2._ Let af^j^ssa a constant quantity; then 
iiiyii^wi^^,jjj#yi-i^-«Q. ^j^^ assujning y=y, we 
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fUB fix 

oet^s-^; take therefore BL^ — , draw LT per- 

pendicular to PT, meeting HT perpendicular to HP 
in T, and PT is the tangent. 

Ex. 3, Let af^+y'^^a a constant quantity; then 
»t jc*»-^i — ny'^-^y = O, and assuming y=y, we get 

*=-^^; take therefore PL = -~-?, draw LT 
nuxr^ mar 

perpendicular to PT, meeting HT perpendicular to 

HP in T, and PT is the tangent. 

Ex. 4. Let X I y :i a : b z given ratio; then xss 

-Ti and i =s -|- = (by assuming y =y) -Ji. = a? ; hence, 

PL=:^x; take therefore PL^PS^ draw LT perpen- 
dicular to PL, meeting /fT perpendicular to HP in 
T, and PT is the tangent. This curve is a circle ; sec 
Lenu to Ex. 2T. in max. and min. 



On the binomial THEOREM. 

Prop. XIV. 

To express the value o/*a±xp hy a series. 

(34.) The square of 1 + a? is 1 +2x+x^ ; llie cube is 
1 + 3 a? 4- 3 a^+a^ ; &c. hence it appears^ that the coeffi* 
pients do not depend upon the value of Xy but upon 
the index of the power ; therefore if j? be diminish^ 
and at last vanish, it will make no alteration in the 
coefficients. And as by the continual multiplicatiooi qi 
}+XyWe manifestly get a quantity wit h all t he poweip 
of X regularly ascending, let us assume 1 +^" = 1 +iw: 
+ bx^ + cx^+dx^+Sic. n being a positive wh ole nu mber. 

Also, if n be a nfitgative Vhole number, l+aJ"-*» cr 
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^j_J5» 18 found by division to give a series of the same 

kind. And if n be a fraction -- (r and s being whole 

nunibers) the series will still be of the s ame fornix as 
may be thus shown. . The value of 1+a^' is expressed 
by 1 +ax+b3[f^+ca^ + hc. but 1+j^' is the ^ power of 

l+ay ; therefore such a series must be assumed for 

l + a?P that the ^ power thereof may give a series of 
the form 1 +ax + baf^+ca^ +Sic. . Now the s^^ power of 
1 •hp.x+qx* + rj? + &c. gives a series of the form 
l+ax+6j?* + car^+&c. therefore we must assume a 
series of the form l+p^+y^+raj^ + &c. to represent 

V+xi* . Assume therefore in general l^-d?P= 1 4- ax+ 
hc^ + czr* + &c. Now to determine the values of 
cty hj c, dy &c. take the fluxion of both sides of this 
equation, omitting x as it will be common to every 
term ; then take the fluxion of the resulting equation^ 
and so on continually^ and we get the following 
equations. 

n.(n-- 1) xr+^^* = 26 + 2.ac^ + 3.4ii?+&c. 

&c. &c. 

Now make 0^ = 0, and from the first equation^^ 

itssa ; from the second, w.(n— l) = 2 6 j from the third, 

n ~" 1 
fi.(«-l).(n-2) = 2,3c, &c. hence,a=:n; 6 = n. — ~ i 

"" , &c. where the law of continua- 



CskH. 



3 3 



tion is manifest Hence, 1 +aj .= 1 +ni?+w, — -— J!*+ 

-JB* + &c. Now if n be a whole positive 



»""T" 



3 3 
Aumber, it is manifest that this seriev will terminate. 
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for at length we must come to the coefficient 
w,-— —•.... r =0. If 92 be a negative whole nmnber, 

the series will never terminate^ because the factors 
ft, n— 13 n— 2, &c. in the numerators then become 
— w, - n - 1, - n— 2, &c. and therefore no one of the 
factors can ever become = 0. Also^ if n be a fraction^ 
it is manifest that n^ n — 1, n — 2^ &c. can never 
become = 0, because a fraction can never be 
destroyed by the subtraction of a whole numfcfer 
from it. Hence, the scries will always run on 
ad infinitum, unlesis n ()e a whole positive number. 
If the binomial be 1 r- ^, then x becoming negative^ 
the odd powers of x will be ne gative, and the even 

powers will ba- positive; hence, 1 — d** = 1 — wx + 

w- 1 2 w-1 n— 2 „ , 5 

n. ar-w. -.— -— ar+&c. 

2 3 3 ^^^^^^^^^ 

(35.) Hence, we may expand a + a;)'*. For as 



a + j?=ax (1+^), ...Xf^'* = fl^X 1+^ = (by 

• X • • ' 

writing - for x in the series in the last article) rf* x 

2 3 3 

For the diiBferent cases where the series converges or 
diverges, or becomes = 0, see Dr. Waking's Med^ 
Anal. p. 416. 

The principal use of this rule is to extract the roots 
of binomials ; for if n be a fraction, the series gives 
that root of the binomial which the fraction expresses. 

Ifthereforew=^,r±^'=l±^jr+-X^^a?±-x-~ 

s ' s s 2s s 2s 

— : — S? + &c, and this form is most convenient when ^ 

3* 

the i tadex is a fraction . 
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EXAMPLES. 



Ex. 1. To resolve 



a*+2ax+r 



into an infinite series* 



This quantity is 



« + x) 



=:a+ai) ^ ; which compared 



witho+i]'*, gives w=— 2; hence, a+x] '=« * — 

-. , ^ *-2-l . , ^ -2-1 -2 — 2 50 

2a"-'x— 2. — .a"V - 2. — . — r — .« ^^- 

2 2 3 

^ I 2a? . 3a:» 4^:^ ". * 



a* a? a 



a- 



Ex. 2. ^Aa^ is the value of — -, in an infinite 

^ 2az + z* 

series? 

1 1 

This quantity is equal to — 



2az 



" ('+f.) 



2 az 



2a 



— 1 



; and by comparing 1 + 



z 
2a 



— 1 



with 1 + a?l % ^ 



ipee have a?=--- , 71= — 1 ; hence, ► X 1 + — 

2a 2az 2flri 



^O-'Ta-'- 



1 

2a;s 

4 a* 8a3 



— 1 



— 1-1 z 



*4aV * 2aj?? 



Ex. 3. ffliat is the square root o/*a* + z*, or the 

1 . 



value o^a*+z*|* in a series ? 



i4_ 



z' 



Uere^+zY=axl+^, 



i 



; and comparing 1 + 




I 
3 



r ^* 

withT+2|% wehavea? = -:, r=l,5=:2; hence, (rx 



6% 
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1 + *. 

a 



i 



/ 1«« 1 — 1 «* 1 -1 ~3 «• 



+ &C.) = 



1 a« i ?! . 1 t. 
"2 T~? i? 15 a* 



«+^ — — — "TiA--^ -I— &c. 



Ex, 4. ^Aaf M f Ae cafo* ^ 
Here rse: 1^ «=4, and l -^* 



2/T^*? 



4 8 13 4 



, 1 1 — 3 . 
4 4 8 

33 138 



Ex. 5. What is the value o^' a - z]* ? 

Here a-«l — a* x 1 -- , and comparing 1 — 



z 



with l-xf , we have r= 1, ^=3,- = x; hence^ a x 



i 



1 « 1 —2 a* 1 -2 — 5 «^ 



1-2 =«x(l-3-+5X^^-3X-g-x-^ ^ 

X 1 1 )S* 6 a^ 



Ex. 6. What is the value of , ■■] 



? 



Here, 



^ a 



1 ^l 

* xl — 
a 



-i 



■«■■* 



2 



-4 



and comparing 1 — .~ I with 1 — i^*", we have x=-. 



1 « 

ra~l, «=2; hence, TTX *— « 



-i 



1 



M 



as« 



('- 
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-Jl^ Z —1 -3 «* -1 -3 -6 « 



3 



2 



^-r^"s~?+^*'-)= 



1 1 2' 3 «"^ 6 «T 

In like manne r we may raise a multi nomial to any 

powen For let a + bx + cx^ +da^+icc.\'^ =iA + Bx+ 
C3[^ + Da^ + Sac. then when x=0, A^a\ Take the 
fluxion^ divide by x, and make ^=0^ and we get 
B=^n(f^''^b. Take the fluxion again^ divide by 2x^ and 

w— 1 
make a:=0, and we get C=w. — a'*""*6* + wa'*""*c; and 

thus we may proceed to get the other coefficients. 
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Sect. Ill 



On the method of FINDING FLUENTS. 

(36.) XHE business of the direct method of flux* 
ions^ is to find the fluxion from the fluent; to find 
the fluent irom the fluxion is sometimes called the 
inverse method of fluxions. It is not difficult to 
put any quantity into fluxions, there being direct rules 
for that purpose ; but there are no direct general rules 
for finding a fluent from a fluxion; and very ofl;en it 
is impossible to do it, except by an approximation by 
an infinite series, as the fluicion may be such as could 
not arise from putting any fluent into fluxions. We 
cannot therefore lay down rules for finding the fluents 
of any other fluxions than those whose forms show 
them to have been derived from some fluent. 

Prop. XV. 

To Jind the Jluent of any power of a simple quantity 
multiplied by the fluxion of that quantity. 

(37.) The fluxion of a?' is 3 a?^i, therefoi'e we know 
that the fluent of 3 x^i is a^, and it is deduced from 
the fluxion, by the converse of the rule for putting jfi 
into fluxions. In general, the fluxion of :c* is 
(Art. 12.) na^^^i; therefore the fluent of naf^^^i must 
be j^, and this fluent is deduced from the fluxion by 
the following 
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RULE.. 

/I 



^dd unity to the index^ divide by the index so in* 
creased, and also by the fluxion of the root. 

EXAMPLES. 

Ex. 1. The fluent oi^cfix is 3i?. 
Ex. 2. The fluent of a?x is 



x^« 



10 

Ex. 3. The fluent of 5 ar^i is -^-^ . 

• -4 ■.-. 

Ex. 4. The fluent oi tx^ x \9% x'^ a x^ = -^ x*. 

9 8 9 , 24 

Ex. 5. The fluent of — s- or 6a?""® i is ■ = - --r • 

jfi —8 40?* 

Ex. 6. The fluent of ^ or Sy^^y is * x 3yT « 



1* i 



If n=0^ or the index of x be — 1^ the fluxion i^ 



X 



- ; but this fluxion cannot \)e generated by x^, because 



X 



(by the Principles of Algebra) o?^ =s 1, a constant 



X 



quantity; hence^ the fluent of •- simply considered^ can- 
not be found by this rule ; see Art. 1 1 . and 47- 

x^ ■ 
(38.) Take the fluxion of ^^ .-^ then the diniension 

of X in the denominator exceeds that in the numerator 
by a + !• Hence, if a fluxion be a rational function of 
X , multiplied into i, and the greatest dimension of x in 
the denominator exceeds that in the numerator by 
unity, the fluent cannot be found in finite algebraic 
terms. 

F 
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Ex. Let the fluxion be . x i, then the 

m + n+pxY 
highest dimension of x in the denominator is |^ and in 

the numerator | ; hence the fluent cannot be found. 



2 



Prop. XVI. 

Tojind the fluent of a binomicU quantity (one- part 

of which is constant and the other part variable) raised 

to a power, where the term without the vinculum is the 

fluxion of the variable term under the vinculum, or in 

a given ratio to it 

(39 .) The fluxion of 7+^** is (Cor. Art 12.) n x 
tf+afT"^ X ruf^^i, which is found by the same rule 
as the fluxion of of^. Every complete fluxion therefore 
of this kind must necessarily have the index of the 
variable quantity without the vinculum^ less by unity 
than the index under the vinculum. And if the given 

flu xion b e d x tf^F)**""^ x rof^^i, the fluent will be 

dx flf + jfp' Hence, every quantity so circumstanced^ 
may have it's fluent found by the above rule. 

If r=l, then r— 1=0/ and aj^i=:l; theicfdne the 



fluxion becomes n x a+oc\ "" xx. 

EXAMPIXS. 

Ex. 1. What is the fluent of i!^^xil 

Here the fluxion of the root a+x is i ; hence, the 



fluent is 



. a+xP X X a+xf 
IS — : = ■ ' ■ 



7^ 7 

Ex.2. IFhat is the fluent of a* -|-x*) xxx? 

Here the fluxion of the root a* + a?* is 2xx; hence^ 



the fluent is — ■ — i- — : — ss —-i 



4-x 2xx 
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Ex.3, fFhat is the Jluent of ti'^x^^X 37^ i} 
Here the fluxion of the root a* -or* is — 4j?3i. 

bencey the fluent IS ~ * 



•5-x — 4x'.r 32 

Ex. 4, . JVhat is the fluent of 



x®x 



a« 



+ 65?]^ 

This quantity is = ^ + 6^ ^ x a:® i ; and the 
fluxion of the root oP+6a? is 54i?^ir; therefore the 

Quantities which at first do not stand under this 
form^ may frequently be reduced to it. 

ax 
Ex. 5. fVhat is the fluent of ^ - ? 

a'+x*]"^ 
First, a*+i'=(a*^'"+l)xa;*; therefore a'+a*]*« 



ii*j?-*+l] X a:^ ; hence, ' ■ ■ »" r = ff "^— ^ = 

flftc~*+T)"'^ X iW?'''i, where the index of ^ without is 
less by unity than that under the vinculuoi ; hence, the 

fluent 18 — ' . , / ,, ^ _3. = ■■ ^f^ 



X ' .... • ^ ^ 






? 



Ex. 6. What is the fluent of'—r^^^ 

Thif is reduced^ to ^^.^1^ ^ = ^'^^' + M >^*""^' 
whose fluent is - — x ^a'a?""' + l. 



a 

F 2 
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Or, in general, every fluxion of this kind - i 

can be reduced so that the fluent may be found by this 
Rule, if r=: m — 1 ; for by reduction it becomes 

-T — y=j? *ixa'"a?-"*+i] '*, so that r - — 



^w^-wi^l 



"xa?" 



m 



must =-m— 1, orr = m-1. in which case the 

n. 



i-l 



nueqt is / 

(l-l)x- 

V n/ 



ma^ 



Ex. 7. To find the flwnt of ^"^"^^J^^' ^f,m 
being a whole positive number greater than unity. 

Now F=^xi^5l±f!; put>/£±£=y, 

X X 



2 •« -.« 1 1«»— * 



1 F=i)' 



then jj« = p2--, and ^srs = ^ fl«».-« > "^^ 



0?^""* a 



^_ 2x(l-m) ..^ 

"■(2w-2)xa«'»-* ^ 3^ "" M >^ y yi expand 

y*- iT"* hy the Binomial Theorem, multiply each 
term by y*y, and the fluent of each term is found 
by Art. 37. 

If m=l, then /^= -M-, and (Art 46.)F=f 

h.i.(y^-i)=h,i.v^prrT. 
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Ex. 8. Tojindthejlueni of ^^^ . 



a^-x"^ 



Put tt* - a?^J = y ; then the fluxion is transformed 
injto - X \y y — c^if y\ and the fluent is -x 

(40.) If both quantities under the vinculum be vari- 
able^ and the quantity without be the fluxion of the 
quantity under the vinculum, or in a constant ratio 
to it, the fluent may be found by this rule. Thus, the 

fluent of fl^y+,y*|^x (2a*3^+4y«5f) i8| x ^V+^l^ ; 
but these cases seldom occur. 



Prop. XVII. 



Tojind the fluent of a+cz")" x dz'°"'z, where the 
index of z without the vincutum increased by unity ^ is 
some nmUiple of the index of z under the vinculum. 

(41.) Puta+c«~=a?,then;2«=:s^=^, .-. »'»=^I^, 
^ ^ ' c if 

f* yc X "^ a '""^ 
take it's fluxion, and r««"*"^i = -r- 



X 



^^^z =~X^-al'""^ XX ; hence (putting r—l= 5), 
d^"" ^^Z^ X X — or X i =s (by expanding a?— a[) 
— T X i X C^— ^aaf"'^+^.— — -ii^a:'"*-&c.^ substitute 



70 METHOD or FINDIlfO FLUJ5NT9. 

this quantity for dz^^^^z^ and af^ for a+cz'Y^, and 

the given fluxion is transformed to — :; x 

nc 

V 2 / n(f 

(jxf^^'x - ^aj^+'-'i + ^.^~a*a:«»+'-»i - &c.) the 
fluent of each of which terms is found by the Rule 

d 

in Art. 37. hence, the fluent required is -— r x 

^— 1 

I — : — : ; — +- ; &P- 7 Now 

let us consider when the fluent of the givei^^fliudoa 
can be expressed in finite terms. 

1st. If r, and consequently ^, be a whole p ositive 
number, the series arising from the expansion of a? — a| 
will terminate, and the fluent can always be found if 
m be a positive whole number, or a positive or negative 
fraction. 

2diy. If r be a positive whole number^ and m a ne- 
gative whole number greater in magnitude than s+l, 
or r, the fluent can always be found. But if m be 
a negative whole number equal to or less in magnitude 
than r, the denominator of some one of the terms must 
become =0, in which case the fluent of that term fails ; 
for in the fluxion it was of this form ar^^i, which bjr 
Art. 38. admits of no fluent by the rule there given; 
it may however be found by logarithms, as will be ex- 
plained in Art. 45. 

3dly. The given fluxion, by reduction, becomes 

o«-'*+cl"*>crf«^'**'^+'*""^%; hence, if m and r be both 
fractions, but such that m + r may be a whole negative 
number, the fluent can always be found. This will 
appear, by transforming the fluxion as before ; and 
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the series will always terminate ; nor can any of the 
denominators of the terms of the fluent become equal 
to nothings so as to make the fluent of such term &il, 
as it is here taken. 

When fluents dmnot be fbiind in finite terms, instead 
of having recourse to infinite series, they may frequently 
be founain terms of circular arcs and logarithms ; and 
these having been computed to a considerable degree of 
accuracy^ they may be used for all practical purposes. 



To FIND FLUENTS by LOGARITHMS. 

(42.) The property of logarithms^ or their relation 
to natural numbers^ as has been already explained in 
Algebra, is this, that as the natural numbers increase 
in geometric progression^ their logarithms increase in 
arithmetic progression. 

(43.) Let a increase till it becomes b, c, . . . . m^ n^ o, 
&c.* and suppose a : b :: b : c :: &c. :: m : n :: &c. 
then a : m :: a^b : m--n; now a- bis the increment 
of a, and m - n is the increment of m ; hence, aim:: 
the increment of a : the increment of m ; and as this 
is true in every state of the increments, if we make 
thein vanish, we have a : m in the limiting ratio of the 
increment of a : the increment of m, that is, as the 
fluxion of a : the fluxion of m, by Art. 7* 

(44.) Let y be any number, and x it*s logarithm ; 
then if a? increase uniformly, or if i be constant, tf will 
increase in geometric progression, therefore by the last 

article. V varies as y. and % is constant ; hence, ^ is con- 

vx 
stant ; put therefore ~ =s M, and we have i sb M x 
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^ ; that is, the fluxion of any logarithm is equal to 

St constant quantity multiplied into the fluxion of the 
number divided by the number. The quantity M is 
called the modulus of the system^ and may be assumed 
of any value. 

If ilfssly the logarithms are called hyperbolic, be- 
cause the same logarithms may be deduct from the 
hyperbda, as will appear hereafter. In this case 

Prop. XVIII. 

To jind the fluent of a fluxton^ which is the fluxion 
o/* am/ quantity (y ) divided by that quantity (y), or 
m a given ratio to it. 

(45.) Put j?=the hyperbolic logarithm of y; then 

• ■ • • 

by Art. 44. ^=i, and the fluent of -* is a?. Anrf 

as y, although here a simple quantity^ maj represent 
any compound quantity whatever^ and y it's fluxion^ 
we have the following 

RULE. 

When any fluswnal expression appears to be th^ 

fluxion of a quantity divided by. the quantity itself 

if s fluent is the hyperbolic logarithm of that quantity. 



* If jft= hyp. log.— y, thenx=-; the fluent therefore of ^ 

is h. 1. jr^; but the negative value belongs to anothei' system. 

Alto, the fluent of -^ is h. 1. ay, since the fluxion of h. ). ayss —ssS* 

y ^ o.y y 

Hence^ in all the above Examples, the fluents may be multiplied by a 
constant quantity : thus, the fluent of -^ is h. J., m x (^ + a.) 
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HI 



EXAMl'tES. 



Ex. 1. The fluent of ■ is the h. 1. (hyperbolic 
logarithm) of (a?±a). 

Ex. 3. The fluent of -J^ is the h. 1. U^a?), 

Ex. 3. The fluent of — is tlie h. K {a"+a?»). 

These fluents are obvious^ the given fluxion being 
manifestly the fluxion of the quantity divided by the 
quantity^ for the numerator is the fluxion of the 
denominator. 

Ex. 4. The fluent of — > is the h. 1. of 

For, put a?* ± d^ ?= v% then xx =^v% .-. x : v :: 

i; : X. and a? + t; : t; :; x+v : x; hence, — : — - = - = 
' x+v V 

X 37 + ^ ^ ^ 

/-■ I; therefore the fluent of ^ , ^ , or of - i ■ ^ . 

is the h.l. (a?+v)=:h. 1. (a?+Va:*±a^). 

Ex. 6. The fluent of i. is the h. I. 
\/x'^±:2ax 

{x±a+ mJ 3^ ±2ax). 

For, putv^x'±3a/r=xy, then a?'* ± 2ax + a^ ^y^ ^ 

I— yy 

a*, and a? ± a = V^^ + «* ; hence, i= / « _, ^ > con- 
the last e xample, i s h. 1, (y+ V^y^ + o*) = h, I. 
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Ex. 6. The fluent of -^a » the h. 1. -2+^. 

For 4 i^= " ^.^—11 — , whose flaent is the 
a— Jr a + jfa — ar 



h. 1. (a+ ar) - h, l. (a- a?) = h. 1. , as shown in the 

Algebra^ Art. 388. In like manner^ the fluent of 

2ai . t 1 a?— a 
-s IS h.l. 



^ ax 
Ex; 7. The fluent of - yi is' the h. 1. 

[ a? V a* + a* 

For, put xAF+^=y, then a'+j:*=y% therefore a?i 
x^v, and =— ^ ; that is, — j == -—-^L--, 

whose fluent, by the last example, is h. 1. - =h. 1. 

_ of 

J- . In like manner, the fluent of 

IS n. 1. ^1 



x^t^-x* ' ' a+x^ a*~x' 



x~^x 



Ex. 8. The fluent of , is - h. 1. 

1 • 

Fqr, put - ssy, then a?""^i = — y ; hence^ the flindon 

becomes -t===-, whose fluent is (by Example 4.) 
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In like manner, the fluent of — /,, , is found to 

beh.l.*±^^. 

These are some of the most useful forms of fluxions 
whose fluents may be found by a table of hyperbolic 
logarithms ; which table may be supplied, by multiplying 
the logarithm found from the common tables by 
2,30258509, which will give the corresponding hyper- 
bolic logarithm. 

Ex. The fluent of -^ is the b. 1. of (l+x); if 

or =1, the fluent is the h. 1. of 2 = 0,693147; if a; =4, 
the fluent is the h. 1. of 5 = 1,^094379. 



To FIND FLUENTS bv CIRCULAR ARCS. 

Prop. XlX. 

The length of a circular arc for every degree^ 
minute^ arid second, to radius = 1, being given, to find 
from thence certain fluents . 

{46.) Let AD be a. circular arc whose centre is C, 
AT it's tangent^ DB it's sine; draw ms parallel to 
BD meeting the tangent Ds in s, and Dn parallel 
to Bm. 

Put CD^a, AB^x^ BD^y^ AD^z, AT^t, CT 

sss; then by Art 23. Ds^i, Dn^i, ns=:y. Now 
the triangles CJBD, ^nl> are similar, for they are right 
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ansled at B and n, and the angle sDn = CDB^ because 
nDC is the complement of each. Hence, t/ : a :i x :z 




» li 



= 2*; but y = ^/^/>* - Cfi* = ^' a* - a- a?r = 

ax 

ay 
\av. y : g= ^ ^ .^ . Again, by sim. triangles C^T, 

s 



a 



,2 



a^i 



a - -* , whose fluxion 5iii or Dn = ~ ; hence, from 
5 5* 



a^j 



the sim. trian. Dsn, CAT, ^/T^ {AT) : s :: -f : 






av 



a*/ 



and % ( — ' /a v^ y= ^r = a , is • Hence, the 

fluxion of the arc AD, or z, is expressed under four 
difierent forms in terms of the right sine, versed sine, 
tangent and secant ; consequently the fluent of each of 
these fluxions will be expressed by z. Hence, 



1»* Fluent of - 



ay 



a and sine y. 



^a^-ry" 



y 



is a circ. arc \Yhose rad. is 
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f^ Fluent of #„ _^ « is a circ, arc whose rad. is 
a and versed sine x. 

a^ + f 
and tangent /• 



3* Fluent of ^g ; ^^ is a circ. arc whose rad. is. a 



a^s 



4* Fluent of — j. ' is a circ. arc whose rad. is a 

and secant s. 

Now by a table exhibiting the length of circular 
arcs for all degr^s, &c. of the quadrant to radius 
unity, if thes^ arcs be multiplied by a, we shall h^ve 
their lengths to the radius a. Hence, for example^ what 

is the fluent of ' ^ L , when y is the sine of 30® ? 

The length of an arc of 30"* to radius 1, is 0,5235987 : 
hence, the length of the arc to radius a, is a x 0,5235987» 
the fluent required. Thus, the fluents of all fluxions 
undef any of these forms may be found. 

If the fluxions had been -^^-, ^7==^ , ^q^, 

as , , 

J , that is, a times less than those stated above, 

o ^^ Sr ~~ Cti 

the fluents would have been a times less ; that is, the 
circular arcs would have been reduced to a radius=l, 
and the respective sines, versed sines, tangents and 

y X t s 

secants, would have been*^* ^^ •"> - • 

^ a, a a a 

aH 
If in the expression ^, the fluxion {%) . of the 

circular arc, we suppose vts^a x , we have 

orb a 

z = ' — 7=ry and z = - — 7==== X h. 1. v (Note to 
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Art. 45^ c being a constant quantity), where the iinagi- 
nai y val ue v is destroyed by the imaginary quanti^ 

c^ — 1, and the quantity expresses accurately the value 
of z. In this light we are to understand all real 
quantities under the form of imaginary onet^ such 
imagins^ry quantities destroying each other. Thus^when 
the roots of equations are imaginary^ the imaginaiy parts 
destroy each other, and appear not in the equation 
itself. 

(47.) A fluent can have but one fluxion, but a 
fluxion may have an infinite number of fluents ; 
thus, the fluent of x is Xy or ^ + a, whatever be the 
value of the constant part a. By Prop. 4. in taking the 
fluxion of a binomial, the constant part goes out, and 
therefore when the fluent is taken back again, that con- 
stant part does not appear. Now to determine, in any 
particular case, what this constant part is to be, or 
whether any such quantity is to be annexed, conader 
whether the fluent first taken becomes equal to nOr 
thing, or of a known value, at the time it ought ; if it 
do, it requires no constant quantity to be added; if 
it do not, such a quantity must be annexed to it, as 
will make it become equal to nothing, or to it*s proper 
value* This is called the correction of a fluent. 

It is here necessary to be observed, that the correc- 
tion must be made to the fluent as it is first found, that 
is, before any reductions take place, such as raising th6 
quantity to any power, extracting the roots, &c. since 
new values may be so introduced. If x^zi, then 
j?=«+C(or. in general. We must not say x=z, and 
x^=^z^ and then apply the correction, since x=z is not 
a ti ue equation when a correction is necessary. If when 
x=i09 z=:a, then a;=2-a is the true equation. But 
in the equa tion x^^ z^ + Cor. it would be a:*sE«*— a*, 
and x = v^5j*— a* which is difierent from the former 
value of X corrected. When we assume a^^z^y then 
X = ±z and xzz ±% which is not our original equation^ 
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AisOf from x^^z^^a^ we have 2xi^2%%^ which if 
not our original equation unless x ^ z which is con- 
trary to our supposition, since when x^Oy z^a. 

Further, the fluent of «*i is , andifna: — i, 

w + 1 

sf 1 
this becomes —2= --is infinity, and is the same what* 

ever be tlie value of x. Hence, if j?"i? express the 
fluxion (^f any quantity^ the fluent when n => - 1 must 
want -a correction, . since the value of the fluent, de* 
pending . ujj^/ir, caiunpt be the same for all values 
of X. Let fherelbre the fluent becooie = O when 

Xssa, and the coiretet fluent is : . Now x 

remaii^f g ^onst^nt, let n vary till it becomes :=: - 1^ 

and in this case the numerator and denominator vanish 

together; hence, (Note to Art. 7.) the value of the 

fraction at that time = the fluxion of the numerator 

divided by the fluxion of the denominator = (Prop. 61.) 

aJ»+^wXh. 1. a?-a*'+^wxh.l.a , _ v . 1 
. (when « =s — 1) h. 1. 

X 

a? — h. 1. a=h. 1. — , Hence, in this, and all other 

a 

like cases, it is not correct to say that the fluent 

found by. the common rule fails, for it still exhibits 

the true fluent, but under such circumstances as 

requires a further reduction in order to determine it's 

value. The fluent comes out the same as if you had 

at first taken n = — 1, and found the fluent by logarithms. ^ 

The fluent therefore is general ; and if any calculations 

be carried on from this point, the conclusion will still 

be true when you make n = — 1 • 

Or if we want to find the value of - — - found from 

the fluent of je^+^i when w=— 1, we must get the 
ultimate value, making n only variable till it becomes 
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I 

= — 1; hence^ the ultimate value is ^^i - — rhr^— 
h. 1, x 

' (48.) Although the fluxion of a quantity be relative^ 
that is, if X denote the fluxion of x^ then will naf^~^i 
be the fluxion of af^, where x may be assumed of any 
magnitude, yet the fluents are not at all aflfect^ by 
Varying i, the fluents of these quantities x ana 
nx^'^^x being x and c^^ whatever be the value of x. 
Hence, of whatever magnitude we assume the fluxion 
of any quantity, the fluent will always give the quan- 
tity generated. In the following Problems, ihereforc, 
the fluxion of the area, solid, curve line or surface, 
may be assumed of any magnitude, and the fluent^ 
corrected if necessary, will give the quantity which has 
Been generated. 
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IV. 



To FIND THE -AREAS or CURVES. 

Prop. XX. 

Tojind the area ABC of any curves whose ordinate 
BC is perpendicular to the abscissa AB. 

(49.) IjET ABC be any curvilinear area generated 
by the uniform motion of the ordinate BC; 
on A By BC describe the parallelogram A BCD, 
and conceive this to have been generated by 




the same uniform motion of a line equal and 
parallel to AD; draw bm parallel to BC, and com- 
plete the parallelogram Bbmn, and produce DC to c. 
Then AD being constant whilst BC varies, the next 
increment of the parallelogram is BCcb, and the 
cotemporary increment of the area ABC is BCmb; 
hence, the ratio of the increment BCcb of the paral- 
lelogram to the cotemporary increment BCmb of the 
area ABC, is always nearer to a ratio of equality, than 
BCcb : Bnmb, or nearer than BC : bm; now let 6w 
move up to, and coincide with BC, in order to obtain 
the limiting ratio of the increments, and we get the limit- 
ing ratio of BC : bm, a ratio oY equality ; hence, a 
fortiori, the limiting ratio of the increment BCcb of the 
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parallelogram, to the cotemporary increment BCmb oi 
the area ABQ is a ratio of equality; therefore hy 
Prop. 2. the fluxion of the parallelogram ABCD 
is equal to the fluxion of the area ABC\ but BCcb 
being the increment of the parallelogram uniformly 
generated, will represent it's fluxion, by Prop. 1. 
hence, the fluxion of the area of the curve ABC 
will be represented by B Ccbj the cotemporary fluxion 
of the abscissa AB being Bb. If therefore AB^=:Xf 
BC = y, Bb = iy and A = the area ABCy then will 

A^=^ BCcb=: yx\ the fluent of which, corrected if 
necessary, giVes A. 

CoR. 1 . If the ordinate be incKned to the asris at 
an angle whose sine is ^, the fluxion of the area is 

CoR. 2. Hence, the fluxion of any area, generated by 
the motion of a straight line in a directioh perftendi- 
qular to itself, is as the length of the generating liiie 
and it's velocity conjointly. And as a curve line, 
moving in a direction perpendicular to itself, must 
describe the same area as a straight line of the same 
Jength moving with the same velocity, the fluxion of 
the surface generated by a curve line, so moving, must 
be as it's length and velocity conjointly. 

EXAMPLES. 

Ex. 1 . Let Ac be any parabola ; tojind ifs area. 
Herejair=y*; hence, ai^ny^'^^y, and x^~ — 3?^ 

.•. yiz:z2Sni ;sz A; whose fluent (Art, 37.) A = ^ y^ 

n y^ 

+ C (C 'being the correction if necessary) =.'"^' V '"r X ^ 

^y + Css ^xxy4-*C7; now when ^=0, a^^O,^ .-. 

CsrO; hence, ^=-~~xiy. 



If n=p;2^ it becomes the cotpuvw pfLratK))^^ wd the 

2 

3 
If n=l, * the figure becomes a triangle^ . an4 the 



area ^-xy 



area=^a?y. 



2 



Ex. 2. Tojind the area ijfa <5irele, i«fi«se ni(?iM^ is 
unity. 

Let ^ be libe x^tre of the cinde; .draw BCj AP, 




perpendicular to QR\ and join AC. Put AC=^ 1 , AB 
= jp, BCzzy; thena?'+y*=l, /.y = 1 -a;*]^=l 



2 

-r ^ -&c. (Art. 34.) ; .*. A=.yx=x -- 

8 l6 128 /^ ^ ^ 2 

5x^x 



8 



a?^jr 



— TZT — TT^ — &c. the fluxion of the area BAPC 



TB^ 



128 



a^ 



X' 



X' 



whose fluent is u4=x - ^r - tx •" , , ^ 

6 40 112 



5a? 
1152 



— &c. + 



C; now when a? =0, -4=0, .•. C=0; hence, -4=0? 



x' 0?' x'^ 6a? 



-.^ -• 4:1 — &c. Now if the arc PC=30^ 

6 40 112 1152 

X = i; and the area ABCP = 5 - 0,0308333 — 

0,0007812 - 0,0000698 - 0,0000085 - Q,0000012 — 

&c = 0,478305 5. But as a? = f , y ac x/f ; therefore 

the area of the triangle ^CjB=:^ x ^/f = 0,2l65o63, 
which subtracted from 0,4783055 leaves 0,2617992 
the area of the sector ACP; which multiplied by 12 
gives 3,14159 &c.=:the area of the whole circle. 



unvwaf* 



* If «=i> aoi^zy, and J? : J/ :: 1 : a, that Js, in a constant 
ratio, which is the case when AC is a straight line, because the 
•traogle ASC continues always similar to itseliT. 

G 2 
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Cor. If r = radius of any circle, a = it*s area ; then, 
since circles vary as the squares of their radii, 1* : r* 
:: 3,14159 &c. : a = 3,14159&c. x r*. If rf=the dia- 
meter, then ^=5> and r* = — ; hence, a = 3^14159 

&c. X -T- 0,78539 &c. X d\ 

4 

Ex. 3. Tojind the area of an hyperbola between the 
asymptotes AP, AM, and the curve MP. 

Put AB^Xy B 0=7/1- theny=— 7, and the fluxion 
of the area-^PCJB=yi!=— •=A''''*i = -4, whose fluent 




is A:^4 + C. 

1 -« 



Case 1 . If « be less than unity, when A = 0, 



rl-n 



j?=0, .\~~ =sO; hence, C=0; therefore the area 
1 — w 



X 



l-n 



APCB (infinite in extent) =•- , a finite quantity 

when X is finite. 

Case 2. If n be greater than unity, the index 1 —n 
being negative^ x must come into the denominator^ 
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tad the fluent will become A = ^ — -. + C =? - 

(1— w)xx" * 

L? ^ V — -;;rT + C'; now when ^ =: O, j? = O, coiisequently 

Css . ^. I ^_. is infinite, because the denominator 

becomes =0; therefore the area -dfPCB = >- .^ — -—:i 

(l-.n)x«* * 

+ C is infinite. Whenever there is a negative index^ 
the quantity must always be transferred from the nu- 
merator to the denominator, or the contrary, before 
it's value, in any particular case, can be found. 

Case 3. In respect to the area BCM, as this area 
decreases by the same quantity that ABCP increases, 
it will have the same fluxion, only with a contrary sign, 
by Art. l6. hence, the fluent will be the same with 

the sign changed, that is, BCM^ h C If n be 

greater than unity, BCM^=^z r — jzt+C; and when 

1 

X is infinite, BCM=0; hence, 0=7 -r— r— r + C, and 

therefore C= — ^ — — —-— -.=0, x being infinite ; con- 

1 



sequently BCM=i 



{n-^l)jxf 



-1 • 



Case 4. If n be less than unity, and x become 
infinite, C= , an infinite quantity; hence, tlie 



a?^-« 



area BCM^=^ r+ C is infinite. 

Case 5. If n=l, the hyperbda beco^nes the com- 
mon hyperbola. Let AB^BC^lr_Bjir=x, RS^y, 



86 



TO Ptvn tHE Alt£As OP cuAte:»« 



then ARzs i +x, and y^*'*-^, thereftwe the fluxion of 



the ai^a BCSR 



X 



t^-** 



1+x 



J wbo0e fluent, by Art. 45. is 



the h, !• (1+a?), which wants no correction, because 
Wh^lti x = 0, the area BCRSs=:0, and the fluent becomes 
the h. 1. 1 which =rO. Hence it appears, that any area 
BCSR is the h. 1. of the abscissa AR, and that th« 
whole area BCM is infinite. The modulus is here 
unity. 

fe. 4. Let MCD he the logarithmic curte ; tojmi 
if s area.. 

The property of the logarithmic curve is this, that if 
the abscissa AB increase in arithmetical jjrogt^gssion, 
the ordinate J^D will increase in geometrical ^rogr^sion ; 




.-. i^xz^AB, y-BD, a=AC, then (Art. 44.) M^^, 

which (by Art. 23.) is the «ub-tang6nt AT; hence» 

Az=iyx=My^ whose fluent is A=My4'C; but when 
y-a,^A=o, .-. 0=zMa+C, and C^-^Ma; con- 
sequently ABDC ^My^Ma^AT^it (BD - AC). 
Hteuca, the whole area DMBrcATxBD^ because at 
an infinite distance AC=0, 

Ex. 6. To find the arm of the catenary iitrr^ ACB. 

Put CE=^x, EF=y, CF=z; then z^=:2ax+x' 

(Wop. 130.). ttttd teiasdi+^jf; hence, aV=<«+a?)» 

xdri hA »'Waai?+a«'«fe(»+^)*--a«, mod i^w'i'^j^ 
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(Piop,a4.); hence, (ii+4?)*x»*-a*i»=:(a+x)«x(i*-y), 
or a*i*3K(ii+a?)^ x ^% aofl aj$=5 (a + a?) x jf = ai^ + xy; 
hen^ a^^oi r- fl^ ;. but ^^^ JJ^ = ay + yi ; therefore 
^^^fiux.mf-ryAi hence, ^/!w.4y-yi=fli-asr, aH4 
A^yi^^^ux. xy-^ak-^ay^ therefore A^xy-^^ax^ay. 
+ C; but when «sO, then j^ssO^ »sO, and ^=0; there- 




fo re C=^0; hence, y^ = 0?^ — a;s+fl;y = (a + o?) xy — a 
V^2a^+j7% the area CEF. 

Ex. 6. To find the area of the cyclpid ABC. 

Let BD be the axisf^ on which describe the circle 
BnJ^Wf draw rrfjjz perpenflicular to BD, and yv a 
tai^fi^ent at y ; an/d' dra\^y ^, t?^ perpendicular to F0, and 
vinj parallel to ^r, ^nfl tnn to yr, and join Bn. Now 
by the property of tfie cycloid^ the triangles ArUj yzv 
are similar; nence, Br, or ty, : m :: «t;, or ry, : «y, 
.*. rnxrq^tyxty. or area wrywjsarea ^fy«, that is, 
(Art. 49.) the fluxion of tlje circular area J?wrr=the 
fluxion of the area Bty\ and as these areas begin 
together ^t Bj and t^eir cotemporary flu:^^s are 




always equal, the quantities generated are equal ; heace^ 
the area jB/y sthe circular area Bnr ; i]rm|;.^lhei^o|^ 
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yr down to AD^ and we have the whole area jB-F^ as the 
semicircle BnD\ hence, BFA + EEC— the whole 
circle BnDw. Now the parallelogram AFECszACx 
BD = (from the nature of the cycloid) circum. 
BnDwBxBD = (by Art. 61. Ex. 3.) four times ib& 
area of the whole circle; hence, ^jBC= three times the 
whole circle. 

■ 

Ex. 7- Let '^^ curve be the Cissoid ojfDiocles. 

On J^T describe a semicircle whose center is O, take 
JBz=zbT, and draw BC.bc, OD, T^, perpendicular to 

M/ £ 




A B 3 T 

ATy and join Ac cutting CB in F, aod the curve AFM 
passing through all the points J^ is the cissoiid. Put 
AB=:a!, BF=zy, AT^sa, then bc^^ax-x\ and by 
sim. tri. a?* :y' :: (a — a?)' : ax-^x^ :: a^x : a?, and 

y'=-;r~^ ' ^^^^^> y^ =— r— . Now ic= V ax^x\ 

^ 3axx -^ 3jp'i 

and 3 times flux; area Tbc^Sxs/axr^x^^ — > ^ , ; 

y/ax—x* 

^^_ . 3axi--4a?*i 

also, the fluxion of 2sJ ax^ -j^\% > ; there- 

^ s/ax^x^ 

fore 3 times flux. jPfcc— flux. 2\/aa?3 — x* = 



jj^i 



4- • 



= y i ; hence, the area of the part ABF^ 



$J a-^ X 

3 Tbc-^2s/ax^-x^' 
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Whenx=a, y is infinite; hence, TE is an asymp- 
tote to the curve ; and the whole area = 3 times the area 
of the semicircle. 



To FIND THE AREAS OF SPIRALS. 



Prop. XXI. 

To find the area SWC of a Spiral. 

(50.) Let SJVCK be a spiral, generated by the uni- 
form angular motion of SC about S; SC any ordinate ; 
with the center S describe the circular arc JlCZ ; draw 
any other ordinate Sv^ and with the center S describe 
the circular arc vw meeting SC produced in w. Now 




conceive the sector l$XC to have been generated by the 
uniform angular motion of it*s radius about Sy at the 
same time that the area 8i^C of the spiral was generated 
by thersame uniform angular motion of SC about S. 
Then SX being constant whilst SC varies, the in- 
crement of the sector SXC is the sector SCn. and the 
cotemporary increment of the area SWC of the spiral 
is SCvi hence^ the ratio of the increment SCn of the 
sector SXC to the cotemporary increment SCv of the 
area SWC^ is always nearer to a ratio of equality^ than 
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SCn I SfJDv, or nearer than SC* : Sv^;* now let Sv 
move up to and coincide with SC, in order te obtain 
the limiting ratio of the increments, and we get the 
Umitifig ratio of SC* : Sv^, a ratio of equality ; hence, 
a fortioriy the limiting ratio of the increment &Cn to 
the increment SCvj is a ratio of equality; therefore 
by Prop. %. the fluxion pf the are* of t|ie sector 
sex is equal to the fluxion of the area SWC of 
the spiral ; but SCn being the increment of the sector 
sex uniformly generated, will represent it's fluxion, by 
Prop. 1. henc^» the ^ux^fi. of th^ |in^ SWC of the 
spiral will be represented by SCn. 

(61.) Put SC^yy the length of the pwrv§ SiWC^z, 

XCw^Xy Cnatx, Asithe area SWCi then tb^ sectpr 

• 

SCn^^^A^ whose fluent is the s^rea SWC. Let sC¥ 

be a tangent at C, and SY perpendicular to CY; 
draw CE perpendicular to SCj and sE parallel to SC ; 
and with the centre S and any radius SA^ describe a 
circular arc AL. Put SA^sa, Ao=ztv, oz=:W, CY^t, 
SYzzr. Then by Art. 31. Cs=z, sE=y, CE^i, 




and as thje triangles CEs, CSY^lyc similar, ^f : r :: ^ : iss: 
^ ; faenop, SCnsJ^-^ = A. Also, by MBjilw^ ^je^teri 

^OiK, iSCw, a\yv.ilD\ io=^; therefo« ^Ca^:-^ a 

A. These difl^nt expF€)S9io»s of ^ ^uijLibn of the 
ama, are to be used as may b^ co^veni^nt. 

.m i m n II I iii « iii( ■! I I I j I .^ I, u . i. nu ni t t A » ' I f ry *gyff!^>y> 

^ That sfpai^r ai^tprs ^e, as the ^q^^es pf f^jineir ra^UiU: ^pp^ab 
from Eudid, B; Xn. p. i. arid B. VL p. 33. , > ^ z' 
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EXAMPLES. 

Ex. 1. Let SWC be the logarithmic spiral; to jini 
ifs area. 

Here r : f in a constant ratio, as m : n; hence A ==1^ 

' 2t 

=-^, whose fluent ia ^=-^ + C; but when y =0, 
^ = 0, .•. C=0; consequently ^ = -~. 

Ex. 2. Le^ SWC 5e the spiral of Archimedes ; to 
find ifs area. 



m 

3 



Here^ : u; :; m : n. or in a constant ratio; .% w^VM*^ 

coBsequetitly A =i^^ =*7r^ whose fluent is A^yM- 
^ ^ 2a 2ma 6ma 

+ C; but when y =^ 0, Asz 0, .\ C= 0; hence, A *: ^Sl, 

Ex, 3 . Let the spiral he a circle ; to find ifs area. 
Here y h constant, and the fluent of -4 =^2— is A 

ss'^ — the area of the sed:or whose arc is x ; hence, if 
2 

Cff 

x=rthe eifoumfereace c, tiie area of the circle ;= *:;^# 

Ex. 4. ^ Let AC be the inyiolute ^ the circle AD, 
described hn the extremitj/ Cof a string wmnnding ii^ 
selffrma me vircle ; to find ifs area. 

It is nxamfest that DC must be pQi|>endicidar t^ 
the curve^ or to it^s tangent CT^ and as SD k^hff 
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perpendicular to CDy and SY to CY, SDCY is a 




parallelogram, and SD^CY^t\ hence, SY=r=: 
V7=^; .-. J =mJEI^^ whosefluenay 

Art. 39, isA=: ^ yi y + C; but when y (SC) becomes 
t {SA)y then A, or 5y^C, is=0^ and y* -^*=0 ; hence, 



C=.Oi /.5^C==^2L--^ 



To FIND THE CONTENTS of solids. 

Prop. XXII. 

To find the content of a solid generated hy the irota^ 
tioncy^ a curve about tfs axisj or hy ihemotumcfa 
plane parallel to itself. 

(52.) Let the solid ACD be conceived to :be gene* 
rated by the udifbrm motion of the circle CD, b^n^ 
ning at A and increasing in magnitude, having ifs 
plane always perpendicular to AB^ and it*s centre in 
that line. Citcumscribe this solid by the cylinder 
MLCD, conteived also to be generated at the same 
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time by the same uniform motion of a circle. Then 
AL being constant whilst BC varies, let the circle CD 
move on to rap, and the solid CmpD generated, will 
be the increment oiACD ; suppose also the circle CD to 
move on to cii in the same time without increasing, and 
it will generate CDdc the cotemporary increment of 
the cylinder; produce CD to n and y, meeting mn and 
pq drawn parallel to Bb. Then the ratio of the increment 




CDdc of the cylinder to the cotemporary increment 
CDp m of the solid ACD, is always nearer to a ratio of 
equality, than the cylinder CDdc : the cylinder mnqp, 
or nearer than BC* : ftm'. Now let the circle mp move 
up to and coincide' with CD, in order to obtain the 
Kmiting ratio of the increments, and we get the limiting 
ratio o{ BC* : bm^, a ratio of equality ; hence, a for- 
#iori, the /imiViwg- ratio of the increment CDdc of the 
cylinder, to the cotemporary increment CDpm of 
the solid ACD, is a ratio of equality; therefore by 
Prop. 3. the fluxion of the cylinder MLCD is equal 
to the fluxion of the solid ACD ; but CDdc being 
the increment of the cylinder uniformly generated, 
will represent it's fluxion, by Prop. 1. ; hence, the 
fluxion of the solid ACD will be represented by CDdc, 
the cotemporary fluxion of AB being Bh. Put t\iere- 
fore x=iAB, ^ = BC, x=Bb, 5= the solid ACD, 
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fis:3,14159 &c. then (Art. 49. Ex. 2. Cor.) ;ijf*sthe 
ardaof thecirde CBD\ henoe, the (^linder CDdc^ 

p^^At^Si ibiereht^ S^tt tbe fluent of p^i, corrected 
u iiecesSviiV* 

The same reasoning will manifestly hold^ if the 
generating plane be any other figure, and continue 
always parallel to itself. The fluxion therefore of a 
solid thus generated, will be always expressed by the 
area of the generating plane and it's velocity con- 
jointly. 

EXAMPLES. 

Ex. 1 . Let ACD be a solid generated hy the revolu- 
tion of any parabola about ifs aoAs. 

Here ax = y''; hence, i = " ^ ■■ ' .*. S = py* x = 

^^1^,- whose fluent is .9=,-^^+ C=-^ xpy^ 
a {n+2)xa n + 2 ^•^ 

X^ + C=-^— X2W*x+C; but when x^O, 5 = 0, 
a n + 2 ^^ ^ ' . 

/. C=0 ; hence, 5«s— xipi^u. 

n "T*^ 

If n =: 2, the solid becomes the common paraboloid, 
and it's content =cl-jDjy*a:=s|- t^yiinder LCDM. 

If ^tfcl, the curve becomes a i^traight line, and the 
solid a cone, and ifs content =-^pt^* a: = ^ cylinder 
LCDM. 

Ex. 2. Let APEQ be a ^olid generated by therew- 
lution of an ellipse ArEQ about if s axis AEI 

Put AB=^x;BC^y, AO=a, PO=^b; then by the 

property of the ellipse, a*" : b^ :: 2 aa? — JC* : y*a=— x 

. nb^ 

{2ax - x^) ; henqe, S=^y^Jt = ~ x {2axx - af^x), whpse 
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_pb' 



fluent is S=^ x {aa^ - i^x^) + Cj but when a:==D, 




S=:0, .\ C=0; hence, S=^ x (aa? — ^), which is 

the solid content of ACD ; and to get the whole solid, 
we must make AB equal to AE, or jtiake x = 2 a ; 



hence, the whole solid = ~-x {4a^ 



8/»3^ — 



Ap¥a 



a" ' ' 3 

If the ellipse revolve about PQ instead of AE, then, 
as the same property off the curve holds for eaoh 

axis, the solid will be -^ — ; hence, the solid generated 

about AE : solid about P Q :: — ^ — : --^-- — :: h 
: a :: PQ : AE. 

If 6= a, the ellipse APEQ becomes a circle, atid 
the solid a sphere, and the content becomes = ^ ■ 

= 4,1 8879^* Now the content of a cylinder cir- 
cumscritnng the sphere = the area of it's end multi- 
plied by it's length = (as the radius of the end = 6, 
and length =2 h)ph^ x 2h^2plP \ hence, the sphere : 
cylinder :: |- : 2 :: 2 : 3. 

Ex. 3. Let AP be the axis of a conic section Y2, 
whose general equatimi is y^ = ax^ + bx + c; take BP 
=Bp, and draw the oYdinates PM, pm; then the 
^fference of the solids generated by the rotation of the 
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area PMmp about Pp, and the a/Under generated by 
the paraUelogramPvCmp aboittPp, will be a constant 
quantity, a and x renuUning the same. 

Let BPisix, BC=y, then py''i^pax^x+pbxi+ 
pcx, and the fluent is -f/)a.r>4-i;)&^'+cx=the solid 




generated by BPMC; and taking a; negative=S;), then 
3^=zaa:'-ia;+c, and the solid generated by BCm^ 
=-i-paa^ ~ ^pbx*+ cx', and the sum of these is 
^pax' + 2pcx the solid generated by PMmp. Now 
when j7=o,y»=c=:BC'; and the cylinder generated by 
Pvu;p=:2py^x = 2pcx. The difference therrfbre between 
the former and the latter is ^paafl. Wherever there- 
fore BC is taken, this difTerence remains the same, x 
and a remaining the -me. 

For a parabola, a^O, and the two solids are always 
equal. 

The frustrum is greater or less than the cylinder, 
according as a is positive or negative. 

Ex. 4. Tojind the content of the solid generate fi by 
the revokftion of the Cissoid of Diocles about Ws axis. ■ 

a? 
The equation of this curve is y'= 1 Ex. 7. 

p3^x _ pa?x 

— x+a 



Prop. XX.) ; hence, S=py''x—- 



(by 



, pcfx 



of all the terms, except the last, is found by Art. 3/ . 
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and the fluent of the last^ by Art. 46 . $ hence, the fluent 
is S:= -^-^pafi '^j^pas^^ptf's +p(fx --h.l. (a-a?) + C; 
now when xs=o, 5=0, .*. pa^x — h. 1. a-|-C=0, and 
C=:pa^x h. 1. a ; hence^ S= —tP^ - ^/> aa?* — />a*J?+ 
/Mi^x — h. 1. (a— a?)+|wi'xh. 1. a^ —\pa^ - ipaa^ - 



pa^x+pa?xh.\. 



a 



a-^x 



because h. 1. a*-h. h(a— 0?)=: 



a 



hi 1. -; — , by the nature of Logarithms. 

%M> "^ 30 

Ex. 5 • To find the content of the solid generated by 
the Ic^rithmic curve ABDC revolving ahwt AB. 

'Rsxeyx^My, by Art. 49. Ex. 4. .*. S—fn/^x^=iMpyy, 
whose fluent is S=^^^ + C ; but whe& y^a, Ss O, 



\ 




.\ 0= — ^ + C. and C= ~ ; hence, S = — ^ x 

2 2 2 

If ^=m and n, the area between these two ordinates 

= — ^ X (m^ — n'), where the correction goes out. 

Hence^ when you want to find the value of a fluent 
between any two values of the variable quantity^ the 
correction becomes unnecessary. 

If ^C=a = 0, then iS = ^^|^'=the whole solid 
corr^ponding to the abscissa 

H 



9? 
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Ex* 6. Let the caLten$ry . curve rwalve ahout ifs 
axis ; to Jind the. content of the solid generated. 

By Prop. 130, «* = 2aj?+:f*, and Jtherefore z,z^ai 
+j:i ; and by the same Prop, z^s^ai. Novir Ssspy^A; 
assume therefore S^pj^'^x+Wy and we have 5'=py*i+ 
2pxyy 4- w, and as S^^pjf^x^ we have *ii;=2 — 2pxyy=: 

as y = — -) -QpayX — «= (as xi=zz^-a{x)-2pay 

% / z ' 

X (^i T" ~) = ^ 2;>fl|y X (2 — y ) = 2pqy^ - 5^i ; assuipe 

ti? ^pay'^ ^ 2 payz + v, thea- ' w cs 2payp ^ 2 pay z — 
2pa!ny+Vi 2indiiswz=:2payy'-2pay^.we have v = 
2pazy=2pa?Xj therefore v=2pd^x*, hence, «9=s 
©^* x+pay^!^.2p ayz + 2pa^ ^.-h£; but; ^nrhi^n a? =0, 
then y = 0, « = 0, and aS'=0, therefore C=0; conse- 
quently Sz=py^x+pay^'-2payz+2pa*x. % 

Ex. 7. Le^ /Ae conchoid DM o/" Nicomedes re- 
volve about the axis DA ; to jind the content of the 
solid generated by DMF. 

Let CD be a given line, JIB perpendicular to it ; 
draw CEM, taking EM-AJD, and the curve 







i ' 



described by M' , is the conchoid. Put CA = oj 
AD=EM=h AP-x, PM^yx then CF*=t(a\yf, 
jE/>»=i»-y, and by sim. tfi.y : \?-y* :: (d+3^)* : *' 

— 12 — UULl — iXi. Now » a* = the arpa of th?- circie 

y 

generated by FM, and as FD = & -* ^', FD^r-^i 



t6 inHD tsti'c&trtKtrii of t6uti. 



^ 



hence, ^= -pjj»y= -;ij^x (-r^) X (i'-yO =:p X 

(a +y)' X y -pa*h*y-^y -pb*y - ?I^ •^, therefore S = 

^X{a+yY+^ />ft*y— 2pa6»xh. I.y+ Cj now 

when y = ft, 5=0, and the equation becomes o = r x 
(o + 4)» +^«ft-^/»i» * Spaft" X b. 1. ft+ C, therefore Ca 
— £x (a + 6)^— /^a*6+jpi' + 2pa6'xh. 1. i; hen^ 

jp b'+2pa J* X h. I. - the solid generated by DMF. 

The solid generated by the whole curve is infinite, 
as appears by making y = 0. 

Ex. 8. het LAO he a solid called a Groin^ gene- 
rated hy a variable square v w x z moving parcUlel to 
itself; and let the section FAG through the middle of 
the opposite sides be a semicircle. 

Put a = AE, X = AB^ p^BC; then by the pro- 
perty of the circle, tf == ^2 ax — a?*, therefore the side 
of the square vwx%:=^ 2^2^x — x^ ; hence, the area 




i , 



vwxx = 4 X (3ax — J7^), which being the generating 
plane, it answers to prf in the other cases, and there- 

H 2 
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fore 5=4X(2ax^-a;*i)j whose fluent is 5'3=4aa?*— 

4 • 

^a^ + C; but when ar=0, S=0, /. C=0 ; hence, S— 

3 

4 

4aa!^ "* ? ^' ^^^ ^^'^^ ^vtt? jr )s ; and if we make x=^a, 



S^ 



8a^ 



y the whole solid ALN. 



If the section FAG be any other figure ; or if the 
two sections through the two opposite sides be of 
difierent figures^ the content may be found in like 
manner. 

Or the solid may be thus generated. Let LAN be 
any curve, AO it's axis, LON^ CBD perpendicular 




to it, RCED8 any other curve whose plane is penpen- 
dicuhr to that of LAN, and let this curve move from 
A and thus generate a soUd. Draw PM, BE, per- 
pendicular to DCy and put AB:s::Xy BCz=ztfy CP^^v^ 
PM^z\ then ^J*zv=:^re^, of CED the generating 
plane ; hence, fxf% v = the fluxion of the solid, whosie 
fluent is the splid required. 



Jimim 



* f This mark denotes thtflutnt cf. 



Tb IMD the €01fTENT9 OF SOLIDS. 101 

Ei. 1. Let LAN be a circle, O it's center, and 
CED a triangle, and BE : BC :; m : 1, and put 
a= AO\ t hen -BC= ^ 2aa? - x% and BJ2f = 

»x/^^^""**f hence,y«;^=mx (2aj?— j:*), and the 
fluxion of the solid=mx {2a3pi^x^x)^ whose fluent is 

mx (ox*— 5 j?*)= solid ACED; and when a:=a, the 
whole solid = | m o^ = base x | altitude. 

Ex. 2. Let DAC, DEC be two parabolas, whose 
vertices are A, E ; and let px=y^, and m X BE =y* ; 

then BEsJ^^ — x also, yz^p^ar i therefore fzv t=, 

mm 

p4^4 X ^c= - ^ X x^\ hence, /i/*«^= fluent of -~ x 
ar m 3m » v ^ 3m 

4. 8p4 48 pa? 11 8 px ._ 

iDHt 15 m 15 m 

4 3 2 

- X BExyx -;p = aiea DEC x - altitude. 

The solid content of bodies may also be found by the 
following proposition. 

Prop. XXIIL 

Let DMEK he any curve revolving qbout an axis if:y ; 
t?ien the ^olid generated^ is equaf to the circuMerence 
described by the centre of gravity multiplied into the 
area of the figure. 

(53.) Let O be the centre of gravity ; draw MOKA 
perpendicular to xy, and BPCy DOE, parallel to xy. 
Fut APy^i Bt^yyAO^a, ^s=3,l4l69, &ci Now 

(Art. 58.) '"^ , - =;: fli, '/. flu. ya:i = flu.yi x « = 

nu. y X 

area DKEMM a. But the sur&ee generated by BC 
=s 2pyx, and therefi9ieth&flux]o& of lite solid's 3 
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and tt)e solid = 2p x &\x.yxi=z2pa x area DMEK= 



* « 



w 





\. 


I 


y- 


hv 


P 


yc 


X 


K 

A 


^ 



the circumference described by the centre of gravity x 
area of the figure. 

Ex. 1. Let DMEK be a circle, then the solid will 
represent the ring of an anchor ; now in this case^ if 
r=OM the radius, the area f)MEK^pr^ \ hrace the 
solid = 2p^ar^. 

Ex. 2. Let MDK be the given area^ and let it 
be the common parabola, then the center of gravity 
lies in the axis x)0, and therefore a z± it's distance 

from xi/ ; also the area =::^DOx MK; hence, the 

soM = 2paxlDOxMK=yaxDOxMK. 

Ex. 3. Let MDf DKhe straight lines, or MDK a 
triangle; then the area = ^DO x MK; henc^, ;the 
sohdzzpax DOx MK. 

If xy cut MDKE, esich part must be cpn^idered 
separately. 
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To Jind the 
note BC is p 




Prop. XXIV. 

% of a curve line AC, tehise ardt- 
to the aisiissm JJi. 
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(W.) Pit AB^Xr'BC^y, ACr:i% ; then if Cs be 
atan^nt tp the curve^ CE perpendicular to BC, and sE 
perpendicular to CE^ we have, by Art. 27. CE^i^ 




sE=y, Csj^i; and by Euclid, B, I. p. 4 7,i"=i^ ^y% 
/. i = A/jiPfp% and «=the fluent of 1,/^+^ cor- 
rected if.j^eosfary. . 



EXAMPLES. 



Ex. 1. Let AC be a semicubical parabola, 
e^luoHon is ax*=:y^ ; tojind ifs length. 



' « 



} • 



Herex=-^, .-.irz^./.i^rz?^; hence, *' = 



9yy* 






i 



P^*^^"! ^:^ . whose, fluent, by Art; 39. is « sf 
18 a* 



• < 



^ ' >* — h C ; how whiert y=iO, z=0, in i^hich case, 
this equation becomes = \-C, .\ C^ "" "J^ » hence, 



27 a* ^7 

Ex. 3. Zre* By A ie a cycloid ; to find ifs length. 
l^ot 5Z)=td, lfe'=< %=«, yi> = x, »j«=r5=i; 



lOi 
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then by the prop, of the circle^ Br : Bn :: Bn : Bl>, .*. 
BfC=BDx Br=axy and Bn^a^x^ ; and by the prop. 




of the cycloid, x (Br) : a^x^ (Bn) :: i (tqf) : « («y) 

ar=0, 2 = 0, .*. C = 0; consequently « = 2o'x* = 

Ex. 3. Le^ AC ie the common parabola; toJaiA 
ifs length, 

Hereac=y», .'.x=^^(i{^=b)Wi hence, x»« 



a 



y^x«a-y'+*'^,v . *_yMl^*>'^_ 



J. +y =''-jr-xy-, .-. «• 



= (by multi- 



plying numerator and denominator by y x y*+£*| ) 

* * ■ M<,^§ 3 6 ,^ . l.a„a |l 2 J 



y*+ftyl 



y* + by 



I _ ■ ■ 



^yy 



y*+M 



2b 



y+ftyj 



X = (by dividing the num. and den. of 



1-4 



the last term by y) ^ j xy*+**y') x (Sy'y+ft^) + fft 

y 1 

X t; now the fluent of the first term is rrr x 

y*+6yf * by Art. 39. and the fluent of the last 4ierm 
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is ^xh-l.(y+y'+6*n, by Art. 45. Ex. 4. hence, « = 
^xy^+*yj*+iixh. 1. (y+y« + 6«)*)-fC;fiowwhen 

y=0, «=rO, in which case, the equation is. Oss§6 
X h. 1. J + C; hence, C = — | & h. 1. 6; therefore 

.=ix7+^*+i»xh.i.2±SEL*. 

Ex. 4. To find the length CD o/ any part of the lo* 
garitbmioxt(HP|f» (See Fig. Prc^.XXlL Ex. 4.) 

Pol AC^ ^3f Bsir, JB2>=y, CD^z; then ^ 

=i (Art. 49. Ex, 4.)r .-. 2=V^+y* = V-^ +»* 
_^^v — tV' aa (by ikiultiplying the nnmemtor luid 

denominator by V^^Bq^;^) ^)^4 = / g^ 

^ y >,/W~Ty' V ikf' + y* V 1 + ^'y"' * 

hence^ (by Prop. i6. and Prop. 18. Ex. 8.) % = 
V7F+7-i»^xh.l.M±^^±2+ C J but when 

«=0,ys=6, and we have 0= -s/JM* + 6' - ilf x h. 1. 

:!±tL^±5+C; hence, C= - -s/l^+F+lf 

X h. 1. ^+ N^^ + ^' i thei«foi« z = v/ilf^+y»- 

yiF+F+il/x h. 1. ^ t y^J^ ^ - ^ X h. 1. 
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. ■ , • S i - 

Ex. 5. Ttkfmi the length of a circular arc. 

By Art. 46. % = -^ =s (by division) / -^ + 

4-^; but when #==0, aac^p, theitAnr€jp«ft€^; hence, 

;S ^ /7 . 

«=/.- — ^H — _.+ &c. Now if asl.and 

2 be an arc of 30"*, then t = \/J = 0,577350i2, which 
being substituted for ty if we take 12 terffie^ <if this 
series^ we get >2=sO,5dS&997> ^^ length of an are of 
3(y* ; v^hich multiplied by 12 gives 6,2831804 for 
the length of the circiiniference of a circle whose radius 
bunity; 

if we take the arc % = 45^, then will ^ 2=^ a ; hence, 
s»«x (t— ^+4— + + &C.) 

Ex« 6. Tofind tl^ length of an ^llipHc Ore. 

Eut (fig. to Prop. 1 a. ifix. 2.) 40=:a, OP^h, 

QB^x^BCz^y, then y = ^tf-j?% y - ^^^ ^ ^ ; 



ftence, 



t-V^i 



flz£) s\/^EI^:s: (by division an^ ^traetifag the 
square root) i+-r-i"^^ H^'' — ci 4 ' " ^^ + ^* ^"^^ 



2a^ ; 8 a' 
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m 



' = " + V^"^ + ^ ^a. »* + «=<=■ =• ">e are 

PC. 
Ex. 7, 7b ^^iii2 /A« le*gik of an kt/perbolic are. 
Put (fig. to Prop. 10. Ex. 3.) AO=a, semi-minor 






(p*t.i„^a.|^)^^ 

kc. and X =y— j-^/ + - 




-y*-&c. = arc AC. 



To FIND THE LENCfTHS oi S<>IRALS. ■ 
Prop. XXV. 

Tojind the length of a spiral SC. 

(65.) Let the ordinate SC = i), the eurVe *C=», 
CK=«;i then, by Art. 31. CS=J, £«=y; and by 




lim. triangles, w : y :: y : z—^^t and e^the fluent of 
1^, corrected if necessary. 
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EXAMPLES. 



Ex. 1. Let SC be the bgaritfamic spiral; tojini 
ifs length. 

Here ti; : y :: m : n, a constant ratio; hence tf;a^^, .\% 

= — , ancl«=-^+C; but whenv=a, as^O, .•. C=0; 
v/i m 

consequently ;K=—=s^i therefore CV i CS :: CS : 

the length of the carve. 






Ex. 2. Let it be the spiral OjT Archimedes ; to Jini 
it*s length. 

ByArt.32.Ex.I.M;=-7=^=; hence, z =^^biJClLy 
which is the same as the fluxion of the length of the 
parabolic arc, Art. 64. Ex. 3. .-. «= — x y*+?y*l* + It 

\ 

Ex. 3. Let AC be the involute of a circle ; tojini 
ifs length. 

Here w is constant, by Art. 61. Ex. 4. hence^ zts 

y^ to* 

— -f-C; butwhena=0,v«M;, .-. 0=- — |-C,and C= 



,9 m,A 



sr* 



vr . if — wr 
— - — ; hence, z=S-— as 
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To FIND THE SURFACES OF SOLIDS. 

Prof. XXVI. 

Tojind the surface of a solid generated h/ the 
rotation of a curve about ifs axis^ or h/ the motion of 
a plane parallel to itself 

(56.) Conceiving the solid j^FH to be generated as 
in Art. 52. by the circle CDy the surface may be con- 
sidered as generated by the periphery of that circle; 
the fluxion therefore of the surface will be the peri- 
phery of thm circle multiplied by the velocity with 




which it flows, by Cor. Art. 49. But the velocity with 
which any point C of the periphery flows, is the velo- 
city with which AC increases at the point C, or it is 
z, putting ACssz. Hence, if we put AB^Xj BC=syf 
p= 6^283 18 fcc. the circumference of a circle whose 
radius sa 1 (Art. 54. Ex. 5.), iS=:the surface ACD ; then 
I : y i: p : py the circumference of the circle CD ; 

therefore Srs pyi the fluxion of the surface ; conse^ 
quently the fluent of jf^^i;, corrected if necessary, will 
be die surface. 

The method of flnding the fluxion of the surface 
of a solid, may be further illustrated thus. 

Let ACF be protended into a straight line, and let 
an ordinate perpendicular to it, and always equal to 
the periphery of the circle CD, move from AtoF with 



no 
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the same velocity as the point C, upon the solid^ moves ; 
then it is manifest, that the area generated by this or- 
dinate must always be equal to the area generated by 
the periphery of the drele, the generating lines and 
their velocities being always equal, and both moving 
in directions perpendicular to themselves ; henCe, the 
fluxion of the surface ACD=^ the fluxion of the arfea of 
this curve = (by Art. 49.) the ordinate ititittiplied by 
the fluxion of the abscissasthe periphery of the circle 
CD multiplied by the fluxion of the curve ^C. 



EXAMPLES. 



. ••■J 



Ex. 1. Let ADFC be A sphere, whosi dti^ire is O; 

tojind ifs surface. 

Let Cf be a tangent at C, sEm parallel to BCy and 




CE to JBm; then if -45=^, BC=::y, JC^^hyJ^rUaS^ 
Cs^Zy CE=:i; and by similar triangles CEs^ JOBOj 

z : X :: a : y, .\yz^cti% li^nce, .S:=.pykvip9>i^<i3l» 
fluxion of the surface DAC^ wliose fluent^:;:paa?-^C; 
but when a?=0, -5=0, •% C=0 ; hence, iS' = »xjt or 
the surf^e DAC. If we make AB equ^l. to AE^ or 
j?=2a, we have 2 pa* for the whole surface of tbie.' 
sphere. J>fow if we conceive -4-D-FC:tp; be a.grwt 
circle of the sphere^ it's area =£. jljpa% by Art 49* 
Ex. 3. Cor. H^ncej^ the whcje surface cf ^ sphere is 
equal to four times the area of a great circle of that 
sphere. 
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Cor. As the surface DACszpax, it varies as x. 



i\ 



^',Kk 



Ex. 2. Let the solid AFH be generated hy the com- 
mon parabola ; te^ndifs surface. 

Here ax =y*; hence, i = -^, and i^= ^^ ; .*. 



a ' a' 



(Pn>p.24Oi*=i^+y*=i|^'+y*=0Vl) x y' = 



4y 



~-xy^ and 5 = -^^ ^ ^; hence, &=pj/z = 



lit*'' - 



px4y-xa1 xyy^ ^hose fluent, by Art 39- is ^= 



a 



^^ y^ — ■4-C'i now when yssO, /SaD, in which 
case, the equation becomes 0=~ + C;- hence, C=r,'- 



12 

s 



^; thei^fore S^^^^^+^T P^. 



. 1 



12' 12a 12 



* t 



Et. 3 Lc/ ALN 5e a groin, as in Art. ^2. Ex.8, 
to^ndifs/^rface. if . 

Put ^J?=a?, BC=:j^, ^C=»; and we have (Art'. 46.) 

■■■* ax ^ ' 

% =s . ■ I , ; alsq, t; ti; = 3 jBC, sa j2 ^^ax - a?' f, 

now ro? is the line generating one of the four sur- 

fa<^:; hence^, 8 ^/ 2ax -^ x" answers to py in the 

other cases ; therefore if iS be the surface Avx, S = 
8ai^ apd «S=,8tM^ + C; but when x^O, Shpzo^ .-. 
C=6 ; consequently S:=8ax; and when x=ra, AS=8a^ 

JpiXp 4. Taj^nd the surface generaied hy the revolution 
o/* Me cycloidal curve BA dhout its hose DA. 
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PutBy=^z, Br^x, rD^Cy=y^BD:=iav then, by 
Art. 54. Ex. 2.2; = a4a?"*i;^ .\S:=^py%^py(i^x'H- 
pxia-^x) xa^x^*x=:pa^sr^x^paixiii hence, 5 = 




2pa^x -^a^xT + C; but when x = O, S « O, /. 

C = O ; hence, S = 2pa^x^ - ^pa*j^ the surface 
generated by By ; and when a? = a, we have <S = 

-£— , the whole surface generated by BA. 



Ex. 5. To find the surface of the solid generated hy 
any part CD of the logarithmic curve revolving ahoul 
ifs axis AB. 



By Prop. 34. Ex. 4. a = W-^' + y* ^ therefore 

■ - y 

S=pyz ^py\f M* + y*, which fluxion is die same as 
that for the value of « in Prop. 34. Ex. . 3. (the 
conststnt multiplier and divisor excepted); therdfore 

S :=y ,Ju^TWp-{-^ X h. !. (y + v'SFT?) 

+ C; but, when y = a, S= O ; hence, o = ^ x 
\/«M-WV +£^* X b. 1. (a + yfWT^+ C, and 
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therefore S = ?■ x ^ tf* A- 3Py* - | x ,J7FTWa^ 

Ex. 6. Tojini the surface of the ^^d generated by 
the catenary curve revolving about ifs axis. 

By Prop. 130. we have «* = 2aa? + a? ; hence > 
a* + 2ax + a?* = a* + »% and a-^-x = >>/ a* + »' ; 

therefore i = y^, ^ ^^^ ^"^ 3^ = V ^' " ^ == 
f • Now 8 = pyz; assume S = j>y « — w^ 



az 

then S znpyz + pz^ '^ w, and as S^^pyZy we have 

pazi 
w=rj?jgy=a / < I g > whose fluent is w ^pa a/c?T«* 

(Prop. l6.) ; hence^ S ^pyz -^ pa \/a^ + «* + C' = 
pyz-pa^ —pax-^C^ but when j? = 0, y=0, and 
/S = O, therefore C -^ p a* .= O, and C ^ pa^; hence, 
S^^pyz-^pax the surface generated by the curve CF 
revolving about the axis CE. 

Let ABC be any curve, DB tW axis perpendicular 
to AC, a9u/ PT perpendicular to AC produced ; to find 
the surface of the solid generated by ABC revolving 
bout FT. 

Put PD^a^ draw Mj/) parallel to -4P, and let 
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BQ- Bqtszz; then S=zpx MQx i+pxMqXz^ 
2pa%i and the fluent is S^2pa%^y and for the whole 
surface^ Sszpa x ABC. 

If ABC be a circle whose radius = r, then it's 
circumference =j»r; hence^ S=zp^ar the surface 
of a circular ring, whose thickness is 2r, and inward 
radius a— r« 






\, ^ 



» .; 



Ud 



Sect. V. 



p»i tmCENTM: OP GRAVITY. 

(57.) IvtbeFebeanynuiDberofbodiei ^,B,C,aTtdQ 



be their 
culars AP. 



centre of gravity ; and to any plane xi/, perpendi- 
fP, BQ, CR, OL be let fell, then {Mechanics, 



Art. 173.)Z,G = 



AxAP±BxBa±CxCR 

A+B+C • 

Paop. XXVII. 

Tojind the centre of gravity of a bods/, considered as 
an area, soUd, surface <ffa solid, or curve Hne. 

(58.) I^t ALybe any curve, jRi the axis in which 
the centre of gravity muat lie ; for as it bisects every 
ordinate TF in N, the parts on each side LR will 
always balance each oUkt, and therefore the body 
will balance itself upon LR; consequently tbe centre 
of gravity must be somewhere in that line. Put 
LNs:X, TN=::y, TL = z, and draw xy parallel to 
TFi tiien if we conceive this body to be made up 
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of an indefinite number of corpuscles, and multiply 




each corpuscle by it's perpendicular distance from ly, the 
sum of all the products divided bjr the sum of M the 
corpuscles, or by the whole body, will give LG by Art. 
57. Now to get the sum of all these products, we 
must first get the fluxion of the sum, and the fluent 
will be the sum itself. Put i for the fluxion of the 
body at the distance x from xy, then will xs be the 
fluxion of the sum of all the products ; also, s is the 
fluxion of the sum of all the corpuscles; therefore by 

Art. 57. LG=:^^. 

flu. s 

1". If the body be an area^ then 5^2yihy Art. 49; 

, r^ fL\x.2yxx fLu.yxx 

hence, LG=-2 — ^—r^ a "^ . * ^'^ 

flu. 2yx flu. yj? -J ' 

S"*. If the body be a solid, then py^x sa i by Art. 53 ; 

hence, LG = ^^l££l$= ^J^. 
' flu. P2/^x flu. y*x 

3'^. If the body be the surface of a solid^ then s^pyi 
by Art. 56 ; hence, LG = ^d^Ml}. =^J^. 

4*. If the body be a curve line FT, then i = 2% ; hence, 
j^ flu. 2 07 i flu.^i; flu. ^£ 



flu. 2z flu. i 



z 



EXAMPLES. 




9 

Ex. 1 . * Let y s^ax** he the equation to any parabola ; 
find it*s centre of gravity. 

As y-ax"", .-. yxx=saaf^^^Xy whose fluent is — rni 

n + 2 
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also, yx^aa!^iy whose fluent is ; hence, (Art. 58.) 

n+2 ajc*+* n+3 

If n=§,' then t/:=ax\ .•.y*=aV, which is the com- 
mon parabola; hence, LG=:i^x. 

If n = 1, then y = ax, and the figure is a triangle ; 
hence, LGss{.x. 

Ex. 2. 2>f y = ax** ; tojind the centre rf gravity of 
the soUd generated by the revolution of this curve cSnmt 
its axis. 

As y* = a'i?**, .•. y*a?j& =a*x*'*"*"^i, whose fluent is 

- — — -; also, y* i = aV^i, whose fluent is — — — - ; 
fin + 2 » ^ ^ ^ ' 311+1 

1. 1. if^- 1 «r« r/^ €^3^'''^* 2n+l 

hence, by Article 58, LG^-- — -- x , ^^^.i = 
^ V 2n+2 aa?*+- 

2n -f 1 , 
2n + 2 

If n = i^, the solid becomes a paraboloid, and LG 

If n= 1, the solid becomes a cone, and LG = | x. 

Ex. 3. Let ALV 6e a hemispheroid ; tojind ifs 
centre of gravity 1 

Put LR=a, AR=b; then a* : 6* :: 2aj?~i?' : y' = 

ft* 5* 

-^x(2aa7 - a?*) ; hence, y'x^=^ x (2 aa?*^ - a? x)j whose 

5% ft» 

fluent is --^X {^ax" -- ix*) ; also,/i= -jX (2aa7i— «*i), 

J* 
whose fluent is -, x (oa?*— Jo?) ; hence, by Art. $8. LG 

=^-jf; and When ^««,LG=^^=^ for 
the whole solid. As this is independent of 6, if b^a^ 



. ^ 
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LG remains the same, and the solid becomes an Aemi* 
sphere* 

Ex. 4. Let A^y he a semieirele; 4b Jmd its 
centre of gravity. 

VniLN^ar, TN^y, TL^ri then x'+y^sr^ ; heiicc, 




xi-^-tfysz^y .\yxx:=.-y^yy whose fluent is — |y® + 
C, which must vanish when TF coincides with AV^ or 
y =r ; therefore put t for y, and — \ff^ C= Oj .\ C= 
I r^ ; hence, the correct fluent otyxx is |r^ — |^ ; also^ 
the fluent of yx is (Art. 49.) the area ATNLi hene^^ 

by Art. 58.L6=|>c-^=^; aiid wheny«sO, X6?= 
n ' jjij for tl^e semicircle. 

Ex. 6. L^/ ARV he the periphery o/* a semicircle ; 
to find ifs center qfgrmity. 

Put LNzriXy NT^y, AT^t&y then, (Art. 46^ 
z I — y :: ^ • x^ and j?i=: — ry, whose fluent is-ry4-(^ 
which must vanish when y = r, or — r* + C= O, and 
C^r^ ; hence, the correct fluent is r^'^ry ; therefore 

(Art. 58.) LG J^ '^^ , and wh^n y = 0, LG= ^ 



2; 



RA' 



Ex, 6. To find the centre of gravity 0^ the surface 
ARV ^an hemispheife. 

Vyxix^RIff/yz^TNy z=RT. M u^TL^ then 
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(Art. .4&) we have z : A :i a i y, therefore yi =s 
ax; hence^ yxz^axxy whose fluent is j a a?'; also, the 
fluent of y«j or ax, i§ &X\ hence, by Art. 58. ROss 

t s |xj and when x^RL:=r. then RG=^r for 

ax 

the hemisphere. 

if the line in which the centre of gravity lies, dd 
not bisect the figure, or the parts on each side be not 
similar, for instance, if we take the figure LAR ; theuj 
as before, calculate the distance of the centre of gravity 
from LRj in a line parallel to LR ; and from LA in a 
line parallel to LA-j and the intersection of diese lines 
will give the centre of gravity of ALR. 

Ex. 7. To find the centre qf gravity of the circular 

arc TNF. 

Let.L be the centre, and LiV bisect the arc TF in Ny 
join TF which bisects LN in jB, and draw dc perp^n^ 




'•'■; r 



\ f 
I 



di<iuhir to Z.iV. Put LT^r, TB±ifn, ana TN^c, 
Lc^Xy cd=yy dN=zs; then (Art. 4^.) s : y :: r : x, 
and xi=ry, whose fluent is ry, and when y=m it be- 
comes rm, and 2rm for the whole arc TNF; hence^ 

LC ^^^ ^^ 

ic c * 

Ex. 8. To find, the, centre of grainty , of the Sect(nr 
Describe the circular arc tnj, and draw7ft/I Put 
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Lt^Xy arc tn^s^z: then r : x :: m : — - = th\ and by 

the last Art. the sum of the products of each partickcf 
/n/ multiplied into it*s perpendicular dist. irom'arjf (to 

which L AT is perpendicular) is 2Ltxtbsz ■■ ■■ hence 

for the sector^ the fluxion of that product is——, 

whose fluent is ^^; which, divided by LTNF=xz, 

gives = (when x^r) -^r-= LO. 

^ Srz "" ^ 3z 



On the centre of GYRATION. 

DEFINITION. 

(59.) The centre of gyration is that point of a body 
revolving about an axis, into which if the whole quan- 
tity of matter were collected, the same moving force 
would generate the same angular velocity in the body. 

(60.) Let a corpuscle p revolve about C, and let a 
force act at D to oppose its motion. Then the momen- 
tum of p varies as /> x it*s velocity, or as /^ x pQ which 
we may consider as a power acting at p in opposition to 

/>. — . — S ^ D 

the force at D; but this power acting at the distance pC 
from the centre of motion, it's eflfect to oppose a force 
at D must (by the property of the lever) be as p xpCx 
pC= p X p&. This efiect of p to persevere in it's 
motion, or which is the same, to prevent any change 
in it's motion^ is called it's inertia. 
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Prop. XXVIII. 

To find the centre o^ gyration of a body. 

(61.) Let a body be conceived to be made up of the 
particles A, B, C, &c. whose distances from the axis are 
a, b, Cy &c. and let x be the distance of the centre of 
gyration from the axis^ then by Art. 59. the inertia 
of Aj B, Q &c. will be as Axa^, B x h\ C x c% &c. 
and the 4nertia of all the matter at the distance x will 
be as {A+B-\- C+ &c.) x o^\ now as the movingforce is 
file same in both cases, the inertia must be the same 
when the same angular velocity is generated; henoe^ 
(^+jB + C + &c.)xa?^i=^xa^+gxy4-C xc^-l-&c> 
therefore 0?= /Axa^ + Bx i^+ Cx c*+&c. ^. ^ . 

if i be the fluxi on of th e body at the distance % from 
the axis X = \/1hI^ . 

EXAKIPLES. 

Ex. 1 . Let the straight line C A revolve about C ; 
to find O the centre of gyration. 

Put»=C5», then^s;^;^ andi=:;s^ ••.»*i=:«% whose 







flu ent is 5 «» = (when x - CA) \ CJ? \ hence, CO^ 

If it were required to find the inettia dP any part fA^ 
if Cp^tiy the fluent |*)s' woukl waht a conleotipn to 
make it vanish when %^ a\ the inertia therefore <A 
j»^ = J X (a«-a»)s=i X (C^ - Cif)% hence, C>& = 

>/ 



1 CA'^Cp' 



Ex. IL Zre^ a circle AB revolve tA ifs cum j^^Mf 
aioM# if s centre C ; tojind O tf« cm/re qf gjfratunu^r 

Put )?= 6,283 18, &c. the circumference of a cihdtf 
whose radius = 1^ z = Cp; then th^ circumference 
pq^pzy and pzi^s ; hence, die fluent fJlpxz x ;»% or 




jj^^if, is };)2* = (when « = Crf = r)^pr*. Also, the 
area of the circle = |/?r*; hence, CO = \^^r* ssr 




i- 



Cor. The same must be true for a cylinder revolvinff 
about it*s axis, it being true for every section paralld 
to the end. 

Ex. 3. Let RADB he a sphere revolving about the 
diameter RD ; tojind O its centre of gyration^ 

Draw CA perpendicular and spr parallel to RD ; put 
Crssr^ Cp=z, thenprss^r* — «*; and ifp=6,28318| 
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^ tbe surface of the cylinde r generated by sr r evolving 
boat RD, ispjg xaVr^- g*; hence, i=2jp««\/y*-«% 

nd )s*i= 2/1 x» %^r^—z\ Nqw to find this fluent, put 
*— «»=y«, then 5^ = r^-y% and g^ = r^- 2r ^y*+y^, 
'. ^z= -^•'yy+y'y; hence, 2;>2'xV^r* - «* = 2px 
;— r^»^+yy), whose fluent is 2p x ( - |r*y^ + iy^), and 
irben ^ = this fluent ought to vanish, but y is then 
=r, and the fluent becomes 2px --^r^; hence, the 
correct fluent is 2pxQr* — ^r^' + i-y*); and the whole 
laent when z^r (in which casey=0) will be ^pr*. 
the content of the sjphere = fpr^ ; hence,. CO ss 



0» THB CENTRE OP PERCUSSION. 

DEFINITION. 

■ * 

(62.) The centre of percussion, is that point in the 
is « of a revolving body, which striking against an 
imoveable obstacle, the whole motion, estioiated in 
plane of the body*8 motion, ^hall be destroyed^ 

Pkop. XXIX. 
Torrid the centre o/* percussion of a bo4y. 

{S3.) Let ABD be a plane passing through the 
itre of gravity G of the body, and perpendicular %o 
axis of suspension which passes tnrough C; arid 
ceive : the whole body to be projected upon this jdane 
Tmes. perpendicular to it, or parallel to the axis; 



^T^»*i*«i»^»^"-***^»*^i**«W*"*""*^i«"^'—*'*«i"""»** 



* Tht! sli^s is Kere understood to be. a right line drawn through 
^oeBtre of gmvity of the body; perpendicular to the axis, about 
* the body itnrohes. 
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then as each particle is thus kept at the nine distanoi 
from the axis, the effect, from the rotatoiy motion aboit 
the axis^ will not be altered, nor will the centre of ^ 
▼itjr be changed. Let O be the centre of percussMs 




i 



and draw pnm perpendicular to pC, and Ow peipea- 
dicular to ptc;; also, pv perpendicular to Cn. Am Ik 
velocity of any particle pocpC, the momentum of jp k 
the direction pwocp x pC, it being as the velocity wai 

auantity of matter conjointly ; and by the property of |i 
le lever, the efficacy of this force to turn the bo^ about jij 
O isBspxpCx Ou; = (because On : Ow :: p(J : vCj 
pxvCx On=LpxvCx {CO'^Cn)^pxvCx CO-px 
vCx On =3 (as Cn : CJp :: Cp : vC)pxvCx CO^pt 
Cp*. Now that the efficacy of all Uie partides to turn 
the body about O may be=.0, we must make the 
sum of all the quantities p x vC x CO - sum qfaUth 
quantities p X Cp^ sz O ; hence, C0= 
sum of all the p x Cp^ _ sum of aU the p x Cp* ^^ 

sum of all thep x vC~ bodu xCG * 

two denominators being equal fiom the property of tbe 
centre of gravity (Art 57.). By the next tVop.it 
appears that this centre is the same as the centre of 
oscillation; the calculations therefore made for that 
whtre, apply to this centre. 

Although the body by striking at O may have no 
tendency to move in the plane of it's previous motion, 
and this only is included in the common definition 
which we here follow, yet it may have a tendency to 
revolve about AG. If therefore we w^ to define the 
centre of percussion to be that point where the wkok 
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taction would be destroyed, we must find tiie plane 
fttrallel to ABD^ such that the sum of all the forces to 
toffi the body about the line joining the centre of 
percussion and the axiff of vibration in that plane, is 
also s O. But this is a .problem not fit for an elemen- 
tary treatise. — See the Hydrastaticsy fourth edit. Prob. 
To find the Centre of Pressure. 

(64.) As the force acting at O destroys the motion, 
let us suppose a force to act at O and to generate the 
motion back again ; then it is manifest, that the body 
would begin to return under all the same circumstances 
in which ifs motion ceased j^ that is, it would begin it*s 
motion by revolving about- C. In this case, C is called 
the centre of spontaneous rotation ; making therefore 
tbe point at which a force acts upon a body that can 
move freely, the centre of percussion, the centre of 
i^ntaneous rotation coincides with the cmtre of rota- 
tion corresponding to that centre of percussion. 



On the centre of OSCILLATION. 

DEFINITION. 

The centre of oscillation, is that point in the axis of 
a vibrating body, at wtnch if a particle were suspended 
'from the axis of motion, it would vibrate in the sapie 
time the body does. 

Prop. XXX. 
. Tojlnd the centre o/" oscillation qfa body. 

* 

(6S.) het. j4BD be a body projected upon a plane 
perpendicular to the axis of rotation, as in Art. 63. the 
axis passing through C and supposed to be parallel to 
"the horizon;^ and let 6 be tbe centre of gravity, O the 
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centie of oscillation-; draw Cv paralldl to the horbon^ 
Om, Ogj pr peqpendicular to it. Then by the |m* 
per^ of the lever, the force of gravity to tarn die 
particle p about Coc p x Cr; hence, the force of m^ 
vity to turn the whole body about Coc the m9K^ efaU 




the p X Cr. Also, the force of gmvi^ to torn i 
single particle O at O about Coc Ox On. Now by 
Art. 6o. the inertia of pocpxCp^, and therefore me 
inertia of the whole body oc the sum of all the p x Cp^ 
Also, the inertia of Ooc Ox OC*. ■ Now tba^ the ac- 
celeration of the body about C may be equal to that 
of the particle O, the moving forces must be in pro- 
portion to the inertise ; because, if the powers to pro- 
Quce motion be as the powers to oppose it, the accele- 
ration must be the same. Hence, sum of allpxCr lOx 
C ai :: sum of aU p x C p* : O x O C*, therefore 

nn^ ^^'^ ^O'tt px Cp^x Cm sum of all px Cp^ 

«aiio/'a« pxCrxOC ~ bo(fyxCG ' 
because (by sim. triangles) Cm : CO :: Cg : CG, 

Cm C^ 
and therefore j^ = -^ , and by the property of the 

centre of gravity, sum of all pxCT=: body x C g. 
Hence, the centre of oscillation is the same as the 
centre of percussion. Or if ^ be the body, x the 
distance of i irom the axis of suspension, then CO = 

A ' ' ^ = — 'y^ . The point O is therefore a fixed 

point for every part of the vibration. 
(66.) Join pG ; and draw Po perpendicular to CO ; 
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thea Cji^^CG'+Gp^^a CGk Go, ,%p x Cp^ ^p x 
CG^ +p X C^*— 2CGxpx Go, and the sum ^all p x 
Cp'=^Mm of all p X C&+mm of all p x Gp*— 2CG x 
9um ofaU p X Go ; but the svm ofaU p x (jrt> =0^ fFom 
the property of the centre of gravity ; and the sum of all 



Lx C(t* = Body. X CG* ; hence, sum of all p x Cp' = 
dff X CGr* + sum of all p x Gp* ; consequently CO = 
hodyxCG*+sum of all pxGp' _ pp , sum of all pxGp^ 
bodyxCG -^^+ j^^xCG \ 



hence« GO= — r-^~ — ^^ ^ . Now as the name- 

body X CG 

rator is constant, GO varies inversely as CG; hence^ 
if we find GO for any one value of CG, we shall know 
every other value of UO from that of CG. Hence also, 
if O be the centre of suspension, C will become the 
centre of oscillation; for as GO x GC is constant^ if C 
be changed to O^ O must be changed to C. 

Cor. If X be the distance from C to the centre of 
gwi^tioii;. then by Art. 6l. ^« s= sum of all px Cp^ ; 
and by Art. 65. CO xsx CG = sum qfalljix Cp* ; 
hence, «r=COx CG, and CG :«:: ^ : Ca 

EXAMPLES. \ 

Ex. 1. Let CD be a straight line suspended af'C; 
iojind the centre O of oscillation. 

Pot «'« Q»;' tlieh the fluent of a?»i=flu; a^i « j**. 



y- 



A 



e 



4. . 
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= (when x^ CD) iCiy. Aho,boAfxCGzs CDx 
^CD = iCIT; hence, CO=^\CD. 



Ex. 3. Let the line AB vibrate lengthways in a ver^ 
tical plane about C, which is eqmdistantjrom A qnd B ; 
to find ifs centre O of oscillation. 

Draw CO perpendicular to AB ; and put CO s a, 
Op^x\ then pC** = a*+x' ; and the fluent of Qi* x / 
= fluent of a^x^-s^x = a^x-^^a^ = (whenx « AO)a^ 
X -4G + I-4G3 ; hence, for the whole line AB^ it be- 



comes 2a*x-4G+4^C Also, bo^x CGssaxAB 

jir^ u i^^ 2a*x-^G + 4.^G3 
^ ax 2 AG; hence, CO=x axaAO ^^'^ 

AG^ 

Sa 

Ex. 3. Conceive ARB (see the figure to the next 
Example) an angular rod vibrating (wout an axis AB 
parallel to the horizon ; to find the length of the 
pendulum. 

Draw PCty CR perpendicular to ^B ; put ARs^m, 
BR=zn,b»CR, x^AQ; thenm : x :: b t PQ^ 

b X b^ix^x b'^3^ 

— • ; and the fluent of -— r- is t— s, which, when xs=ifL 

m 7¥r Sot* 

uTn 
becomes ~— expressing the sum of the pfoducts of each 
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particle of AR^ multiplied into the square of their 
distances from the axis. In like manner — - is the sum 

for BR. Also, (m+n) x - is the whole body multiplied 

into the distance of th^ centre of gravity from the 
axis. Hence, CO the length of the pendulum = 

^. . . ; 7 = * i = * CR. The given rod therefore 

vibrates in the same time CR would. 

Ex. 4. Let a rod ARB in the form of the semi- 
circumference of a circle, revolve about AB parallel to 
the horizon \ to Jind the length of the pendulum. 

Let C be the centre, draw PQ, CR perpendicular to 
ACj and let G be the centre of gravity of the rod. 




Vxit r^CA.xt^PQ, z^AQ, then (Art. 46.) « = 

, whose^ fluent (Prop. 



; hence, x^z = 



rx'^x 



M^r^ — x^ y/r'^^x^ 

63.) is ir^z - Ir^/rV-'^; and when a?=r, it becomes 

^r* X AR ; and for ARB the fluent becomes r' x AR. 

Also (Art. 58. Ex. 5.) CG=^. Hence (Art. 65.), 

the length CO of the pendulum = r' x AR ^ -— x 

A R 
2AR^iAR. 

Ex. 5. Let ABED he a parallelogram, CG per* 
pendicular to the plane, G the centre, EGP parallel to 
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AB, and the axis of vibration parallel to HF ; to find 
CO the length of the pendulum. 

Let AB = i, BE = 2 w, CGxa, draw mn parallel to 
HFy and Gv perpendicular to it, and put Gv=x; then 



w 



11 



c 


\ 




\ 




/" 


G: 
1 



B 
n 







Cy* = a*+x* ; and for muFH, we have the fluxion of 
the sum of all the particles x the square of their distances 
= 6x (a^i+a:^i), whose fluent (when ar=n) is Ja*n+ 
|6n'; andfor^fl^D it is 2 6a•« + 4in^ Hence, C0= 
2ba^n+^hn^ 



n' 



2 bna 



a + i-. 



a 



Ex. 6. Let DAE he any parabola vibrating flatways, 
or about an axis passing through C parallel to PMN ; 
to find the centre O of oscillation. 

Put AC=d, AM^Xj PM^y, then ax'^zizy; hence, 
2yx = 2ax'*x = s; and the fluent of CM*xs^ or 




3.(rf+^)*xa:t'i, or 2d*aaf'x + 4dax"+^x+2ajf'+^x, is 
+ „ . ^ 1- „ ... f which vanishes when 



n+l 



n + 2 



n-h3 
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a? = O, and therefore it wants no correction, Also^ the 

fluent of C3/x i, or(rf+a')x 2aof*xis — | — -•; 

^ '^ w + 1 n+2 

hence, if the former be divided by the latter, we get 

(by reduction) CO = 

ln+!i).{n+3).d'-+{n + l). {n+3).2 dx + {n+l).{n + 2).x* 

{n+2}.{n+3).d+{n+l).{n + 3).x 

If rf = 0, and w=l, the figure becomes a triangle, 
and AO = | x. 

If w = J,, it becomes the common parabola, and 
JO = ^x. 

If AB were a straight rod, and the density were a« 
AM^y the conclusion would be the same. 

Ex. 7« I^^f 'A^ parabola vibrate edgeways, and let 
it be suspended at A ; tojind the centre of oscillation. 

By Ex. 2. the sum of the products of each particle 

of the line PiV into the square of it's distance from A, is 

2x*xy+-ry^ = 2x* X ax^+^a^a^*"*^ hence, 2aa^'*'*i + 

^a^ x^^x is the fluxion of the sum of the products for 

. , , , . , ^ ^ . 2aj?"+' 2a^3!?''^\ 

the whole body ; whose fluent is — -+ -—7 — — rr 

^ n + 3 ^3.3(w+l) 

Also, the fluent oi A M x s is the same as 
before, rf being now=0; hence, AO=i •-— — + 

3.(3w+l) ■ 

If w = I, it is the common parabola, and AO sz ~ 

3 X ClX 
If w = 1 , A0=^ h • — for a triangle ; and if a = 1, 

AO^x. 

K2 
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Ex. 8. Let CG be perpendicular to the plane of the 
circle ABV, and let the circle vibrate apout an axis 
passing through C and parallel to AB ; to find the 
centre O of oscillation. 

Draw GPf^ perpendicular to AB, and 15F parallel 
to AB. Put AG^r, CG^a, GP^ x, then CP'^a' 
+x\ PE= ^r'-'X', and EF^ 2^r^-x'; hence, 




EFx CP'={a^+x^) X ^\/ZE?' ^^^^^ multiplied by 
X gives (a*i+x'i) x 2 ^r^-^a^ for the fluxion of the 
sum of the products of each particle of the area 
ABFE multiplied into the square of it's distance 
from the axis of vibration. N ow to fi nd the fluent, 
we have the fluent of a*x 3>^/r*^^^rr*xi =a*x area 
ABFE by Art. 49. and when x — r, the fluent 
= a* X AVB\ and as the same is true for the other semi- 
circle, the whole fluent is a* x circle AEB. The fluent 
of the se cond par t, 2x^iy/r^ ^3fj may be found thus. 
Let X ^r^ - x^z:: A.x^xJ r* - x\ = B, and xx 

r'^-x'Y = ^ i ^hen by taking the fluxion of the last, 
we have P=x x r* — 0:^—3 x*i\/r*—a:*=ix (r^^x") x 

tliatis, P=r^A-'4B, hence, (by taking the flaents) 

r^A--P 
P^r^A - 4fl, and 5= ; therefore the fluent of 



iiir'i'^r* — x*is 



r*^ - P 



but when j? = r, P = ; and 
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the fluent becomes — =— x circle AEBy because A=i 

a 8 

-^ of the circle when x=:r; and for both semicircles it 

becomes •— x circle ; hence', the whole fluent is (a*+:|r*) 

X circle, which is the sum of the products of each 
particle of the circle x the square of it's distance 
from the axis of vibration. Also, a x circle, = the 
denominator for the value of CO; hence, by dividing 

a 

the former by the latter, we get CO = a + 

Ex. 9. Let the solid formed hy the rotation of any 
curve DAE about ifs axis AB, vibrate about C in 
B A produced ; tojind the centre O of oscillation. 

By Ex. 8. the sum of the products of each par- 
ticle of the circle M N into the square of it's dis- 
tance from the axis = {CP^+^PN^) x circle MN= 
(CP'+^PN') X pxPN\ p he\ng :=3A4l59&c) — P X 
(CP^xPN'+^PN^) =px(7T^'xy +iy^) ; hence, pix 



4a 




((rf + x)'xy*+^) is the fluxion of the sumof all such 
products for the whole body ; the fluent of which 
divided by CG x bocbf^ gives CO. 

Ex. 10. Let the solid be a paraboloid ; tojind the 
centre of oscillation. 

Here ax =ry* ; hence^ jpi((<{+ 1?)* x y* + iy*) is equal to 
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jarx ((rf+Jp)' X flfj?+^V), whose fluent is ipad^x*^ 

^padji^+^pajc* + j^-^pa^x^ ; also (Art. 53, Ex. 1 .), the 
body = f/iaj:* ; and (Art. 58. Ex.2.) A6=:I^x; .'. 
CO^d+ix ; hence, CG x body = ^padx* + ^paa? ; 
dividing therefore the above fluent by this quantity, 

we have CO = jp-t . 

oo + Ax 

If C coincide with ^, rf = O, and CO = ^ — - — . 

4 

Ex. 1 1 . Let the solid he a cone ; to find the centre 
of oscillation. 

ox 
Put AB = a, BD=b; then a i b :: x :y ^ —r = 

(if m = -^mx; hence, j»ix^(rf+^)^ ^!/*+ii^^ — px x 

((rf+a?)*xm V + ^mV\ whose fluent isipcfm'j^Hiprf^'^^ 

+i/wnV+7V?^*'^*; also (Art. 53. Ex. 1.), the body=« 
^pne3^\ and (Art. 58. Ex.2.) AG^j^x, .-. CG-d+^x; 

hence, CO = ■ -j-r-rz = 

20^4- Ibx 

20rf* + 30rfa+ 12a* + 3 6* .u u i u 

5 for the whole cone, when 

20rf+15a 

a? = a, and mx :=z y = b. 

If the cone be suspended at the vertex, then rf = O, 

andCO = i£±i:. 

5 a 

Ex. 12. Zi6/ Me solid be a cylinder whose axis is 
AB. 

Put PN=r a constant quantity, CA:=za^ CB^hy 
CP^x, then(CP*+^PiV«) x circle iI/iV= (x'+^) x 
/>r^; hence, the fluxion of the sum of all the particles K 

^•i+-r- ) X 

•-+ -— ) X »r*; and this fliient 

3 4^ 
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for the length of the cylinder^ or between the values of 

also, «X CG=jn*x (6-a) x |(A+a); and dividing the 

former by the latter, we get CO = l^±l^^±±2^-t^. 

0& + ba 

If r = o, CO = -7 — for a rodofan 

eranescent diameter. If a s^ O, CO = |^ft. 

Ex. 13. Let the solid he a parallelopipedon whose 
axis is AB. 

Let the axis of vibration be parallel to MN one 
side of the section ; put MN— m, DM = 2 w, a? = CP, 




a = CA, h ^ CBi then by £x. 5. 2mna^x+i-mn?Jp .is 
the fluxion of the sum of all the particle^ x d into Xlffi 
squares of their distances from the axis^ and tlie fluent 
is ^mnafi +^inn^x; and as in ^ae last example/ for the 
whole solid^ this becomes ^mn x (ft' — o^) + -f- m »' x 
(6 - a) ; and s x CG=2mnX (4 - a} x ^{b+a) ; henoi^ 
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^^_ imn X (y — fl^) + ^mn x (b ^ a) _ 9 ^ 

2mn X (b -- a) X ^{b+ a) ^ 

b* + ab + a'' + n^ 
b + a * . 

If n = 0, a = 0, CO sr^ft. 

This being independent of tn, it is just the same as 
it would be for a rectangle whose bceadth is 2 n, 
vibrating edgeways. 

Ex. 14. Let the body be a sphere ; to find the centre 
O of oscillation^ C being the point of suspension. 

Let B be the centre ; then BA = r, y* = 2rjr - «*. 




In this case, it will be most convenient to apply the rule 
in Art. 66. that is, to get the value of CO when C 
coincides with A^ and thence to deduce itV value in 
any other case. Now when C coincides with Ay dz=zO, 
and the expression becomes px x (J?*y* + jy*) = p x 
(rVi+rx'i-fa^i), whose fluent is ^pr^x^ + ^pra!^ 
--wirP^i and when x = 2r it becomes ^^pr* for the 
whole sphere. Also, the body x CO (G coinciding 
with JB)=4/ir»xr=4pr*; therefore AO= 1 ^r ; con- 
sequently BO s *r. Hence, (Art. 66.) if rf = CB, 

dir t: J^r : --^ a BO when the point of suspension is 
at C; therefore CO «il + 44. 

5 a 
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Ex. 15. Let the body he a circle, and the axis of 
ihration pass through C perpendicular to its plane. 

Put GA=r, CG=d, GO=x, and ;? = 6,283 &c. then 




px = the circumference vw z, and the fluxion of the 
sum of all the particles multiplied into the square of 
their distances from G = px x x^ x x, whose fluent, 

when Jp = r, is ^-— ; and the area of the circle x rf = ^— 
X d; hence, (Art. 66.) CO = d + ^. 

If C coincide with A, then CO = - r. 

2 

CoR. Hence, the same must be true for ^cylinder 
whose axis is parallel to the axis of vibration. 
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On the attractions of BODIES. 

Prop. XXXI. 

To determine the attraction of a corpuscle P towards 
a right line BA, in the direction PA perpendicular to 
AB, supposing the attraction to each particle of the line 
to vary inversely as the square of the distance. 

{67.) Put PJ=a, AC=:x, then PC^=a'-f a?% and 
therefore the attraction of P towards a particle at Cis as 

■ ^ ; and by the resolution of forces /</«* + a^ : a 






«*+;c» •_—-,». 



^M 

the attraction in the direction PA ; 

ax 
hence 7 is the fluxion of the whole force, iirhose 

9 

X 

fluent (Art. 39. Ex. 6.) is j — , which wanta no 

correction, for when ^ = 0, the fluent = O ; and 

A B 
when X = AB^ it becomes -g-^ — p-j for the whole | 

attraction in the direction PA. 
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If AB be infinite, the attraction is as -^-^ . 

In like manner we find the whole attraction in 

. 1 

the direction AB\ for \/ a^ + x* : x :: — r— — y : 

7, and the fluxion of the force is / , whose 



fluent (Art. 39.) is — i , which wants a correction^ 

for when a? = o, it becomes — ; hence, the correct 

.11 
fluent is — , , and when x = AB, it becomes 

1 .1 PB—PA 

-prj— %T^ = pjj — p-^ for the whole attraction in the 

direction AB. *" 

Hence, the attraction in the direction PA -t the 
attraction in the dirfection AB :: AB : PB—PA ; take 
therefore AC^PB-PA, and join PC, and that will 
be the direction in which the corpuscle P^ ifiH begin 
to move. 

Prop. XXXIL 

If the line PA be perpendicular to the line B A ; to find 
the attraction of PA to BA, upon the same law ofjorce. 

(68.) Put a=.AByX—Ap\ then (Art. 67.) the attraction 



iP 




ofa corpuscle at /^ to ^JBs — %, .. ;. hence, iimn .^ 

Xsja^'^s?' Xsja^'^x 

is the fluxion of lihe attraction required ; whose fluent 
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(Art. 45. Ex. 7«) w j-h.l. y ^ I ^ ; now when a?=0, 

this becomes 4* h. I. — -— =-5- h. 1. --— ; hence, the fluent 
corrected, or the attraction, is | hi 

ih*l.^ = (when x = -^P) 1 h. 1. jg'^^p - i h. I 

J f. , an infinite quantity, that is, indefinitely greater 

than the attraction of part of the line AP set off 
from P. 

If we take x^^Ap, the attraction = i h. 1. ^^ ^ 

f h. 1. J j^ ; hence, the attraction of P/i to -^JB =5 
I u 1 BP ^ AB , , , Bp-'AB . . 

^/BP-'AB AB+Bp 
^ AB+AP"" Bp^AB' 

Prop. XXXIII. 

Let O Ae /Ac centre of a circle ABCD, and a cor^ 
pusch P he situated in the line OP perpendicular to 
ifs plane ; to find the attraction of F to the circle, 
supposing the attractive force of P to every particle of 
the circie to vary as the n*** power of the distance. 

(69.) Put PO =: a, Pv =:x, p=z 3,14159, fee then 
Ov* a J?* — a*, and by Art. 49. p x (a?*— a*) = the area 
of the circle vfi;; hence, 2pxx is the fltixion of the 
area at the distance Ov from the centre ; and by the 
resolution of forces, x : a :: x^ (the attraction of !P to-^ 
wardv) lax^'^^ the attraction of P to a corpuscle at 
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V in the direction PO; heiwe, the fluxion of the at- 

rp 




traction of P towards the circle \s ^^ 2pxix aaf^"^^ =5 

2pax"Xy or as ax^'x, whose fluent is ; but when 

n+ 1 

r = a, Oi; =z o, and consequently the attraction vanishes ; 
but in this case, the fluent is ; therefore the fluent 

corrected becomes ; and when x = PA 

n+l w+ 1 

[neglecting the constant denominator) it becomes PO 

xP^+*-PO'+*, which is as the whole attraction 

towards the circle. 

PO 

If n = — 2, it becomes 1 — n-T> the denominator 

PA 

neglected being now = — 1 , 

If n be a negative number greater th'an 1, and the 
radius AO become infinite, so that PA becomes infi- 
nite, then PA being in the denominator, the first term 
PO X P^«+^=:0, and the attraction is as PO»+». 
Hence, if w = — 2, the attraction becomes unity ; 
therefore the attraction is the same at all distances 
PO. 

Prop. XXXIV. 

Let the attractive force of a corpuscle at P to each 
particle vary inversely as the square.^ the distance ; to 
find the attraction ofV to the cone- I^iVC. 

(76.) By the last article, the attraction of P to the 
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Pa PO 

circle sr is as 1 --p-= 1 - p-j ; the attraction therefore 

to every section sr is the same; hence^ the attraction to 




the whole cone is as T 1 — -p-jj x number of sections, or 

PO 

Hence/ for similar cones, p^ being constant, the 

attraction varies as the length. 



Prop. XXXV. 

If a corpuscle he situated at P in the axis SQ of a 
cylinder, to find ifs attraction to the cylinder, suppos- 
ing the attractive force to each particle to vary in- 
versely as the square of the distance. 

(71.) Put RF^a, Pr^x, then PF=^^Ja^+a? ; and 
by Art. 69. the attraction of P towards the circle EF 

is as I . ■ ; hence, the fluxion of the attrac- 



XX 

. tive force is as d& .- , whose fluent is j: — 

\/cF^ (Art. 39.) ; now when x = PQ this fluent 
becomes PQ- PB, and when x = PS, it becomes PS 
- PC ; and as we want the attraction of P to the solid 
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between these two values of x, their difierenoe SQ + 




PB - PC is as the attraction required. 

If the length be infinite, then PC = PS j therefore 
SQ - PC = *SQ - P-S = - PQ, and the attraction be- 
comes as PB— PQ. 

If the diameter AB be infinite, then PC= PB; 
hence, the attraction becomes as SQ. 

Prop. XXXVI. 

To find the attraction of a corpuscle V to a sphere, 
when the attraction to each particle varies inversely as 
the square of the distance ; or directly as the distance^ 
whatever be the form of the body. 

(72.) First y let the force vary inversely as the square 
of the distance. Let O be the centre, PAOC perpendi* 




cular to BD; put the radius AO = a, OP :=i 6, 
^P=6-a = c, PJr=:y, and let PJ5 = c + or, then 



144 ATTRACTION OP BODIXS. 

AK^y-^Cy CA'==3a-y+^_£. (y— c)x (aii-y+c)a 
BJr» ^ BP^ - pa:' - TTl^"^ - y* ; hence, y » 

1 =:(a8 6=a + c) r-r— -» 

therefore the attraction of P to the circle BD \% 

(Art. 69.) as 1 -T^ — 7 — : — r- , or as r — 7 — : — r ; 

^ ^' 26x(c + x) ' 6x(c-ha?) 

also, y = — 7 — ; hence, the fluxion of the attraction 

. xi_ 1 2axi-x*x u u j.« <MB^— -tJC* 
to the sphere is as jz , whose fluent is U ^ 

the attraction to ABD^ for the fluent wants no correc- 
tion, as it becomes =0 when ABD = O; and when 

or = 2 a, it is — r^ the attraction to the whole sphere^ 

which therefore varies as 7; . 

If the density d of the sphere should vary, then the 
attraction will vary as -rj- . 

If the corpuscle be at the surface of the sphere, then 
a = 6, and the attraction varies as da\ or if ^ be given, 
it varies as a. 

Since the quantity of matter m varies as da^^ the 
attraction varies as -r;. Now if the sphere were evan- 
escent in magnitude, with the same quantity of matter, 
the attraction would be the same, it being independent 
of a. Hence, the attraction of a corpuscle to a sphere^ 
is the same as if all the matter of the sphere were 
collected into ifs centre. 

Cor. 1 . Hence, if P be a sphere of finite magnitude, 
the attraction of that sphere to every point of ABCD 
will be the same as if the whole quantity of matter in P 
were collected into it*s centre. Therefore two spheres 
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attract each other by the same force as if the matter of 
each was collected into it*s centre, or by a force varying 
inversely as the square of the distance of their centers. 
Now Sir I. Newton has proved, that any two bodies in 
our system attract each other by forces varying inversely 
as the squares of the distances of their centers ; we there- 
fore conclude conversely, that the constituent particles 
attract each other by forces which vary inversely ^as the 
squares of their distances. 

Cor. 2. If P be taken within the sphere^ in like 
manner we find the attraction of P to the parts lying 
between P and A, P and.C^ and the difFerence-of these 
attractions will be the whole attraction of P to O, and 
it comes out to be as the quantity of matter in the 
sphere of which PO is the radius^ divided by PO^, or 
as PO. Hence^ a corpuscle situated within a sphere, 
is attracted towards the centre by a force varying as the 
distance from the centre. 

CoR. 3. Further, as two distant spheres A^ By 
attract each other by a force varying inversely as the 

squares of the distances C-e) of their centers, if from 

A there be taken away a concentric sphere, as B attracts 

^ 1 

what is taken away from ^ by a force <^, B must now 

attract the shell left, by a force ^. Now if in the place 

of the sphere taken away, there be put another spliere 

of different density, it will attract that by a force -^ ; 

therefore it will attract the whole of B as now formed, 

by fi force ^ . Thus you may take away spheres from 

JS and add ^others of different densities, so as to make 
the density of J3 to vary froQi the centre to the circum- 
ference according to any law. We may reason the same 
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of A. Hence, if two spheres have thdr densities varjr 
from their centers to their circumferences accottlitig to 
any law, they will attract each other by a force wmich 

varies as ^. Or two shells will do the saMM; or a 

sphere and a shell. 

Secondly^ Let the force vary directly as the distance of 
P from every point of the body Q/J. Conceivfe thp 




body to be divided into an indefinite number of oor- 
puscles a, h^ c, &c. Join ah^ and let g be their centre of 
gravity, and Join P», Pi, Pg. Now the attraction of 
P to a is as ^ X Pc^ and to 6 as 6 x Pb ; resold tfae 
former into a^ ag and a x Pg, and the latter into 
b xbg and b x Pg ; but a x ag^b x bgy these attractiofis 
therefore being equal and opposite, destroy each otbef ; 
the whole attraction therefore of P to a and b is 
« X Pg-^bx Pg^{a+b) X Pgy and is the same es if 
a, 6i were placed in their centre of gravity. CJonceive 
therefore a and b to be placed at g^ and take another 
particle c; then in like manner the attraction of P to 
« 4* i and c is the same as if the quantity ^ ttiafter of 
fl+6 and c were placed in their centre of gravity. 
Thus we may go on through all the particles. Hehce, 
all the atttaction of P to the body QR is the same as 
if the matter were placed in it's centre of gravity. 
Hence, as in the former case, if P be of jlnitie ms^i^ 
tude, it's attraction to QR will be the same aa i£ it's 
quantity of matter were collected into it*s centre oi 
gravity. Also, for two spheres wcs may appty th* 
reasoning in the last article. 
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In any other law of attraction than the two here 
mentioned^ the attraction of a corpuscle without a sphere 
to a sphere, will not be the same as if all the matter in 
the sphere were coA^ted into Ifete centre. Nor is there 
any fixed point in the sphere, into which, if the whole 
matter were collected, the attraction would at all dis- 
tances continue the same as for the sphere. 






l*» ■ i 



h a 



148 



Sect. VIL 



On second, third, &c. FLUXIONS, and 
POINTS OF CONTRARY FLEXURE. 

Prop. XXXVII. 

To explain under what circumstances a quantity 
may have several orders of fluxions. 

(73.) Xh£ fluxion of a quantity being the uniform 
increase or decrease of that quantity in a given time, 
every quantity v\rhich increases or decreases must have 
a fluxion. Hence, if the fluxion of any quantity be 
not constant, it must have some certain rate of in- 
crease or decrease, which rate of increase or decrease 
will therefore be the fluxion of that fluxion, or the 
second fluxion of the original flowing quantity. Also, 
if this second fluxion be not always the same, it must 
have a rate of variation, that rate therefore will be the 
fluxion of the second fluxion, or the third fluxion of 
the original quantity ; and so on''^. Thus a quantify 
will have a successive order of fluxions till some one 
fluxion becomes constant, and then by Art. 3. it will 
have no more. . Thus, let x increase uniformly ; then 
the fluxion of x^ is 2xx \ now x is constant^ but x 
itself increases, therefore 2xx increases in proportion 
to the increase of x ; the fluxion therefore of a?* is not 
constant. Hence, considering x as the variable part of 
2xx^ it's fluxion by Art. 9. is 2xx^2x^, which is 

* The fluxion of j? is denoted thus, x ; the fluxion of x is de- 
noted thus, x ; and ao on. 
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the second fluxion of a^. But if we suppose x not to 
increase uniformly^ then 2xi will have both x and x 
variable; hence, by Art 15. the fluxion oi 2xx will 
be 2xx + 2xx, or 2i* + 2xx^ which therefore is the 
second fluxion of af^. But if we should here suppose 
neither x nor ic to be constant, then this second fluxion 
would be variable. Now the fluxion of 2i* is found 
by Art. 13.. considering here x as the root, and there- 
fore the fluxion of the root i^ x \ hence, the fluxion 
of 2d? is 4xx ; also/ the fluxion of 2xSc is found by 
Art. 15. to be 2iSc^2xx^ both x and i^ being variable ; 
therefore the fluxion of 2 i* + 2 a? jf, or the third 
fluxion of 0?% is Aix -{- 2xx •\' 2xx ^Qxx-\-2xx. 
In like manner we may find the successive orders of 
fluxions of any quantity. 

(74.) If X increase uniformly, or if i be constant, a:^ 
will have n fluxions, and no more, n being an affirmative 
whole number. For the first fluxion is nsf^^^x ; and 
0? only bein^ variable, it's fluxion is w.(w— l).JJ*""*i*; 
and the fluxion of this is n.(ft— .l).(n— 2).if*'~^i^ &c. 
when therdbre we have taken the fluxion n times, the 
index of j? becomes = O, and x^=:l; hence, the fluxion 
then becomes n.(n— l) • . . 2.1 .i", which being a con«' 
stant quanti^, it has no further fluxion. 

(75.) The first fluxion of x^ + ay* is 3x^x + 2ayy ; 
'and if x and y be both variable, it's fluxion is Qxx^ 
'h3x'^x + 2ay^ + 2ayy'y but if i be constant, then 
XszOi therefore the second fluxion becomes 6xx* + 
2av^+2ayyi and if ^ be constant, the second fluxion 
is6xx* + 3jl'x + 2ay\ 

(76.) The first fluxion of afy*^, by Art. 15. is 
fn/l^3f^x+nuf'y^''^y ; and if both x and y be variable, 
we are to consider each of these quantities as com- 
posed of three variable factors, and then the fluxion, 
by the same Art will be n.iiiaf*""*3^'*~*yi+n.(n — l). 
y'^af^-^x* + ny^af^'^^X + m . (wi— 1 ) . a?*y"*""*y* + mny^"^ 
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Prop. XX^^YJIL 

ToJ^nd the 96CondJhmon (^the ordinate (^ a imn^* 

(77.) Let PQ, PC, Dr be three equi4i«tantordinftte8. 
4r9w QR, CE parallel to AB^ and l^t vQshe ^ ten- 
gent at Q meeting PQ, Dr ip v an4 s ; Joip QCjj an4 




produce it ta meet Da in f • Now as PB a AD, tke 
xncremeat ef the absoisaa is censt^t^ tbere^re (^rt. 3, 
Cor. 1.) PjBor BD will represent tke fiuxion of the 
abscissa, which is also constant. Now the eotempararp 
inerements of the ordinates are JRC, Er ; but the tri* 
angles QjRC^ CEt are similar, and QHszCE, therefore 
RC=Et; consequently the ootempovary incren^nta of 
th^ ordinates are Et, Er, and tj^i^ir dilQEerence is rt; 
but s^s th^ liniit of the incremept or decr^m^nt of the 
ordinate is. the fluxion of thei pr4iP9t? (Art* 70^ Uiere- 
fqre the Urp.U of r t^ the difference b^tweep ^wo sHccea- 
s^v^ increments of t|;ie ordips^te, ox th^ lip>it. of the w-z 
crement of the increment, will he the flpi^ion of th? 
fluxion of the ordinate, or the second fluxion- of the 
ordinate. Now as (ho triangles Cv Q, C9t are sknilar, 
and QC=0, therefore Qv^at i a^d as Qv^ sv^ depei^ 
upon the curvature of CQ, 6V, if Q and v be brought up 
to C^ so as to get the measure of the ouFvataie at- C from 
each side, it is manifest that the limit ef Qv to sr »uat 
be a ratio of equality ; hence, th<^ Kmiting ratio of rs, 
I st\s that of equality ; consequently ih^^miting ratio 
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&f r ^ : 8 r 5 is i^ nitia of equality, Hence, if^ we t^ 
2r^\n twf liifferent {)art9^ of the curve and make them 
vanish^ their limiting r^o expresses the ratio of the s^-^ 
cond fluxions of the ordinates. Moreover, r t expresses 
the difference between th% two successive increments of 
the ordinates, cotemporaiy with Er which expresses 
the difference of the two ordinates themselves ; there- 
fore by taking the limit, so that the latter increment 
may become the fluxion of the ordinate, the former 
becomes the fluxion of the fluxion of the ordinate, or 
the second fluxion of the ordinate ; hence, whilst the 
Ihmt of rf, or 2rSy expresses the seeemd fluxion oif 
the ordinate, the limit of J^r will express it's ^rst' 
ftvoLUm; but (Art. 23.) the limit of ^r is -B^ the 
fluxion of the ordinate, CE and Cs expressing the co- 
temporaiy ftjxions of the abscissa and curve (Art. Qf.) ; 
therefore the limits of Sr^, Cs and CE, express the 
cotemporary second fluxion of the ordinate, the fluxion 
of t^ ewv^ AC, wd the f^X¥>n of the absici^ ^4B. 
In Uk€^ mavmr k ^^peiotai^ tf the curve be. a spirit* 



On the point of CONTRARY FLEXtJRE 

OF A CURVE. 

DEFINITIOIS. 

(78.) If a curve be concave in one part and convex 
in another, the point where the concave part ends 
and the convex begins, is the point of contrary 
Jlexure. - 

Prop. XXXIX. 

(79,.) Let PQ, BC^ X>r, be three equidistsint ordi. 
nates, and the curve comam i» t^ a«Ki«; wA dr»w 
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QR, CE parallel to AD, and join QC, and -produce 
it to meet Dr in /. Then the triangles QAC, CEt, 
being similar, and QR^CE, therefore CR^tE^ and 




mj 



hence CR is greater than Er ; therefore if y represent 
the ordinate, moving from A, and x the alMcissa, and 
PB = BD=:£ a constant quantity ; then corresponding 
to the uniform increase of x, the increment of y, wm 
consequently ^, decreases; now as y increases, y is 
positive hy Art. l6. but as ^ decreases, it's fluxion, or 
y, is negative by the same article. 

If the curve be convex to the axis, and the ordinate 
move irom A, then the increment of y, and therefore 
y, increases ; and as y increases, y is positive ; and, as y 
increases, it's fluxion, or jf, is positive. Therefore when 
the curve is concave to the axis, y is negative ; when 
convex, y is positive, x being constant. Hence, at the 




point of contrary flexure, y changes it's sign ; but a 
quantity may change it's sign, either by passing 
through 0, or infinity ;* hence, at the point of contrary 



* When a quantity from positive pass through o to negative, ifs 
inverse will pass through infinity to negative, the signs in the latttr 
case being the same as is the former. 
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flexnie^ j^ s 0, or mfimty. What we here mean by 
mfinifty is only in respect to itfs valiiQ at any other 
tHDe, that term being relative ; and in this case we are 
to understand that V is indefinitely greater at diat 
time than at any other. If we conceive a line to be 
drawn from A parallel to BC^ and consider it as an 
abscissa to the curve^ and draw lines from it to 0^ 
C, Vy parallel to AD\ then the former abscisse AP^ 
AB, AD become equal to the ordinates, and the or- 
finates PQ, BQ Dr, become equal to the abscissae; if 
therefore y be made constant, ic s O, or infifdtyy at the 

C*iit of contrary flexure. Hence, we have the fol- 
ing 

RULE. 

Put the emiotian of the curve into fluxions ; make x ory 
amstant and take thejluxion of the equation again, and 

gei the value of y or x, andput it^O, or infinity; from 
which flnd the value of x, which gives the abscissa corres- 
IMwdiMr to the point of contrary flexure. And to deter^ 
mime for wny value of x» wheuier the curve be concave 
or convex, substitute that value for x into the expression 

for y^ the X bei$ig suppose constant^ and if it come out 
poaitive^ the curve is convex to the axis ; if negative^ 
tf is concave. 

EXAMPLES. 

Ex. 1. Let the equation of the curve be y=3x+ 18x^ 
-2x^ 

Herey = 3i+36xi-6«^i, and jf = 36i*- 13«i» 
=s(ifi = l)36-l3^. Now make 36-13a? =» 0, and 




xs3 ; take therefinre AB = 3^ and draw the ordinate 



flfeftat, and we 



1S4 FOINT or COVTtARV thEWXUf. 

MC, and C is tb« point of contr^rjr Aei(ur«^ IM bi 
between Q aad a» 36 -^ 19^ » posUfve, therefoce tU 
part ilC c^ tbe curve U convex to AB ; but whw ^ « 
gieater than 3, 36 - ISor is ne|pitive, and tbevefoie tb^ 
ewe U eoncave towards the axis. 

Ex. 9. Let the curve be the ComhfMtofKv:hoiSMii»i 
se« Prop. 92^ Ex. 7- 

Put AP a X, PM^y y CA^a, 41> =? ^; theo 
xy = (a+y) X i\/6* — 5^* ; taVe the fluxion, wd yi+ 

a^ =:y^/ y — y^ - ^ > '^ ^ > substitute for « it^s vahie^ 
and we get i = - ^ >y^l !^ ' ^ ^ • '^^^ "^ ^ ^°' 

nave * SSS n. iir iyn X i iiiaaoMaxag X V i 

which put ;:; 0, in which case the numerator s ; 
hencei^y'+day^=26*a; from whence y may be fiuuviU 
and tben x, which will give the point of contiary flKXOi^ 
This curve is the Conchoid ofMchomedes. 

Ex.3. Let the equation of the curve he Y^\90j^^ 
110x'+30x*-3x«. 

Herey = 36oa?i-330a;^i+ 120a?i - ISo^^i^and 
jf = 36oi*-660xi*+360a?*i*-6oj«>i* = O, or — a?»+ 
6j^^ ll4P+6:^Oj, whose simple fiietovsare \^x% Si-^x, 
3 " Xy and the roots are 1^ 3, 3, the abscissae corre- 
sponding to the points of contrary flexure, of which 
thereibre there are three. As — a:* + 6a?' — 11 «+ 6 = 
(l—x)x(2-x)x{3''X% when x is less than 1^ this 
quantity is positive, and therefore the curve is convex to 
the axis ; when x is between 1 and 3, it is negative^ and 
the curve is concave ; when x is between 2 and 3, it is 
positive, and the curve is convex; when x is greater 
than 3, it is negative, and the curve vrill then continue; 



♦'*!«7^- 



(80.) ^ y^ tnakin| Jp ^ O/ttie equation bfts t eqiiat 
jw^Uy then y passes through O withotit chMging ift 
PttgQ ; in this ^cafi^' therefore^ the point found is not a 
^tnt ^ coobrarj^ flei^ire. And tUs mB alwag^s be the 
[tase^ when the equation has an even number of equal 

bts. For more on this subject, see Problems at the 

■ (81,) Tft find the lymk C Qf cwif^rv flosire of a 
\Sptrat, it is manitesHi that u loBg w Wfi ppint ^ a|«- 




proaches to C, the perpendicular Sy upon the tangent 
JDust increase ; and after A has passed through C 
to B, the perpendicular will then decrease ; therefore 
at the point C it is a maximum ; hence, if we make 
the fluxion of the perpendicular = 0^ it will give the 
point of contrary flexure. 

Ex. Let the spiral be that in Article 33. 

fit t/** "*" ^ -. •— 

Here % = -j==^=i hence, 2Sy X Sy = 

2m^yr*^if + (am + 2)YnCt*«^y^*'if . u^. s^ ^ 

therefore 2m*y*^* * + (2m + 3) X m***^*"** ' = ; hence, 

_ (m+l^ and V = - ^Zil'^x/. A«- 

suming therefore m a whole number, 3 m must be an 
even number, and therefore y is impossible, except m be 
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a native number greater than l, in whiou case tbi 
quantitjr under the radical sign becomes positive. 

For the lAtuus^ m s - 2, and y^-v^ x^s4] x^ 

ss a/2x t^ 

If 171=1, it is the spiral o{ Archimedes^ and y is i 
possible, therefore it has no contrary flexure. 

If m = - 1^ it is the reciprocal spiral, and y is infi 
nite, therefore it has no contreiy flexure. 



PI 

r 

M 
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Sect. VIII 



On the motion of BODIES ATTRACTED 
TO A CENTRE OF FORCE. 

Prop. XL. 

Tojind the time and velocity of a body descending or 
uscending in a non-resisting medium, in a right line to 
yrfrom a centre of force ; supposing thejorce to vary 
2s any power of the distance from the centre. 

(82.) Let v be the velocity of the body at any time, 
KT the corresponding space, either that described, or to 

36 described, m = iC^^feet, t = the time, F the force 

x>mpared with the force of gravity on the earfh*s surfece, 
vhich we will represent by unity ; then vv^ ±2mFx, 
he sign being + when v and x increase together, and 

— when V increases as x decreases. For by Meckamcsy 

• • 

tJocJ'x/, and /oc-; hence. vocF X -, and vvocFx 

V V 

r, that .is, v'z) is to Fi in some constant ratio ; let i>v=:: 
IFx. Now when a body fells upon the earth's siir- 
ace, V* = 4 w a: by Mechanics, x being' the space 
iescribed ; hence, vv=^2mx; but if a? be the space to 
ye described, and a the whole space, then t;^ = 4 m X 
a — x)^ and vt) fc — 2mi; hence, vi; = ± 2mx; but 
n this case, JP=±i; therefore, rf=: ± 2m ; hence; w)ss± 
imFx. Also, the veloqjty of a body moving uniformly 
s measured by the space described in 1-' ;.< therefore 
to find the time cctiinesponding to the space ± i, we 
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have t; : +i 2: 1" : / = + -, because v is the vdxxkf 

with which i is described in the time /, and when the 
velocity is uniform, thd 8{iace is as the time. 

Cor. If the force of gravity on the earth*B surface be 
represented by 2 iw, then rf « 1 , and t; v = ± Fi. If F 
be constant, ©*= ± 2 i^ar. If the forces F, F, -P', &c. 
act on the body, then ri; = ± (F+ -P + F' + &c) 

Prop. XLL 

Let a hodjf begin to fall from any point A toward» 
the centre qf force S ; to find the velocity at any point 
C, and the time of describing AC, 

(83.) Put aii^SA,x^SQvzi= velocity M C, Mtd kt 

At 






G 



7 

dns 



the force vary as x\ and at any distance c from S^ let 
e represent the force compared with the force of gn^ify 
on the earth's surface, or uni^; then €^ t of :i e : 

^X4l*=(ifrf=l)rfj{*, the fofoe at th« di^titt i; 



2mdi^i, 



ti^rtH 



smd 



2md 



TO A CfiKtftB OF tOkCE. 

2md 



m 



-— -xfl»+'j €en8equenlly—=——x(a"+ *'-«"+'), and 

t;=\/l^^7rf.+i_«»H.i. Hence, /*--=- 
n + 1 ^ V 



X 



k/4ma t —. 



, whose fluent gives ti but 






this can be found ohiy in particular cdses. 

CpR. To adapt this to bodies fiilling at the eafthj 
let c = radius of the earthy e = i . 



BXAUfPLES. 



Ex. 1. If n a O^ then x"" ^ I, ^^d the force is 
c6nstant^ and t^ i= a/ 4mrf x a/« — 4?. Also> / 42 



-i 



-i 



'//\-u , = ^ X a -a?) ^ X - j&, whose 

fluent (Art 39.) is /« V; — ^ x a^ + C5 but when 

\/4md ' 



Ktf>**-« 



j4 



^ == O, 4^ a a, /. C= ; bence^ t = .^ >■ , 

s%J Amd 

Ex. 2 . If 11= 1, then v =» ^Trndx V a^ - «* == 

^/2mdxCD, if upon &4 a quadrant be des^ribed^ 
and the ordinate CD be erected perpendicular to AS^ 







.' .^ 



Also; 



>^='\/! 



1 ^'jh 

TX - y- • ^: ; but if « = rfi>, then 



2^rf v^a*-a:* 
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-i i 



(Art. 46.) » : — i :: a : i^/a* — ar% /. " / ^ = - ; 
hence, /= V ^ — 2 ^ " • "^^^^^^^ fluent (which wants no 
correction, because when ^=0, x?=o) is ^=v — 



9SI(?^ 



-, the time through AC\ hence, if />= 1,67079 (which 
is •- of the circumference of a circle whose radius = l), 



4 
we 



have V - — ^ x p for the whole time through ASy 

because here z = AV = pa. Hence, from whatever 
distance the body ^falls, the whole time of descent will 
be the same, it being independent of AS. If SA = r, the 



radius of the earth ; the time through AS = p\/ — . 
Ex. 3. If n = - 2, t^ = hj Amd x ^x-^^-^ar^ = 

A/4max V , Also, ^ = — -7=s X — ^5=s=a= =- 

«^ V 4ma t^a — jp 

^Amd s^ ax'-x^ \^4md ^s/ax-^x^ Vox-^c*/' 

a* 
whose fluent (Art. 40. and 46.) is t = 1 x 

v 4 m i2 
(x/oF— 0?' - a cir.arc, whose rad.= - a and versed sine x) 

a* 

+ C = (if upon AS we describe a semicircle) y . t x 

v^4ma 

(C;^ - -y^) + C; but when f = o, this becomes 
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at 
consequently t = . — -^ X ( CE + arc AE) . Henoe^ the 

ai 
whole time to S = ■ / i ^. , x arc AES. 

V4ma 

Cto^ As the arc AES varies as a, the whole times of 

descent vary as at. Hence, if 5 be the sun, A the 
place of a planet at it's mean distance, the times of 
descent of a planet at it's mean distance to the sun varies 
in the sesquiplicate ratio of it's major axis, or as the 
periodic time. 

Ex. 4. If n= - 3, t; = V^Ymdx x/a?-*-a-* = 

rr—j x/«*-a?' ., J 1 —axx 

j^2fndx- • — . Also, t= / J X .- '9 

^ ax \ J2md \/ a?' — x" 

^nd therefore f= rr-^ x aJa'-^x'zzi > i ■■ 7 x -45 

y/ 2md ^ V 2md 

X CD, which .\vants no correction, because when 

f =Q, CZ)=0, and both sides vanish together. Hence, 

the whole time of descent to S ae / x AS\ 

Ex. 5. If e = 1, c = r, the radius of the Earth, n = 
— 2, and a be taken any distance from th e Eart h's 

ce ntre gr eater than r, th en d = r*, and v = sj Amr^ x 

V— — sarx/Tmx V the velocity acquired in 

ax ^ ^ ax J -1 

falling from any distance a from the centre through 

a — X ; and when a? = r, v = r /,y 4m x v = 

^ ar 

y/Amr^y< the velocity acquired in falling 

through the space a — r to the Earth's surface. 

. If a be infinite, v = s/Tmr the velocity which a body 
would acquire in falling from an infinite distance. 

M 
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If o = 2 r, v=s/2mr the velocity acquired in falling 
through a spaces radius. 

£x. 6. Let the body fall from the surface of the 
Earth towards the ce ntre S ; then n = 1, e = 1, c ^ r, 

rf=- ; hence, f; = V ^ — x (^* -" ^) » and when «=0, 

t?=\/3mr, which is the velocity a body acquires in 
falling from the surface of the Earth to the centre, 
because within the Earth's surface the force varies 
directly as the distance. But by Prop. 148. Con 2. 
this velocity is the velocity of a body revolving about the 
Earth at it's surface; and Apr being it*s circumference, 

we have sj 2mr : 4pr :: 1" : A"=p\/ — — the time in 

which a body would revolve about the Earth at it's 
surface. Hence, if SA represent the radius of the 

Earth ; the time of describing A V ^ r. V — ' = 

VS/ ~- = (Ex. 2.) the time of falling fVoai ^ to the 
centre S. 

CoR. 1. From hence we may find how. far a body 
must fall above the Earth's surface to acquire the ve- 
locity in a circle at the surface, supposing n = - 2 ; for 

then, by the two last examples ; ^ 4 m r x \/ ss 

V 2wir; hence, a = 2r, and a — r^r the «pace fallen 
through. 

CoR. 2. Let s be the space a body must fall through 
by the constant force of gravi ty at the Earth's surface 

to acquire the veilocity ^2rm in a cirde ;• thea, hf 
Mechanics^ v^^ 4ms =ai2rm; hence, s^^i and the 
same is true for any circle. 
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"Ex. 7. If instead of supposing the body to fall from 
a state of rest at A, it be projected with a velocity b, 

then when ^r = a, r = J ; therefore (Art. 82.) --• = 

r-rxa'^+^ + C; hence, C=:- + -xa^^^ ; con- 

n+l ^2 n+1 

$equently t;=\/j» + l^ x (a»+»--^+^). Now to 

find what height the body will ascend if it be pro- 
jected upwards^ we must put v = O, and then 6* + 



w+i 



^?^x(a"+"-:t'*+')=0; hence, :r=^^x6*+a~+' 
n+l 4ma 

the greatest distance from the centre of force to which 
the body ascends. If we assume vv = ± f^f ^^ g®* 

V XB V 4* + X (a'*+^-^+^). Here when v = ^j 

n + l ^ ^ 

^a~— - X i^ + a^+M the greatest distance from the 

centi'e to which the body can rise ; and this never can 

become infinite so long as the index ■ is positive, 

QF as long as n is greater than — i . But when n is less 
than —1, the indbx becomes negative, and therefore x 



w + 1 
is equal to unity divided by x 6*+a"+'i 



^ 

i»+« 



which will be finite or infinite according as x 4*+ 

a*+^ is positive, or nothing; and if that quantity becomes 
negative, os becomes negative or impossible, which, 
as that can never happen, it shows that the supposi- 
tion of v = O was impossible; that is, the velocity will pot 
be <aU de$tro^ed ifiben » becofnies infiiiite* It ^cj^O, v ^ 

M2 
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s/ 



4M xa«+* 

71 -f 1 



the velocity at the centre of force 
when the body is projected downwards. If 4 = 0, or 
the bodv fell from a state of rest, v = v x a'*"^^ 

If n=:0, i; = .yTa. lfn=l,v = a. If w be a greater 
negative quantity than — 1, t; comes out impossible^ 
the meaning of which is, that the velocity is greater 
than can be expressed, even by an infinite quantity. 

Ex. 8. If n= — l, v*!;— — 2 mrfx -, whose fluent is 

X 

— = ^2mdx h. 1.X+ C, and when i; = J, x^a, and the 
fluent becomes — = — 2md x h. 1. a + C, and C = 
~ + 2mdx h. 1. a; therefore — =z—+2mdx{hA.a- 
h. 1. x)j and v^ = i* + 4 m rf x h. I. - ; hence, v = 



\/i*-h4mrfxh. 1.- 

X 

It has been here supposed that the body is a point ; 
but when w= 1, or- 2, the same will be true if the body 
be spherical, or in the former case, whatever be the 
form of the body (Prop. 36.)- I" ^'^ other cases, a 
different method must be pursued to find the time and 
velocity ; see the Problems at the end. 



On the motion of BODIES in 
RESISTING MEDIUMS. 

(84.) Let a cylinder move in a fluid in the direction 
of it's axis^ with the velocity dy and suppose the resist- 
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ance to be equal to the weight of a column of fluid 
whose base is equal to the end of the cylinder, and al- 
titude k ; and let the resistance of a globe of the same 
diameter as the cylinder, and moving with the same velo- 
city, be to the resistance of the cylinder, as 6 to 1 ; these 
resistances to be determined by experiment, the theory 
here being defective ; and put p = 0,78539, &c. h = the 
diameter of the globe, m= iG-^Vfeet^ and let the density 
of the globe : the density of the fluid :: w : 1 . Now the 
magnitude of the globe is \ph^j and the magnitude of 
a column of fluid equal to the resistance of the cylinder 
is ph*k; therefore the magnitude of a column of fluid 
equivalent to the resistance of the globe is pbh^k. Hence, 
the magnitude of the globe : magnitude of a column 
of fluid whose weight = the resistance of the globe 

3 bk . ' • • 

:: i^ph^ : pbh^k i: I : — --; therefore their quantities of 

3bk 3bk 

matter are as n : — r , or as 1 : r • 

2 h 2nh 

Hence, if the weight of the globe, or it's gravity, 

3bk 
be denoted by unity, 7 will represent it's resistance 

moving with the velocity rf. Hence, the resistance of 

the cylinder is r • 

^ 2nh 

Prop. XLII. 

Let a globe be projected in a resisting mediumy as in. 
the last article, and let the resistance be as the c^^ power 
of the velocity ; tojirud the velocity v, time t, and spae^ 
X described^ any one in terms of the other. 

(86.) Let d be the velocity of projection, and r the 
resistance corresponding to the velocity d^ compared 
with the force of gravity repr^ented by unity ; then 
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3 ^^ 

r = - — T by the last Art. and two values of r comespoftd- 
ing to the two values of d, will give c. Hence, d' itf >, 
r : «jj X v' the resistance corresponding to the velocity 

v% therefore (Art. 82.) vo; = 3- x t/'i « Mf - = 

2f ) "~ -v'i ; hence, i = — w* '*v, consequently ir = — 



2mr ^ 

e 
e 



X v^"' + C ; but when a? = 0, t? = rf, and the equa-^ 
tion becomes 0= - ' x d^"' + C; hence, C = 



X rf*"' ; therefore x = — ^ x (d"'' - v^^O- 

Hence, when v = o, and c is less than 2, a? = -r— -: 

X rf*~% the whole space described before the velocity is 
all destroyed. 

If c=2, i = — — , and xszex h. 1. - = (because ^=a 

V V \ 

- — P- ) j-y X h. 1. - . Hence, when t; = 0, a? be- 

comes infinite, therefore the velocity will never be 
destroyed. 

If c be greater than 2, 2 — c is negative, and by 
making t;=0, x becomes infinite, which shows that the 
velocity will never be all destroyed. 

• X . e 

•-Also (Art. 82.), /=a- = — ev^'v, and # a» — y~ 



X v^'^+C; but when ^=0, v = rf; hence, C = jZZ 
X iP-'; therefore t = --£—x (rf^-'-y-O* 



c 
e 
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Hence, when t; = 0. and c is less than 1, ^ = -; 

' ' 1 — c 

X <?'"•, the time of describing the whole space. 

— ^ Pi) 
If c=l, f gr ■ ■ ■ ■ - whose fluent corrected is f a e k 

v 

h, 1. -• Hence, when v = O, / becomes infinite. But 

V 

it appears from above, that, in this case, the space is 
finite ; hence, the body is an infinite time in describing 
a finite space, and which space is e d. 

If c be greater than 1, then 1 — c is negative, and 
when V = 0, t becomes infinite ; but the space will still 
be finite whilst c is less than 2. When c is equal to, or 
greater than 2, both the space and time will be infinite* 



2 — c 
As i; =: £p~'' X X 



, substitute this quan- 



tity for v, and it gives t =-- — x 



(2 — £J Ix*""' 

rf^^'— d*'"' X x\j , showing the relation be- 
tween (I and X, except in the cases where the fluents 
fail. 

Prop. XLIIL 

Let a hody he projected in a resisting medium di- 
rectly to or from a centre of forcCy and he attracted by 
a constant jorce towards that centre ; tofmd the space^ 
time^ and velocity. . 

(86.) Let F be the force compared with gravity 
which is represented by unity, and retain the notation 
in Art. 85. Now when the body descends ^ the wfaok 
accelerativ^ force s i^ — the resistance \ and whem it 
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ascends^ the retarding force = F+ the resistance ; that 
is, in the former case the force = F - 3? ^ v* » ^^^ ^^ 



the Uater^ it = F + ^ x t;^ Hence (Art. 82.), vv = 

±2mx (j^^^c^^^^ ^^9 ^b® upper signs being used 
when the body descends, and the hwer when it ascends ; 
hence, (it--- = c) a; = -— x -5?^= — *• 

I + vv 
If c = 2, i ss X -s=i — 5, whose fluent (Art. 45.) 

^ 2 m F+ev" ^ ^■ 

is ^ = — X — X - h. 1. iFi^ev^) + C; but when 
2m 2e 

X = O, t; = rf, and the fluent becomes O = -: x — 

' 4 me 

h. 1. (F+ erfn + C; hence, C = --^ x h. 1. (F+ erf^) ; 
^ ^ ' 4mc 

consequently x = — X h. 1. -i»= — r . Hence, we may 
^ "^ 4 me F+ev^ "^ 

find t; in terms of x; for 4mear = h. 1. -^7=: — ^ 



ev** 



therefore put w = the number whose h. 1. is 

F=pe^ , 
4me^, and then w = •« 1; hence, v = 



n/ 



F^ed^- wF 



we 



(87.) If the body ascend^ and t; = 0, ^= r— ^ ^ ^-^ 

F'^ed* 

— —z — the distance to which it ascends. 

F 
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rv" 



(88.) Let the body descend. Now when F=;' , 
the resistance becomes equal to the accelerating force ; 

, and v = d V — , the greatest ve- 
locity the body can acquire; for when the resistance 
becomes equal to the attractive force, there can be no 
further acceleration. 



^ hence, t;*= — ^ — , and t;=d\/ — , 
- r ^ - r 



(890 If rf = 0, X = -i- X h. 1. 



4 me 



Fz^ev" 



(90.) Also (Art 82.), /=^==^x -j.=^ ; hence, 
when the body descends^ / = — 



• X ri — ^y whose fluent 
2 me F \ 

e 



(Art. 46.), (putting -=a^) is t = — i — 
n\v & ^ i Amae 



X h. 1. 



tt — « 



+ C; but when f =0, t;=rf, and we get = — -~ x h. U 
r:^ + C; hence, C= -7— — -; X h. L — -j ; conse- 

(Iuently^=^J_X ("h.I.^?^- h.l.^Y Hence,ifwe 

tubstitute the value oft; in terms of ^, we shall get t in 
[tains of J?. If the body fall from a state of rest, t =; 

,^-L_ X h. 1. fL±!: . , 

|4ffiae a — V . ' ' 



(91.) When the body ascends, /= - — x 



-v 



2 m F-j-en^ 



1 



^v 



1 - 



0-^ X -"ft 5j whose fluent (Art. 46.) is ^ :t= — 

2me a H-t;* ^ ^ 2 me a 

^ " M A- C, M being a circular arc whose radius is 
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1, and tangent - ; but when i ^OyV^d; put there- 
fore N^si the arc whose tangent is r» and we get / = 
X (iV — M). For the whole ascent, t; ss 0, 



f 



1 



} 



.\ M ssO; hence, t = x N. 

2mea 

(92.) If we apply these expressions to the descent o( ij 
a globe in resisting mediums upon the earth's surfiic^ L 
then as unity represents the force of gravity^ that it 
the force when a body falls in vacuo, we must find 
the value of F when a body descends in the medium. 
Let the density of the body : the density of the me- 
dium :: n : 1 ; then if ti; = the weight of the body 
in vacuo, we have, by Hydrostatics^ w : weight lost 
when in the fluid :: n : 1 ; hence, w iw -^ weight lost, 
or weight in the fluid, :: w : w- 1, therefore the weight 

ti— "1 

in the fluid = tu x = (if to = 1 the force of gravity) 

n 

— which is the gravity of the body in the fluid, or 

the force with which it endeavours to descend ; this 
therefore is the value of F. Also, c = 2. 

(93.) By Art. 84. r=2_^ ; hence, (Art. 88.) v(^i 

^ ft ft ^ 

yE= a) = d ylSZ^, the greatest vdocity thft 
r 3 k 

body can acquire by falling in the fluid. Also, t = 

^ X ^h.l.^^ — ^-h.I. -i\ ; and when vzzayt 

4mae V a— v a— a/ 

becomes infinite ; therefore the body never can ac(}uire 
it's greatest velocity. 
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in 



l) The greatest height to which a body can as* 
when projected upwards, is (Art. 87.) r— — x h. L 



6mbk 



3bk 



X h. I. (1 + ;'\ A 



Prop. XLIV. 

determine the resistance of a medium, by wkick 
f may describe any curve about a centre of force^ 
rce to the centre being given. 

.) Let ABC be the given curve, S the centre of 
and F the force of the body at B towards it,, 
rce of gravity being unity; draw DE perpendi- 
to BSj meeting the tangent BE ; and D v per*- 
iular to BE. Put JB=iz, BS^w, BD:x= -w, 




:z, V => the velocity in the curve at JB, and s =5 
I the chord of the circle of curvature at B passing 
;h aS, m = 16-jiyfeet. Now it is well known, that 
f, whether it moves in a resisting medium, or 
Qust fall down | ^ by the constant force F to 
5 the velocity in the curve; for the- resistance 
no deviation from the tangent, but only retards 
lotion of the body, so tfc(at it may preserve 



:: mx 
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it's proper proportion corresponding to the force; 
hence, by Mechanics , r* = 4mFx is = 2mFs; there- 

Fs+sP' 
fore ^ = m X . ■ ■■ ^ the wfiole fluxion of velocity in 

the direction BE. But, by MechanicSy the velocity V 
which the force F continuing constant for any time /, 
would generate in the direction jB«S, is 2 m JP/ ; /. V^ 

2 m JFf = I because / = = - ) m x — ===.the 

fluxion of the velocity in the direction iBiS, arising from 
the force Fi hence, BD : Bv (:: BE^z : BDzn -w) 

2Fz ^2Fw . ^ . r , .^ 

- >, I r : m X III ^- the fluxion of velocity 

^2mFs ^ 2mFs 

in the direction BE arising from the force F\ 
from which if we take the whole fluxion m x 

Fs + sF , Fs + sF'¥2FiD 

> I "ti'» there will remam — m x > — — pr~ 

*j2niFs^ ^2mFs 

which is the fluxion of velocity arising from the 

resistance, in the time that the force F would generate 

2Fz 
the fluxion of velocity m x . ^ ; but the fluxion 

of vel(X?ity generated or destroyed in the same time 
is as the force ; hence, the resistance : force F :: 

Fs+sF+2Fw 2Fz. ^ Fs + sF+2 Fw 

ss/2mFs ^2mFs sFz 

: 1, omitting the sign -^before the first term, as it only 
signifies the force to be retarding. 

(96.) When the centre S is at an infinite distance, 
and the force F becomes constant and acts in parallel 

lines, then -F=o, and the resistance : force Fii — --r- 

' 2z 
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: 1. But if we draw AP parallel to BS, and PB per- 
pendicular to it, and put AP=sx, then w= - i ; hence, 

the resistance : force F :: . ' . : 1. Or to obtain this 

2z 

proportion in terms of the abscissa and curve, put 
y=PB ; then by Art. 54. i'=i»+y»; and by Art. 98. 

#=-7r=— rrr^— ; therefore if we suppose ^r constant, we 
•hJ h.ve L '"'^•-<^ +■»•"<" = M*^* ; hence, 
— T-r- = — TT^ ; therefore the resistance : force F :: 



• •! 






2x 



EXAMPLES. 



Ex. 1 . Let the curve be a parabola, and the force 
be constant and act in lines parallel to AP. 



Put 

and 



at oo = JP,t/=PB, then aj? = y", .•. ax = wy*"'y, 
(^ being constant) ax^n.{n- l).y'»^^y*; also, ^= 

I — ^ — ^ X v** 3^3 and ;z = — '-^ ■ ■ ^ ; 

i 



hence, — -n^ — ; -r x —^ — ^rn > the re- 



2*^ "" 2.w.(w-l) y-^ 

listance. 

If n = 2, the resistance becomes = 0. 

If « be less than 2, but greater than 1, the resistance 
becomes negative ; the medium therefore must propel 
the body, not retard it. 

IF n = 1, the medium becomes an infinite propelling 
one, and the body moves in a right line. 
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Ex. 2. Let ABC be a quadrant of a circle, md the 1 
Jhrce be constant and act parallel to AO. 

Put AO=za, JP=zx, AB^z, then BQ=*=a-«i 

, . . , i-3i 3i aPB ^, ., 
and ss: — x; hence, — r-= - rT= - ZTFTn = *"^ '^*^^" 

ance, gravity being unity. Hence, at A the resistance 
=0. When 3PB = 250, or radius : sine of AB :: i:% 
the resistance = gravity ; and at C the resist ance : 

Sftvity :: a : 2. Also, the velocity is as V jBQ. 
ence also, the resistance at Boc PB. Now if we sup- 
pose the resistance to vary as the density of the me- 




dium X the square of the velocity, then the density 
varies as the resistance directly and square of the velo- 

city inversely, or as -D75='p7|="^j7i» hence, the den- 
sity at B varies as the tangent of AB. All this agrea 
with what Sir I. NeWton has proved in his Princtpia^ 
Lib. 2. Sec. 2. Pr. 10. 

Ex. 3. Let C AV be a cycloid, and the force be con- 
stant and act perpendicularly to the base CV • 

Here jBQ=:^^, and if AO:=^a, ^^=a— J?, therefore 

J. 
^iss — ir, and i= — 3i; also, »=— p(Art. 54. Ex. 2.); 
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1 

iience, 7—= — t— = (because a; : An :: ^n : -<«0 




=a) ^75- the resistance, gravity being unity. Also, the 
irelocity varies as ^J BQ^ 

Ex. 4. Let the farce tend to a centre S, and vary 
%s w**, and the curve he the logarithmic spiral. 

As F=u/*, F=wu?'*"'^ai?; also, ^ = £1;, .-.5=^; hence, 

the resistance = : = x "r — 

^vf'z 2 z 

(jais'iv : z in some constant ratio c : d) « ■ x ^3 the 

force tending to S being unity. 

If « = — 3, the resistance = O. 

I( n + 3 be negative, the medium must propel the 
body. 



«"4*l 



Also, v^t^2mFs^sj2mx tv * . Now the resist- 
ance being to the force F, as - — ^x ^ to 1, if F be 
represented by it's true value tif^^ the resistance will 
become — -— x ^ X m^ ; and since the density of the 
medium varies as the resistance directly and the square 
of the velocity inversely, the density varies as —^^ , or 
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as — • Hence, if the density of the medium vary in- 
versely as the distance, the body may describe the lo- 
garithmic spiral, whatever be the value of n ; agreeably 
to what Sir I. Newton has proved in his Principiaj 

Lib. 2. Sec. 4. Prop. l6. If n = — 2, JF = ^ , or P 

varies as the square of the density, as he has also 
proved in Prop. 15. 
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Sect. IX. 



On thk radius of CURVATURE^ and thb* 
EVOLUTE OF CURVES. 

RioP.XLV. 

Tojmd the radkts of a circle in terms vfthe^fiuxion* 
of ifs ahsmsa, ordinate and curve. 

(97.) Let JCrDFhe a circle, O the centre, CBF 
perpendicular to AD^ Cs a tangent at C, brs fwraUel 




to CB, cutting the curve at r, anJ"join rC, rF. Put 
AB = a-, BC = y,AC= z, and OC = a, then Cs - z, 
CE = X, Es = y. Now the triangles Crs, CVr are 
similar, for the angle srC = altpr. ang. r CF, and the 
angle sCr = angle Cf^r in the Edternate segment ; 
hence, ar : rCv.rC: Cf=2CJJ; but by Art. 23. it 
appears that the lintt$ing ratio of rC : sC is a ratio of 
equality ; theref<»« tb^ limiting ratio o( sr:rC'a sr : 
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s C, or (Art 77.) ~ ijf '■ i, the sign — being prefixed, fiw 
the reason in Art, 78. the curve being concave to the 

axis J hence - a> : A « • : 3BC, .-. .BC=-^ ; and by 

nmilar triangles CEs, CBO, x : i :: -^ : CO = — r=. 
-~y - xy 

A being constant. If j4b' be peipendicular to ^O, and 

veto Ab' ; then considering Ah' as the abscissa and 

VC thft ordttMte, we bare, fot tMr Mrtii« rea*OD, 

CO = -r^^ y being constant, and * positive (Art. 79.), 

the curve being convex to Hie Mtfa^ Lastly, by similar 

tHmgtei Ofi%7, CS», !t:iv.y: f-^^^flfttf iFwfettAke 

i Qonstant, we have ^ ~ ^ — -=0i hence, y)e=r*-; and 



&)' 



by the same proportion, x : « ;: y 

Thus we get the ndius under ttiree circumstances, 
when X is constant, when y is cotistant, and when s 
is constant 

DEFINITION. 

(98.) Let ^C^be any curve, AB the abscissa, BC 
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tbeotii^ate^ Ci a tangent at C, and let O be the centre 
of a circle tc^iiciiing the curve in C, and draw^ OBf 
parallel to AB, and DhErts parallel to BCj cutting 
the curve* in t and the dihife hi t ; then if, by bringing 
Ds uf> to BC^ \h% Umiting ratio of sr : ,9/ be a ratio of 
equality^ the circle is said to be a drele (\f curvature 
to the curve. 



Prop. XLVI 

To find the radius OC of the cirdle of cm^vat^re to 
ihe curve AC at the poitti C. 

(99.) Whether we regard the curve AC ox the circle, 
C£, Esy Cs will be the first fluxiofis of the absets«i, 
orc^nate, and curve ; for (Art. 23.) tht^e fluxions de- 
pend entirely upOtt the position or tfie tangent, tv^ich 
is common to both ; and by the Def. (Art. 98.) the UnM^ 
ing ratio oi sr \ st bei«g a ratio of equality, the second 
fluxions of the ordinates are equal (Art. f 7.) ; hence^ 
the second fluxion of the ordinate is the same, whether 
we regard the curve or circle. Now in the circle^ if j?, y, 
and z teptetsietit the abscissa, ordinate, and ctifve, CO 

== r ... (Art. 97.), X being eoilstant; henee, in the 
--j?y 

curve Att^^ if a?, y and ni represent the abscJsStt AB^ dt- 
dinate AC, and curve AC", the radius of curvattire CO 

z' ^ ... ^^ z^ 



For the same reason, CO = -r^ , when y h 
—xy yx 

constant; and C0=^, when i i^ cOrt^aWt. Bttt as 
i« «r i^ + y\ we have 2isi + 2yj/*60, and | « - t; 
hexyitr CO = -^ . 

N 2 
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When we make ±, ^ or i constant, it> will simplify 
the operation, if we substitute unity for them. 

EXAMPLES. 

Ex. 1. Let AC be the common parabola ; tojhidtht 
radius of curvature. 

Here ax=y% /. y = aij?3, and ^=^a»J?""i, i being 
constant and = 1 ; henc^ ^^--^crx ''"=—. — ^\ also, 



^ = n/^FTF = \/i +-^=i\/^^±?; therefore CO 

Ax a 



i' Ax + flj"^ 



When a; = 0, CO = ^ a, the radius of curvature at 
the vertex. 

Ex. 2. Lcf Me curve he an ellipse. 

By Prop. 10. Ex. 2. if m* = — ,y*=m*X(a»-a?*) ; 
hence (making x = l),yy = — m^x, yjr H- y* = -»**, 

1/^ •4- TH^ ^— Wl* J7 

and - y = ^^ ; but y = - ; hence, — ^ = 

y y 

X — ^; also, i5*= 1 H r"=^ 5 > hence, 

y^ y y 



by substitution and i-eduction, II^~ """J^i 

•the radius of curvature. 

Ex. 3. het the curve he the catenary., 

Here (Prop. 130.) ;z*= Sax+jc*, and putting % 

constant and = 1, we have zz=iax^xi^ and 1 saic + 

.... 1 . ^ , .. 1 — i* > 

a?A: + X* ; hence, x = — ; — , and x c= — ; om 

• a + X a + X 
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— rs — =r -===--; also, V = — ; hence, 

^^r- =: a -f — the radius of curvature. 
X a 

At the lowest point « =3 0, and the radius =? a. 



If X szy'*, then CO ==-i±?^^-jL . Hence, except 

for the conic parabola, the radius of curvature is 
nothing or infinite, according as n is less or greater 
than 2. 

Ex. 4. Let it be the logarithtnic curce ; toJinA the 
radius of curvature. 

- : ■ - ■'■■'■ ) "-' ■ 

yx 
By Art. 44. y = — == (if i be supposed cpnstant>and 

= 1) ^, .-. V = •^, and - iV = - ^ = 4 ; aK ^L 

N/?+i?«r ViTJ =^?^.'^ i^°**> ^<^T-:%- 

^'^ '^1 ^, which being negative, shQ>v5 that the centre 

O lies oh the other sid^ oF the -corve^ t^ curv0 bdiiig 
coticave the bth^r'^Way. , ., M ^ . • •. 

Ex. 5. Let the curve ACW heat^lbiAi )• 

Let if^/J be the jixis, an4 draw CL parallel to ^iC,; 
put ACm^iWRF^a, ,AB,^x,JaiC^if^AC^f:,%hen 
WC^M—z,, WLr ^ju^ uS and by: the .property, of the 

^ca^esa^^AW"):!^:^^ ixiMWR) i i(a^-3f) 

fwX) ;, henc^, v =s .-- — r-r--, v;= -t — » , ■ ? , thereic 
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(VNiKing i coostant) yg' /■< -ni^ n.v, j hefce (Art.gg.) 

Cor. When « p= o, CO 3= e ; wfcek C comes te ff^t 
or X =r a, then CO (then becoming J^PS) = a ; hence, 
AS;? fa. 



' To nwD" THE RADITT? of Ct?RVATUBE w> . 

SPIRALS. 

(^ioo.) Let CO be the radius olf the circle of lourva- 

the tangent VC in s j then by tha t^^miio^ ( Av(« 98^}, 
the limiting ratio of sr : st is a ratio of equality, con- 
sequently 7!^ qUiipftteljr vaniffh^s in DQPPW^ ^o sr qm st 
|}ence, the tangents ry^ it/ will ultimately form with 
each other ah angle which becomes efanescent is re- 
spect to thfe angle fbrmed by the tangents ry and ^0¥[; 
therefore, ultimately, the diffensnce ^ of ihe pMh> 
])jen4iciilar>s ujion the tjEtngents^ r and i becomes ewo- 
esQ^pt in respect to the difference between '^^^^^^ 
consequently die limit of Um ratios of liy wd iSy tb 
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Sy, musji {}Q the same ; but the difference between SY 




arid 5y, iSKand Si/, or the increment of SV in each 
case, is ultimaWiy the ^uxbn rf 'S'^ m (WPl* f*!?* 
hence, the fluxion of the peipendicuUr to a tangent to 
the curve, and to the circle of curvature, is the same. 
'■ ■ .!.VMi.:w/. \ •■ ■ . ■■.■. ■■ ■ • - ,,:i 

Prop. XLV«. ■ ■ ■ ■■ .'■... -v^ 
To find the toMus OC of the firck of curvature to 
th«^ritlai4fi£ppintC. --- ^ i -' T 

(101.) Put .SC=y,draw5jrj)eriprfidicuIarto CO, and 
htSr^CK=v, CQ^^'i M co»8i(JmWt% pMnt C 
as dfiait^e. the c^Q* ^c points S and O wUng 
fixed, 50 is constant; j)pyr QS'=^pC'^CS\-SOC 

or 3y^-3r^)=0, r bemg constant} hence, r-='^. 

Now if we consider ^ and v.iD' i£&i^nc&iD um'-apixal 
instead of the circle, y, or s'B, WiH be '^e sam^o^ 
each, by Art. 3^. because f£depend; only uppp^the 
ilip(Hiari'<fr^he'lqngenti. and (Art, j^^ v is tha^s^^ 
fait th^ circle ^ni) spiiM; lieiice, if we consi^r thip^ppin|k 
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Cor. By similar triangles^ y : v :: — ^ (C'L) • 

V 



EXAMPLES. 



Ex. 1. Let it be the Ic^rithmic ^rptra/; i^Jind the 
radius of curvature. 

Here v : t; :: m : it, a oonstant ratio ; hence, v » -^. 

m 

and V = ~; therefore CO=yy x •— r = — ^ . 
m ^^ nif n 

Hence, the chord CF of the circle of cunrature 

.'■'■' 

passing through S, =— -k1 a 2y.=: 2SC. 

■ . •. ■ • • I 

Ex. 2. Let it he the spiral o^ Archimedes ; to Jind 
the radius of curvature. 

By Art. 32. v = / L . ^ ; hence^ va »j(^ xjf^+Y^ "♦ 

The same expression ifor tti^ ra4m$ of curr|itui« 
will do for all curves, where the' relatipii' b^ween SJT 
and iSC is known. ■ . > . . . 



For example, let the curr^ lMa'^ii£d!i^« Sthefbl 



EVOLUTES OF CURVES. Ift^ 

cus, and a = ^ of the principal tftlus rectum } then y=i 
-, and y' = -., .•.yy=-^;- hence, C0=^^-^. 

Also, Cr=?^=4y = 4CS. 



On THt EVOLUTIONS of CURVES. • 

"' DEFTNlTlON. 

■ . 1 ■■ ■ • 

... I ... ' 

If (fig. last but one) a thread C0«9 be wound on the 
curve ru8, and 'by linwindirig it, keeping it stretched 
out^ the send <? deiseribes the cuirve ^CTF, then rOS 
J3. wd io.bef t\mAVQhite tQ; ^C/^ called the involute.*' 

j^'CoR.: GO is always, a 'tangent to rO^Jii '■ 

, Prop. XLVHI. \ 

. (102.) 7*0 Jind the ahsdssa and 'ordinate ,qf. the 

evohite.- -^ ■- ■'■' ^■''■: ■•'■•■■■: ■• /■:■ ': 

Draw ON perpendicular to AR, AT perpendicular 
to AR^ OK parallel to AR; produce ^(7J3 to meet 
KO in P; draw nv parallel to CBy and Cm to'^AR, 

and lettbe evolute be^in at r ; put AB ^ a;, BC ^^ y, 
AC rs j$, .it:h^|^ (considering Cn -sm a tangent rat n) 
Cn ?5f % ^Cm =7= i^ W.= y ; let AN^-u^ NQ ?=!Vf 

CO=r. Then by sim. tri. i : y :: r : OP=rx^, 

i : i :: r : CP = rx*. Now JN=:AB+OP = x+ 

z 

r x^, rN=^ x+rxi - AP, and NO >= CP ^ CB 

z z ' 

=r X T— y. Comparing therefore these values of AN, 



JVP, .or tJV,. iVO, we get/ tl^e. jela^on of] the abs?i 
•nd ordmate of the evolute* 
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|:x. %' Ut AQW kejh i:mnm paiabob, AR tha 
asU. 

■\ ' : • • . 

Here (Art. 99.) r ='2— = — -^t-**» «nd at A, «,= 0, 
therefore r^s^a. Also JN^s {x + ^^^ =2« +3*. 



4arT 



ON* X a : riV* :: l6 : 97 a givpQ ratio ; therefore 
r 05 is a semicubical parabola. 

'Produoe JPH to meet the evi^te in i9; and drtw 
57 paraUd to T5. Then (Art. tOl/Bk. ft. Cw.) 
r coincides with j4 ; and by the flaoie Example^ JiS* 
(a«) : AO" {2az - z"") :: ^T ( = 125= |a) : ^Jf 

^ =3 NO = ^^'^ — ^Y which is the property of the 

cyclotcl. Hehce^ SO A is a cycloid similar and M wl 
XoACfV. 






. £x. 3. £e^ TZC ^ ihe logariHuBiip spital, J fitf 
j«ll^r«. ... 

« 

Draw the tangent Cy, on which 1^ fiH the perpen- 
dicniar %; let CO be the radius of curvature, m 
^hich let fall the perpendicalar SK^ and let NO be the 




-. • , \ 



Wbtate. Then (Art. l«iV'E^ j:),, ,(>^V&',^ 



EVOLUTSf QF CURVES. 187 

is to SC ( 3=^) as m : n^ a constant ratio ; and the angle 
SCO the complement of SCy being constant^ the 
triangle SCO is given in specie ; hence^ SOC is con- 
stant, and CO being a tangent to the evolute NO, 
that curve is also ^logafitbuiiQ spiral whose centre 
is S. Now m : n :: y : V :: CO : SC, but y : v :: SC 
: CK; therefore CO : SC :: SC : CK, hence, the 
triangle SCO is similar to SCK, and therefore the 
angle SOK-=zSCy ; hence, the spirals are similar and 

The value of C<> •(pfiy'fqteri jf )ne€es8ary) gives the 
length of the evolute. 
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Sect. X. 



On logarithms, and EXPONENTIAL 

QUANTITIES: 

Prop. XLIX. 
Given a number, tojindifs logarithm. 

(103.) IjET 1 + X be the number, y it's logarith 

mx 
and m the modulus ; then (Art. 44.) y = 

m X (i -a?i+j:'i-a?i + &c.) hence, by takiag t 





fluents^ y = mx(a?- }a:* + jo^ - } ^ + &c.) whi 
wants no correction, because when x = O, y vanisl 
as it ought, for then the number becomes 1, wl 
log. = O. Now this series will converge quicker 
mialler 07 is. If a?=l, y=mx (1 — |^+-|--^ + &c.^ « 
the log. of 2. If m =r 1, y = 1— |+i-&c. theh.L j^^ 
of 2. Hence, as we are at liberty to assume m what ']^ 
we please, we may, to the same number, have as many )|^ 
different systems of logarithms as we please. jj< 

If m = 1, and x be very small, the h. I. of 1 +i7 is x l 
very nearly. j. 

(104.) But to find a series which shall conveige 
quicker, let the given number be ■ ; then (Art. 44.) ^ 

•3? 

V a= 2 m X T = 2mx (i + x^x + d?*i + &c.) whose 

fluentisy=:3mx (a?+ia:^+iar*+&c.) If w = 1, we 
get y = 3x (x+^a^+ix^+kc.) for the hyp. log. of 



LocAarniMs. ^1^ 

——. Let X s= i and then the hutober foeeomesr fl ; 

lience^ ■ <: .-:■.; 

X = 0,33333333"\ 

4. a? = : 1234567 

•^ x^ =: 82307 

4. x^ = 6532 



X 



0>34667354 
2 



This h: 1. of 2 is true to 6 

— ^ ^ places ; the • t^e value to ' 7 

9 =s "564 places being 0,6931472 ; and 

^ 1 It would have required at 

^Vr least 1 00000 terms of the 
series in Art. 1 03 , to ^ hive 
iyen the value With the sanie 
egree of accuracy. 

0,69314708 

(105.) The common log. of 2 is 0,3010300. Now 
these different values depend on the different values of 
m, and in the former case m = 1 ; hence, 0,6931472 : 
0,3010300 :: 1 : m in the latter case = ,43429448 the 
modulus, of the common system. Heilce,* if any cota- 
inon log. be divided by this mbdulus, \i gives the cor- 
responding hyp. log.. Or if any hyp. log. be malHr 
plied by it, it gives the corresponding common logair^ 
rithm. For the various meithods which have been 
invented to calculate logarithms, the reader is referred 
to Dr. HuTTON*s very excellent Introduction to his 
Tables of Logarithms, and to Mr. Maseres's Scrip- 
tores Logdrithmici. 

(106.) By Art. 42. a set of quantities ^, A\ Jt, j/P, 
A^y &c. in geometric progression will have their lo- 
garithms in arithmetic progression ; hence, the indices 

0, 1, 2, 3, 4^ &c. may represent the respective loga- 
rithms. Now in the common system of logarithms, 
^=10; hence, the logarithms of 10%.10S lOV 10», 
10*, &c. or of 1, 10, 100, 1000, 10000, &c. ^re 0, 

1, 2, 3, 4, &c. And if between 10^ and 10^ we in- 
sert an indefinite number of geometric means, as 10*. 
10«% io3», &c. n being indefinitely small, then some of 



Ids hoGAummi. 

these ineaDB must necessarily make up att the lAttr^ 
mediate numbers between 1 and 10, as 3^ 3, 4, 5, ^ 
7y 8, 9, or at least be indefinitely near to them i tkd 
indices therefore of such means must be the logarithms 
of these numbers; for instance^ if lO^sd, then rns 
log. of 3; if 10"*::fe7j then ^n s log. of 7; and so for 
any other number. 

DBFINItlOJf. 

(i07.) The meaiureof a rath I : Ni^ the number 
of times which any other assunved ratio I : A must be 
taken to make that ratio. HiuSj if iV = A\ the mea- 
sure of the ratio of 1 : A* is iy that ratia containing 2 
ratios of I : A. 

(108.) The ratio of 1 : ^, I * ^9 1 : ^^ &c. con- 
tain 2, 3, 4, &e* ratios of 1 : A; hence, the iddi<^ of 
A express the number of ratios of t : A Mrtlicti thfit 
ratio contains; for instance, 1 : A^ c^ptaifi^ 4 UttidS 
of 1 : A;, hence, 4 is the measure of the i^tid 1 : A^; 
also» the measure of the ratio of 1 : A^ is nt^ ttr&t mtk) 
containing m ration of 1 : A. N6w if We put' A == 10; 
then the measure of the ratio of 1 : 10** is 0tf ; but by 
Article 106, m is the losarithni of Itf* ; heiice, tht 
logarithm of any number is the me^uYe of the i^to of 
that number to unity. In this sense, Ibgartthltts &Ye 
called the measures of ratios, the logaridim of any 
number N showing how many ratios of 1 : lO art 
necessary to make the ratio of 1 ; A^. 

Hence, every ratio 1 : N has some certaia^ mcR- 
suve in every s}'stem ; now that ratio whose measore is 
m, the modulus of the system, is called the ModuUnr 
Ratio by Mr. Cotbs. 

(109.) Ifi^s^y*, then by taki ifig the logifridima ef both 
sides {Trig. Art. 6.), log. ir«nx leg.y ? hence, if wfe 
have amr equation of this form, log. x ** fix log. y, 
then will x =:y *. f f ^ be constant and n tatiable, the 
curve denoted by this ieqoation ifr ealfed tiM hgttiHthfiric 



AAA ' • 

amv^i Furtter, rf ^ t± •^, then « x h. I. * =- 

h. 1. y, and a?" = y, or *" = ay, for this gives badt Ifce 
given fluxional equation. 

L 

i . , - ^ 

L^MMA. 

+ (B+b) X x + (C+c) x^ + (l>+rf)xj?3 + &c. = 0, 
whatever be thfe vahie dfx; then mimt .^4-tf =i4)^i3+d 
2tO, C+c = 0, &c. For as we may take x of any value, 
let X = 0, and then A + a =zO'f hence, the remaining 
part, (B + 5)xa? + (C+c)x^+(D+rf)xar*+&c*=*0, 
and dividing by a?, {B+b) + (C+ c) x x-^(B + d)X 
x^+icc. = 05 let a? = 0, and then B + b = 0; and thM 
we may proceed for all the coefficients. Or we may 
consider it thus : The equation cannot become = 0, but 
when it's roots are substituted for x ; the equation there- 
fore cannot vanish for every value of x you may assume, 
unless you make each term vanish, independent of x, 
by making each coefficient » o. 

Prop. L. 
Given a logarithm, to find ifs number^ 

I (111.) Let t -far be any number Bind y hV k>gaHtlun^ 

* 

theii ^ = Y*7— ; heiM«, ^ + 4«/ x: mi, aiidy + «y -* mi i«: O* 

Assume a!=ay+Jy*+cy'+&c. then i=tay-^^ifp-V 
Scy^p + hc, substitute these values of x and x into 
^ +a^~mi= O, and vee have, 

^+ mP+ Vy + &c-l=^0; hence, (Art. 
— may — 2m6y^— 3mcy'y — &c.J . ^ .V 

110.) l-ma=0, a-lim6=0, 6-3mc=0, &c. there- 

m 2m 2m* 3m 2.3m3 

hence, a? = — + -^^ + i ' ^ * "^ + &o. consequently 
' wi 2»r 2.3m^ 
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l4.x=l+^4-^+ ^ i + kc. the number wIiom 
logarithm is y. 

Ifm=l, then l+ar=l+y+J+^ + &c. » the 
number whose h. 1. is y. 

Cor. If a be that number whose h. 1. s I, then the 
h. l.ofa»i8 y X h. 1. a=y. Hence, 0''=: l+y +^ 

+ 1^ + &c. ; if y be negative, 0"^=* 1 -tf+'^—f^ 
+&C. Hence, 

2 ^ 2 ^ 2.3.4 

2 -^^2.3 ^ 2.3.4.5 ^ 

Pr(Jp. LI. 
7b y^iuif f Ae modular ratio. 

(112.) By Art. 108. every logarithm is the measure oJF 
the ratio of ifs corresponding number to 1 ; hencei y 

is the measure of the ratio of i+^j.-2--+— 2 — . 

m awi^ 2.3m* 

+ &C. to 1 ; now (Art. 108.) the modular ratio is that 
ratio of which the modulus is the measure ; hence, 
if we make m ^y^ m will become the measure of tlie 
above ratio^ and the ratio will beconiie the modular 
ratio ; making therefore m =z y^ the ratio becomes 

1 +l+|+~+&c. =2,7182818 to 1, the modular 

ratio, which is therefore the same for every sjrstera, it 
being independent both of m and y. 
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(113-) A quantity is called an exponential, when it's 
index is variable. 

Prop. LII. 
Tojind thejhixian of the exponential x^ 

(114.) Put af'—z, and let X=: h. \.x,Z — h. 1. « ; 
then by the nature of logarithms, yX^ Z, therefore yX 

• a 

+ Jl^ssZ; but by Art 45. X=-j and Z =- ; hence, 

X % 

^+Xy =-, consequently »=^-+ zXy^yof'^k^ 

X % X 

Xtx?y. 

If 07 be constant, then i = O, and % = Xs^y. 

If y be constant, y = 0, and % ^y^" 'i^ as in Art. 1 1 . 

Prop. LIII. 
Tojind the fluxion of the exponential x^\ 

(115.) Put ^y* = Wy and letaJ^^ = v, then ff = w; 
hence, if f^ss h. 1. v, we have (Art 114.)w=:«t;''"*^ 
+ f^v^z; but v:=^3ffy and v ^y vS^^x^ Xj? y ; hence, 

by substitution, ^ = « i^"** x {ysff^x+Xxf^y) + f^ac^i 
= «yj^*""' X cff'-^x+zXcfl"^^ X3fiy+ Vsfl^z. If any 
one of the quantities x^ y^ z, become constant, it's 
fluxion = 0, and the term vanishes where that fluxion 
enters. In like manner we may find the fluxion, 
whatever be the number of quantities. The meaning 
of this* notation is, the z power of x^^^ not the^ power 
of X. If this latter had been the meaning of the 
notation, we must have puty'sv, instead of a^szv. 
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Sect. XI. 



On the fluents of QUANTITIES. 

Prop. LIV. 

I^t P = 5^, toJindT. 
(116.) Put a» = ^, «"=!;*, then a«" = x, .-. ^ K 



«♦»-*» =i, and z*"-'a = - xi; hence, P=s - Xttt 



S 

2 h*x SI 

"wF'^F+lF' consequenUy (Art. 46.) F az^X 

circ. arc, whose rad. s= b, tan. = a;. 

Paop. LV. 

V 
I —I * 

I 

(117.) By the same substitutioD, i>'s=" x j, ' j - " i— t 

Prop. LVI. 
LetF= J , tojittd P. 
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(118.) By the same substitution, i^ = - x " > ' n j ; 

fw ^^ O "i J? 

hence, (Art. 45.) F= - x h.l. {x+JW+s?). 

Prop. LVII. 

Let F= , „ '_, , tojind F. 
<y a" - z» 

(119.) By the same substitutioi^ F = -x j,,' 

= — ; y .. : hence, (Art. 46.) F = — - x cir. arc, 

nb^^b'-x* '^ ' nb 

rad. =:(, sine =x. 

Prop. LVIM. 

a a 

then «* + -«+-—- ts a* ; hence. «*+-« + -= x^-^^—i 
a Aa^ ^ a a 4a* 

c • c b* 

+ ^ = (by putting - - --5 =s d^) «*+cP; also, » « i ; 

1 ' i 1 

hence, F=z — »? x > '■' . ^ ; and (Art. 45.) F= --» 

xh.l. (x+x/5*Trf'). 

Paop. LIX. 

Vax*"+bx"+c •^ 

(Wl.) Put «*=«, then x'^-^iaixi; ai»,j;»«=«»; 

n 

0% 
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hence, F= -x # ^t k , i whose fluent is given 

n s^az*+bz+c 

in the last Proposition. 

Prop. LX. 

(122.) Leta: = ~+2,theo««+^z+^ = (byProp.58.) 



x^+(P; also, z'^'^^x^— , and )s'i=j:- — 



2a 



r+l 



2a 



X X ; 



*1^ • 

1 "^ "" 2^' ^ ^ 

hence, F = — p= x — >. * ; expand the name- 

rator, and taking the terms separately, the fluents cS 
those terms where the index of of in the numerator is 
odd are found by Art. 41 ; and where they are even by 
Art. 127. 



Prop. LXI. 



x"-'x 



Vax*»+bx"* + c' •^ 



r— 1 • 



(123.) Puta?»=y, theft a?'"=/, and af'-*i=2_^ ; 



n 



.1 v'" y 

hence, F=:- x . , ;T whose fluent is found by 

Prop. 59. 



Prop. LXII. 



x*x 



(124.) Assume v = -y====, then (Art. 45.) vsh.l. 
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(jc + x/a* + a^) ; put w = \/aV + ir*, then w = 
a*xi^'2x^x a^x 2x^x ^ . ^ 

n^^« + ^ = 7«'+*''*'n/«' + ^ =ai;+3i'; 
hence, /=l*— |a«v, 6nd F=Jm>- faH>. Call this P. 

Prop. LXIII. 

(125.) Assume 07== ■--p=====|, then (Art. 46.) v = 

cir. arc, rad. = a, sin. = x; put ti? = ^/a'o?*— a?*, then 
. d*xx''2a^x a^x 2x^x . ^ 

hence, jF= J ai - ^w, and F= |at> - ^ti;. Call this Q. 

Cor. Hence we get the fluent of- X s/ 2ax - a^ 
=a?i"■^i^/2ar-a?; for put s/2a — a? = y, and a? = 



2a-y*, 0?* = 2 a — y*] , therefore a?4 *i= — 



yy 



2a - y"li 



.«-% 



hence the given fluxion becomes .— -^— ^— =; the same 
form as above. , 



x^x . a: 



V = h. 1. (j? + ^/or* - a*). Assume ti? = \/x*— a*d?*, then 
w = 2 F- a*a;, and F= § 11; + j a'v. 



Pnop. LXIV- 



x*x 
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(laG.) Assume v =s ^/ThFTl?, tiien v s 
3d«i>+4/'; hence, i'«4.'u-i^P, and F» }»- 

4 

Paor. LXV. 



(127.) A8Sume4;ag4i/^V--a;^,4faen t;=' ^^^^ _ ^ 
^?=^- ^> '^^ ■ = (Art. 185.) S a* a - 4F5 
hence, JPs— Q — J-z), and F s -^-^ - 4 '^• 

4 ■ 4 

In this manner you may continue the fluents when 
th^ nu merators ar e a? ^^, d?x^ x^ '^^i, &c. by assq miag 

X = a/aV^ ± x'% VflV^±i?^^ ^/flV^^±^ &c. 
respectively, and by taking the fluxion, you will, in 
like manner, set V in terms of the given fluxion and 
of the next interior fluxion. 

Prop. LXVL 

Let ^ = x*i /s/a*±x% n Jeiwg fln «wi mimier, to 
JindV. 

(128.) Multiply and divide the fluxion by V«'±^» 

and F = . "^ ■ ■ ; hence, as the indices of 

X in the numerator are «ven numbers^ the fluents 



^^ "^ /"vi^^jg * aad''T«^=^, flaay aaab be found by 
the rnetbod directed in the last Proposition* 

If n be an odd number^ F m%y be found by Art. 41. 

Prop. LXVII. 

irf F = X x/2ax-x?> /p^^^ F. 

(129.) Let the radius AO = a, AP=x, then the sine 
PM = s/2aa$ ^ x\ therefore jF=iv^3ffx - a;^ = 




(Art. 49.) the fluxion of the area AMP ; hentee, JP =5 
the area AMP. 

Prpf. Lxyiii. 

LetF^ xxv^sax- X*, to find F. 

(130.) Assume 11; = 4. x"2 a i - a?*^| , then *^ = (fii—xx) 
X 4s / ^ ax ^ a^ = aA y/ 2 ax -^ of" — P; be»ce, i^s: 
mi^^aiP'^x* T w^ m^ ]Pr=^a }^ ajpei^ AMP-- w. 



Let F 



Pkop. LXIX. 

xi 



7 M" I ' , , i0 find V. 
2ax — x' ^ 



(131.) Assume ti? =5^/202* --«*/then '^s -7==^ 



ax 



XX 



ax 



%/jUix - jf \/g^x — af* ^2aa?-** 



-^ F; 
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/ 

hence, F=» ^ ^ — '^y ^^^ (Art. 46.) Fas z • 

w, X being a circ. arc, rad. ss a, yened sine s «. 

Prop. LXX. 



a+« „ ».„ _ « ,^ 




(132.) Put V=^ =y,theii * = pJZ-i, and- = 

^; hence, F==p:i=- ay + -^. and 
y— 1 y — 1 1 - y* 

f = ~2y+h. 1. ii^ (Art. 46. Ex. 6.). This fluent 

teaches us to find the length of the Cissoid of Diocles, 
the fluxion of the length being of this form. 

Prop. LXXI. 

. 

Luf F= JE!H, toJindV. 
X— a 

(133.) Divide the num. by the den. till the index of i! 
in the remainder s 0, and the remainder will then be 

a^x ; hence, F=: a!^^^x+€uxf^''^x + a^x^^^x + &c.+rf" 
; therefore (Art. 37. and 45.) F =s — + 



<r — a 

+ T- + &c.+flr X h. 1. (j?— a). Here m must 

fw— 1 m— 3 

be a whole positive number, otherwise the index of x 

cannot become =5 0. If the denominator hex+a^ the 

terms will be alternately + and - • 

If m=|^, or F= , F may be thus found. Put 

J?— a 

X = v\ then a^ =^1^, and a:^i = |i;*^ ; hence, F = 
-t — ; but -= — = — x X I — ^ — i J I s= if 
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96t 



1 • V*V V^V \ 

-tx (-^Tl bJ* *"^ those fluents are found by 

:his Proposition. 

Prop. LXXII. 



-ii 



^^'■^>Jr^'^^' 



Cid 






'51 »- 



X 

1 

I 
I 

M 



« 

X 

1 

I 
i 

I 

I 
X 

I 

I 

I 

M 

I9* 



I 

X 



1r 

I 
I 



1 

+ 



1 

I 
r 



+ 



1 



M- 



X 

I 

I 

X 

f 

9 

I 

n 
+ 
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continue this division till the index of z in the re- 
mainder becomes m — 1^ and the remfdader will be 

± yzT X «"•-'« ; hence, F^ g x *^~*'""'4 ^%^ 

ar*"**"''i; + &c. + r— T X ■ . , ^ ; now the last term 

""ft'"* fl+6«* 

s= ± — 27 >^ — . , ^ ; hence, (Art. 37. and 46.)j 

(a +&«"*). Here, r must be a whole positive number, 
otherwise the index of z can never become m— 1 • 

If F= ,£L = - sj'-«i - sr-4^ - &C.+-1L, or 
1 — »• 1 — »* 

, according as r is an odd or even number, then 



1-2 

F» _£:l-^-&c.-ih.J. (1-Aor + h.L 

If jF= -jr-^, the terras in the division go alternately 

4- and - , and the last term is + or — , aK the number (^ 
preceding terms is even or odd. 

If F = r-:^5 the last term becomes ± r: x 

a + bz"^ * If 



x*«-^2 



.^m 



whose fluent is found by Prop. 56. 



a+bz* 

Prop. LXXIII. 

Let L___ = ^ + -^ + -il + &c 

to find Ky Ly My &c. where 17, 6, c, &c. are the roots 
of «" — jpaf"* + &c. s= o. 
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(135.) Reduce the firactions to a common denomi- 
iflEtor, and it will be the same as the denMiinator on 
:he left, and consequently the sum of the numerators 
= 1 ; henee K x (a?— J) x (x— c) x &c.+Xx (ar— fl)x 
(ic-c) X hc.+M X {x-a) x (ir— J) x &c. = 1 ; now 
as thjls is true let a? be what it wiU^ make a? == a, and then 

^ ^ "< ^ » (a-i)x(a-c)x&a 

Make x^ib, and thenX^x (b-^M) x (6— c) x &c. = l, •*• 

L= ^, ■ > > — 7^ ; — 5 — . In like manner, we get the 

(6-fl)x(6-c)x&€. * * 

other nunyenators. 
If ^ X L 



(e+y»"')x(^+A«») 



then in the same maimer it appears, Ihat iT == ^ / . ■ 

KM L s* -T >-. 

he-fg 

Prop. LXXIV. 

ZrC/ F ^ -^ ^^^ , to find F, m iei?^ a wkoh 

posHtwe number. 

, <""•> ^ ^-y^^-^fa. = i^ + ^ + «'«• 

Aien A!, It, &c. are known hy the last Prop. ; iience, 
-r-= — - ,1 , o = + r + *«- Now (Art) 

133.) the fluent of is — ^ + — ^-^— — + &c. + 

JCf" x%. 1. {ar— a) ; in like manner, the Anents of aH the 
other quantities are found, the sum of all whidbi is^ F; 
Now ^ sun of all these quantities ^ (.£'+ iL + &ic.) 
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X — + {Ka + Lb + &c.) X ^^ + &c. + KoT x 

h. 1. (a?-a) + Li~xh.l.(x- 6) + &c. But by Dr. 
Waking's Med. Jig. last edition in the AMenda, 
K+L+l€c.=^0; Ka+Lb + &,c.=zo,&c. through aD 
those terms, when m is less than n ; in this case there- 
fore Fz^ K(rxh.\.{x^a)+Llrxh.l. («-*) +&c: 
If m be equal to or greater than n, the coefficients of 
the first n— 1 terras will become = O. 

(137.) If m be less than n,the quantity— ^ ^ 

K.X Ltk Iwlx 
may be resolved into 1 ; A -' + &c, for in 

this case A X (x— ft) X (a?- c) x &c.+Zx(a?-a)x(j?— c)x 
&c.+&c. = a:**; hence, if j?=fl,A= . ■ ,. , 



(a— 6)x(a— c)x&c. * 

if x=ft, jL= TV r — 7x — ; — r— , &c. Thereasonwhy 

(6-a)x (6 — r)x &c. 

fn must be less than n is this: The quantity a x 

(a:— 6) X (j? - c) X &c. + JL X (j? - a) X (a:— c) x &c. + 
&c.-a:^=0; and that this may be always true, the 
coefficients of the like powers of x must be assumed 
s=0 (Art. 110.)^ and by such an assumption you would 

deduce the same values of Ky L, &c. as above. Now 

the product of each of the quantities into which Ky Ly 
&c. are multiplied^ is of n - 1 dimensions in terms otxy 
there being n — 1 foctors ; hence^ if m be greater than 
n- 1^ there is only one term in which jf is of m dimen- 
sions^ therefore this term can never, be made to vanishi 
generally with the rest. But if m be e^ual to or less 
than n - 1, then this term af^ will come m with otben 
having the same power, and the whole coefficient may 
be made = O. 

But the denominators may be otherwise expressed ; 
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for lis (d?— a) X (a?- b) x &c. = jf*— />a?"'"' + &c. by taking 
the fluxion we have x x {x—b) x (a?-c) x &€• + xx 
[x—a) x(a?— c)x&c.4-&e.xsnj!^-*i-(n- l)./>a?*"*i+ 
kc. hence, if a? = a, we have (a— J) x (a-c) x &c. = 
iM^"*-(n-l).;?a'*-*+&c. If a? = i, then (ft-a)x 
(6— c)x &c.=7iJ""^ — (»- l).pfr*"*+&c. and so on for 
the rest ; hence, take the fluxion of the given equation, 
raiitting Xj and write a, by c, &c. for x, and we get the 
denominators. 

Hence, when m is less than n, the fluent of 

-r -=— ; s — is A X h. 1. (a? — a) + Jt* x h. 1. 

I* ^ paf^"^ + &c. ^ ' 

[a?— 'ft) + &c. which agrees with the conclusion in Art. 

136. because ir^JSra"*, JL=L6^ &c. 

(138.) If two roots, a, 6, be equal, one of the quantities 
must have a quadratic divisor {x-^ay. For example : 

Let -^ =-- = -; r- + : then re^ 

x^-^px^ + qx-r (x—a)* x-^c 

iucing the two quantities on the right to the same 

ienominator, and making the numerators equal, we 

jet Lx* - Lex + Map -- Mc + Nof' - 2Nax + 

Va*- 1=0; hence, (Art. llOv) making L + iV= a, 

M -^ Lc ^ 2iVa = 0, — ilfc + iVa*- 1=0, we have, 

r -M n/i Na^-l ., Naf- - 1 
tr = — IS, M = ; consequently — ^ + 

c c 

ai?c-2iVa=0 ; therefore iV= . •; L= =u; iBT 

a— c|* -c-aj 

a >g . Hence, the fluent of -^ s * • or 

a-cj x^-^psr+qx—r 

■ i ll >^ — H may be thus found. Put x-a 

a?-£^* a? — c -^ 

. 1 . . • Lxx + Mx 
ss «, then a? = 2 + a, and x = x i hence, — >q — 

-5^ (if La +M^b) — + ^, 
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h 

whose flueat (Art 45. and Sf.) is L x h. I. :e — - s 

JL X b. 1. (a:— a) - : and the fluent of' b Nu 

h. I. (j?-c). 

(139.) If two of the roots be imposiible, those tm 
binomial fractions must be incorporated iiiU> oee. TlmSi 

. 1 L M ^ N. 

let -= -r = [- — T H , and sup- 

ar--par+qx^r « — a jp— ft «— c "^ 

pose a and ft to be impossible ; then + j = 

^^ — — — j- — -rr-^ — , -^ and the impossible quantities 

vanish, as w ill app ear by substituting m+n\/ ." I for a^ 
and m— w a/ - 1 for 6. 

Prop. LXXV. 

Lg#F= ^^^+^^ ^ to find F. 
x*-px + q' 

(140.) Put a?- §p x:0, thenar = « + Jy^ andissi; 
hence, dx^dz, andcxi=:c2Ji:+^/>ci, .\cxx + di 
^zczi-j^i^pc+d) X iss(if^pc+dsze) czz-^ei; risoy 

X*— />x + x/>*=^* ; hence, a?*— />a? + y=;K' + i;f — ^/^ = 
(if g-^/i' = a')«^ =i= a*, according as a"* is positive or 
negative, or according as the two values of x are 

* C Z Z J I ^2 £ X 2 

impossible or possible. Hence, F« — 5 — ^ = ^^- ■ , 

• • • . ; 

+ -r^ — r . Now (Art. 46.) the fluent of ■ ^ ." > i* 



e« e 



|cx h. L (%'±a'). Also, taking + a*, pqr?=^ >t 



«*^ . ., ....->. V . e 



«' 



— -^, whose fluent (Art. 46,) is ^ x cir. are^- lad. 



= a. tan. = «. But taking - a\ — = — x 

-5— r— whose fluent (Art. 45.) is -— x h. 1. -^; 

call the ^eht of this second part S, and F=: |c x 
h. 1. (2*±a>) + £. Call this fluent Q. 

Prop. LXXVl. 
Let F^ x'^x, ^ ^^ p 

(141 .) If the roots of x* — ©a: + a^ = O be both possible, 

\ K It 
then (Art. 135.) resolve— r ^ — into 1 7 ; 

aidd P^ h- 1-, whose fluents are found by 

a?— a x^b '' 

Art. 136. But if the roots be imposmble^ divide af^x 
by a^^px+q until the remainder becomes cxx-¥dx, 
c and d being put for the coefficients which arise from 
the division^ and let the quotient be :C"^*i + daf^'^i 

+ftjf*'"*i + &c. where a=ii, b^p^-^q, &c. ; hence, JF= 
JiP"'i+aa^-^i + bjf^x + &c. +-^^^ — r-^ , conse- 

^Jiientljr (Art. 37. and 140.) F=-t^ +-^,+ -^jz, 

^ If m = 2, then F = x+Q. 
If m = 3, then F = ix'+a x + Q. 
If m = 4, then F=i«»+|a«*+&«+Q. 

Peop. LXXVII. 

• 

LetF= ■ ''""'' , fo tfnd F. 
z— pz+q 

(US.> Put x= i ax-Sthen «"•-':=«-•»+ ', and j8»-«« 
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= - ^-i; hence, F= = - i_j,^Vgx* 



x"* 



T, which is tiie lame as the last fonn. 



Prop. LXXVIII. 

• 

Lcf F = , ' fo>M? F. 

z^a+cz" 

(143.) First, F- 7F^ W^^^^""'"^"^"^^^ 
put 2** = Xj and then )s" = j?' ; also, - = -jj = 

inx-, /. - X - = ^; hence, jr= — 7- x ,-3=-—-? 

== , /- x — > ^ > and (Art 45.) -r= —3 — 7* 

nd^/c Xy/^ + of" ^ nd^c 

X h. 1. N^+flz^^ If ^2 be negative, F^ — i* 

i 2 d^x , ,. ' . 

X — > ^ ,. = ^ >- X y , ^ , and (Art, 4o.J 
xs/x^-d* nd'x/c a?\/a?'-rf" ^ 

2 
y = J, /— X cir. arc, rad. == rf, secant = j:. 

Prop. LXXIX. 

v^c'-z' 
(144.) Putx=\/c*-»*, then «*=rc«-a?*, therefore 



ZZV D*4-Z* 
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zz='- xx, and \/FTF= v^6^ + c* -a^*=: (if a^ = ^ 

+ c^) \/a*~x* ; hence, ^ = - i V'a*-^*. Now let 
-^iV be a circular arc whose centre is O, (See Fig. 
p. 167.) and PM be perpend icular t o AO^ and put a= 

O^, x=zOP, then PM= \/a*~a;*; hence, ^=— the 
fluxion of the area OPMN (Art. 49.), consequently 
F= - area OPMN. 

Prop. LXXX. 

Let F= , , ', f ■ to find. F. 

(g + hz°)\/e + fz» *^ 

(145.) Put v/e+/«»=a:, then s"=— ^, and ^ + 
A.«=^+j.x i.^^e)=f^ + L' = (if -^^^ 

= a, 7.= Ma+6x*; also, W2'*~'i = 2 6x j:i, and ;s"'"^i 

= — xxx\ hence, F = — = — • , whose fluent is 

n nx\a+bx*)' 

found by Art. 45. or 46, according as a and h have 

diflferent or the same signs. 

Prop. LXXXI. 

Lett- \/l±^ X x»-«z, tojlnd F. 

(146.) V\it J g-^-hz^'^ix, then 2"= ~ ^ , and e+ 



o, -^ = A^a 



2ft 

+ ix* ; also, ^'*"" 'i = — x xx ; hence, F= 
— X \/^ a-^-bx^ X i, whose fluent is found by Art. 46. 
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when b is negative and a positive ; but by Art. 45. when 
b is positive and a either positive or negative. 

Prop. LXXXII. 

Let F = ; — 7—r — ' — . - . . to find F, r andm 

(e + fz")x(g + hz'") ^ 

being whole positive numbers. 

(147.) By Art. 135. , tt^t — 7 r-;^ = — . ^ ^ 

+ J — , where K and L are known ; and the 

g + hz^ 

fluents are found by Prop. ^2. 

If F = 7 TT-r — ; i-;r: J ^^1^ resolves itself into 

(e +/«**) x(^4-A«**) 

iE:x . ^^^ +Lx j--f- (Art. 136.). And if the 

e+Jz'* g + hz"" ^ ' 

denominator of -Fbe c +J'z'^ + g^**"* this may be re- 
solved into (a+4;^) x (c+dz""). 

Prop. LXXXIII. 

Let F=e + fz°p x g + hz°fx z""-^z, to^nd F, where 

s is a whole positive number, and r half any whole 
positive number. 

(148.) Putr = e+/5J«, then »«=^^; hz^'^fX (w-e); 

f • h . ^ he h /.^ T 

|r +^aj«=g +-.x(t;-c)=^--7.+i.Xt; = (^ifrf = g 

T.^rf + l>xv; ^'* = 7^ X t; — c(' ; ^wa^""^« = -a 

X i; — e]""'^ ; ^*"'^ » = -^ x v - e|'~'i ; hence, by 
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subifitution we get F=: t)~ x rf+ ^.i? 



X — rrxt;— el V; 



nf 



and by expanding rf + -^.v and t; - e]*""', and ac- 
tually multiplying each term into tf^v^ then when r 

— hTX 
is the half of an odd number (as '+!), rf+7.v| = 



"T |« jf r~^ 7 — \t 

€?+ -^v X V (Z + >v, expand rf+ 7.V , and the fluent 



/ 



>i;, expanu a + 7.1 



can be found by Art. 39. or 41. But when r is 

— Try 

the half of an even number, expand d + ^y.v ^ and 

then the fluent of each term may be found by Art. 37* 
except m be negative, such that one of the terms be of 

the form - . in which case the fluent of that term is 

found by Art. 45. 

If r = — I", and m a positive whole number, the 
fluent may fcie found by Art. 41. And if m = — 1, 
then the fluent may be found by Art. 41. except for 
one term in the series thence arising^ whose fluent is 

V 

found by Prop. 78. it being of the form y- , 

Prop. LXXXIV. 

Le/ F = ^^^^^ X i, to Jind F. 
c-fdx "^ 



(149.) Multiply the num. and den. by is/a+hx^y 

and we get -'^=(^ + ^)^^^^j^=(^^.rf^2)x^^+^ 

P 3 
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+ . — V"j^ / .a • ^^t t"6 ^^^^ of *^c«c terms 



ai:"^^ 



. by division ^-^^ = 2 X x^-jxj^^^^; hence, the 
second term = ^x;;^^:^- -d\c+dx*)xja + bx^* 

be J7~* ^*F 

and thelast term of this = — yx -r ====; 

• i i / *^\ 

hence, F = -, x --7=== + I ^ - -:r 1 x 



a? ^i 



— . ; now the fluent of the^rrf of 

(cP + cx-')x>s/6+^^ "^ 

these terms is found by Art. 45, or 46, according to 
the signs of a and A, and of the second by Prop, 80. 



To resolve x — .v^ into 



LEMMA. 

K 



»-i 



x + apxa? + /^ X + ar x±a\ 

L P Q R 

z:^ +&c. + ==^ + — r-nn-i + „ . .in^a + 



&c. continued to m and n quantities respectively. 

(150.) Reduce the fractions to a common denomi- 
nator, and make the numerators on each side equal, 
and {A) H x {x-\-bY + K x (a:M-i)'* x {x+a) +Lx 
(x+by X {x+aY + &cc.+Px (x+a)'" + Qx (j7+a)"»x 
(x + b) + R X (x + a)"^ X {x + by + &c. = 1. Make 
x + a = Oy or 0?= —a, and every term where x+a enters, 
becomes = ; hence, jfiT x (a? + i)** = 1 , or H x 

(6 - a)» = 1, .\H=: ,, ^ ■. Take the fluxion of the 
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equation {j4)j and omitting i, we have (B) nH x 

[x+by-'+nKx {x + hf-' x (ar+a) +Kx {x-^bf 

+ &C. = 0; makea?= —a, and we have nHx (6 — a)""' 

ti H "^ ft 
^Kx (6— a)«=0; hence, A: = - JTT^ = TfeT^yH"" ^ 

thus by continuing to take the fluxion of the last equa- 
tion, and then making a? = - a, we shall get the values 
of Ly &c. In like manner, if we make oj + & = 0, or 

X = - 6, we find P = -r— ; then by taking the fluxion 

of the last equation, and making a?= — 6, we get Q = 

-z TT^Ti 5 ^^^ ^y proceeding as before, we get J?, &c.- 

Prop. LXXXV. 

• x'x • 

Let F = . — ' — wT—T — ttttj tojind F, r being a whole 
(x+a)"*x(x + b)^' y > •;& 

positive number. 

(151.) By the last Lem., F=^J^f^+ J^^,+&c. 

"^(^H^'+C^+i)^ ■*" ^*'' P«*^ + « = ^» **^^" 

0?. = « — a, therefore af"* = (a — a)'"''^, and ai^i = 
()S-.ayx^; hence, y-^ _{z^ayxz ^ ^,.^^ _ 

r— 1 

ra;s''-«-'i + r. a* ^^""^"^ z - &c. where the 

2 

number of the terms = r + 1, and the fluent of every 
term is found by Art. 37. except that term where the 
index of « is — 1, whose fluent is found by Art. 45. 
and the sum of all these multiplied by Hy is the fluent 
of the first term. In like manner, the fluents of the 
other terms are found« 
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Prop. LXXXVI. 



• X a+bx 

^^^- (a+bx)x(c+dx ^ c+dx 



m 



, tojkid F. 



^ . a+bx , z {bc-ad)xx , 

Put g=: ■■ !. , , then- =7 — . i ^ ' / \"j ■ r ; hence, 
c+aj: z {a + bxjx {c+dx) 



'<• «y •» Of** 



'^be — act' '^mx{bc^ad) "" mx(6c— arf) 



c+dx 



Prop. LXXXVII. 



Given A tiie fluent of e+?x^" x x^x, toj&idf B ihe 

fluent o/e + fxT x x? +«* x, awrf C the fluent o/e+S*)" "^ ' 
xx^x. 

(152.) Assum e Q=c+/jc"|'"'^'xa!'+', then Q = 
(p+1) X e+ZVI^^* X a:Pi+ (m + 1) X «/x e+faf"^ x 
a»'+"i=(p+ 1) X C+Cm+l) x n/x B; hence, by taking 
the flae nts, Q = (p + 1 ) x €+ ( m+l) x w /x fii. Also, 
e^^*"*' X a^x = (e +/j?)'' x e+T^"* x x^i = e x 
e +fx"r X af i +/ X c+Za*!*" x aiP+»i, that is, C = 
eA-hfB, therefore C=^eA+fB. Now from the^r^* 

fluent. J5 = -7 — ^ V /> , and from the second^ jB= 

(w + l)xw/ 

C-eA . Q-(»+l)xC C-eA ^ 

— 7* — ; hence, —. — . ,. .. = — 77— ; .•. C =« 

/ ' (m+i)xw/ y 

Q+(m+l)xwe^ , o C-e4 

, , , ^ , \ ; consequently jB = y — «= 

j)+l + (w + l)xn n J J 
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€ eA Q+[m-^\)yineA eA „ 
/ J (p+l+(w+l)xw)x/ J 

may continue the fluent a» far as we please, increasing 
m by 1, and /? by w. 

Let e = a', /= 1, m = - ^, /?=0, n = 2 ; then ^'=s 

-J===-y and ^ = h. 1. (x + >/a?* + a») (Art. 46.) ; 

a • 

hence, J?* the fluent of / ■ = ^ a? x a'+a?T - 4" «'^> 
as in Art. 124. also, C the fluent of a*+a?y Xi=^arX 

Prop. LXXXVIII. 

a 

Ze^ R=e+fx» + gx^'+Scc, AsR'x^-'x, B =x»A= 
Rx^+^-'x, C = x"B = R'!"**— X, D = x»C a 

jfu^M+sn-ij^^ Sec ^ivm the Jiutents of aU but one, to find 
tJmt fluent. 

The fluxion of a?*i^+'=af-li^* (mRi-\-{s'+ l)xR) 

s (substituting for R and A their values, and putting 

p=sn+m) meA + (p + m.fB + {2p+m).gC + &c. 
hence, af^/f+'rsme-^ + Oj+m) ./B + (2j9+m)g^C+&c. 
and if y be the number of tefrms in /J, and 5^ - 1 of these 
fluents be given, the other fluent is known, beiijg^ the 
only unknown quantity in the equation. 

Prop. LXXXIX. 
Let R =5 e+fx% tojini the fluent of x"^ +''"'' kR\ 

From the last Prop, we have B = - — ; — *-— > — 

TttP A * 

s the fluent of x!^**-^xR. Now as fi s 



{p+m),f 
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2j*^+»-i^^ to find C in terms of JB, proceed in like 
manner, w?iting w+w instead of m, and we get = 

/— ; V .. - 7^— f--— 7-thefluentof/J'a?^+** 'x. 

(p4-m + n).y (p + m+n).f 

« • 

Also C=:a:'*-B=a^+^'*""^i; therefore to find D in terms 
of C, write m + 2 n for w, and we get D = 

7 — ; i ^ \ \c - r^, . ' V / » the fluent of 

^•«+3n-ijj.u/^ Here the law of continuation is manifest^ 
and thus we go up to the fluent of x'^+'^^-'xif. 

If « = 0, M=p + n, then J?= ~x !^ ; C = - 

M J 

m + n eB _ m.(m+n ) e'A j^ _ m + 2n 
M+n"" f ~ MxM+n''f^' ^^ " M+2n "^ 
eC m.(m+n)x(m + 2) e^C ^ , ,, 

r"^" ^■(^/+/^)x(M+2^^) ^7^- ^^- ""^ *^^ 
fluentof a?~+'^'*-'il{' generated whilst x flows from o to 
^ w.(m + w).(m + 2w) ...(^m4-(r— l) .n) 

/ i¥.(i^/+•w).(M+2?^..•(i^/+(r-l)•w) 

-j^x A, where the sign is + or - as r is even or odd. 

If R^ie-'faf, and /J = 0, then the fluent generated 

i ■ 

'". m. (m + n)....m-h{r—l).n 

^^ M.{M'\' n)....(M+ (r — 1 ) • «) 



whilsto^flowsfrom oto r* 



.^1 



Xt", X 2 



M 



If m=i, w=:2, *=-i, e=l,/=l,thenil/=:2, and 



J? 



^= . -^=z circum, of a circle whose rad.=2 1 ; 

hence, the fluent of i ^ , generated whilst a? flow* 



FLUENTS OF CtUANTITIES. 217 

from to 1, is ' — '^^ — - — ^ x A, r being the num- 
ber of factors. 

If Jl^i^/ 1 —x^j where A is the quadrantal area, 

the fluent of x^x^l — 3[^, generated as above, is 
1 .3-5 (2r-l) . 

2.4 .6. • ..2r 

the former fluent represents the fluent of this quantity 
generated whilst z flows from o to infinity, for when 
^ = 0, « = 0, and when a?=l, z is infinite. In the 

second case, the fluxion becomes . ^ r+a> and the 

latter fluent represents the fluent under the same 
limits. 

If in the equation x^'R-^^ ^meJ + {p ^m).fBy 
neither m nor /> + w are equal to nothing, A and B 
mutually depend on each other. If ^ = 0, -B is found 
in finite terms ; if /> + m = 0, -4 is found in finite 
terms. 

As the series may be continued either way, let 
R =faf^ — e,A = x^'-'xRy B = x^^^A, C = j?-'*J5 = 
x'^^'^A . . . . • Q = a?""'" Jf, then we get Q x? 
(ilf-«).(i.f-M.....(Af-rn) £^^ If^b. 
(w— w),(m-2w) (m — rw) ef 

negative, so th2Xa^R+^ may become-^, then thid 

quantity becomes = when x is infinite and when 






hence the fluent here found is between these 
limits of X. 
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2 r— 1 

Q=i X 4 X ... . — X A within the above limits 

a ^ 2r 

of X. 

Sometimes the fluent may be found by transforming 
the fluxion from the sine or cosine of an arc to tht 
tangent or secant ; or the converse. 

Prop. XC. 
^' F = -— i==, U find F. 

X fn^ 1 "— X 

To radius = 1 , let x = sine^ % = tangent of an arc ; 
thea (Art. 46.) .. ■ . , a=r": — ;; also, j?= y . ; 

htnoe, F =. A, and 1*= - J = - iZiZ?. 

Paop. XCI. 

By the same substitution as in the last Prop^ we get 

f= f J" a=(if S = ~^ Ya,, .^ > > whose 

fluent (Art. 46.) is F = a cir. arc,, whose radius is h and 

X 

tangents?, or -===j. 

Vl— a; 

I 

Piiop. XCH. 



^ J' = i7^' '" ■>" *•■ 
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1 hs^same notation remaining^ assume — j^— =c 

— 1 % —1 
X, then F = x- : hence, 2^= • x h. k a. 

Prof. XCill. 
Let F==:vx''x, where y=:h,L - — -, to Jind F. 

(153.V Assume — ; h r=:i?, then rafiH — — : +r — 

ft .1 • af^'^^v A . i \ 

Jb:izvaf^x; hence r =» — = I becausev-= :; I. 

n + l ^ 1— XT' 

= - (» + l)x(l-x) = ('^^ ^^""'""^ - ^1 ^ 

(.r \ 1 

-ai^i— jg**""'i— &C.+ ■ ■ ■ ) > therefore r =5 — p- x 

I — TT H h&c.— V 1; hence, Jf= — — - + — — r x 

\n+l^ n^ y* ' w+1 n+i 

— rrr H + &C. — V )^ 

Prop. XCIV. 

» • 

het Fssvx"* X, «?Aere v w a circular arc whose radius 

is 1 and tangent %, to Jind F. 

(154.) Assume — — -+r = F; thent;ag^i+ \ , + r 

^ '' n+l w+1 

=:^=: vi^i. Let n be an odd number, and then r = 

n+l ^ ^ (n+l)x(l+a?*) n+l 

(af~'i-^x'*~';i+&c, + v)^--^^--*^ whcone the sign of 
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•|^ -1- 1 . 

V will be + or - , according, as — — *- is even or 

odd ; hence. r= — --7 x ( + — &c, + t? ) ; 

n+l V w w— 2 / 

therefore F= f x ( + - &c. + v ). 

n+l n+l \ n n-2 / 

If n be an ecen number^ the last term of the division 
will be±-— — a? whose fluent is zfc |^ h. 1. (1 + a:^) = 

vsf^-^^ 1 

+ h, L V 1 + «* ; hence, Ft= • + — -— x 

■" ^ n -¥ I n + I 

+ &c. =t: h. 1. a/ 1 + jr*), where the 

n n'-2 ^ ^ 

sign of the last term is + or — , according as f ?^ is odd 
or even. 

Prop. XCV. 

Let F = z"x""^x, where z = h. I. x, to find F. 

(155.) Assume F=: a;s'"+i5i'^"'+c»'*-'+&c. a, i; 
c, &c. being variable coefficients in terms of x ; hence, 
by taking the fluxion, we have, 

az"^ + hz'^"'' + cz"^"' +kc.\ _ «_^-., . 

mazz'''-'+ (m-l).i««'»-2+&c.j - « ^ ^5 

. 

X 

but by Art. 45. i = - ; hence, by transposition, 

X 

az'^+ hz'^''^+ cV-*+&c.^ 

^-1 • m . ^«^ m-l . (W— l).Ji ^ . , g > = 0; 

-^jf^^xz'^'i z"^^ + - — I — - — ^«"* '+&c.r * 

X X J 

therefore, by Art. 110. a-aj^^^isO, Jh = 0, c + 



^— ^ — r=o,&c. hence, a = sf'^x. /. a = — } 6 = 

X ' ' n 
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--max — anj:'*""'^ , —ma?* • — (m — l)*Ji 

= — (m— 1) X — ma?"""'i m. (m - l) .a:^ « 
-— ^ .'. c -r ; occ. 



fm— l).a?" 

X 



hence, F = - x z''* r- x x"^^ ^ ^^ :r^ 

^m-a - &c. where the law of continuation is manifest, 
and the series will terminate when w is a whole positive 
number. 

Prop, XCVI. 
Let F = a* X" x, to Jind F. 

(156.) Assume F=(fx (px^+qaf"^^ +ra?"""* + &c.) 
and let m=:h. 1. a; then (Art. 114.) ma'x is the 
fluxion of a ; hence, by taking the fluxions, 

m(fxx(paf + q3(f^+ ra?*"* + ) &c.| _ ' -rn • . 

a' X (w/?x""'i + (»^ l).ja?""*i + )&c.i 

divide both sides by a^i, and transpose of*, and we have 

- a^ + npx^-^+ (?^- l).5rx'*-*+&c.j ■" ^ 
hence, (Art. 1 10.) mp — 1=0, my + n/? = 0, mr + 

(w— 1) .5^ = 0, &c. •*. p = — ; q— ^ ^ = I'y r = 



_ («-l)^^ Jn-l)x-n ^ n.(n-l) ^^ f,^ 
m tnr m^ 

a'x f—x"" -— a:»-"+^:i!illiV-* - &c.^ where the 
\m m m? / 

law of continuation * is manifest, and the series will 

terminate when n is a whole number. 

Prop. XCVII. 
, To jind the fluent of ,^ , given the fluent 

of .. 

-^ 1± z" 
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(1 67.) Assume - + Q forthe fluent ; then, by taking 

• ^ . , (r+l) xas'ax (ld=a*) Hh n«2f+"« 
the fluxion, we have -^ ====-— ^ > 

+ Q = =^ , or 



— — x((r+l)xa2r« + -— — p)+a; but + ^ 

= — na)s^« + 7-- — -; hence, ^^ = -; — -, — = x 

((r+l)xa2"»— wa«'i+^^^) + Q=((r+l)xa - na) x 

z^i , nasfz , ^ , ^ ^u * 

; - + =rT- + Q; assume raa=l, or a = - , so that 

the terms ■ ,, and .^ raay destroy each other, 

and we have Q= (l ^^ x ; hence, if P be 

V n / l±z'' 

the fluent of :; . we have Q= (1 j x P ; con- 

sequently the fluent required is - x ■ » + ) 

x P. 

Prop. XCVIIL 



Let F = - ^ax + x% to find F. 
Put V5f±£=;y, then ar=-^. £==J^i 
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hence, F= ~ ^^f , and by the last Prop. F =. 

Piiop. XCIX. 

• • 

Let F = i2L±±15^ to^nrf F. 

ex + X* *^ 

Assume d x h. 1. (caf + of + ^) for the fluent^ 

7*c*i!^""'*c -l~ (y •4" \^tXfx 
then it's fluxion is rf x ^ . V.. , ■ — = 

cjf + jf^ 

dcrJt +^ X (r + l).xx , . , ^ ai^hxx 

— . a ' 1 which put s= ; —. 

cs + x* * ^ ex + x^ ' 
we get dcr = a, dx (r + l) = J ; therefore r =r , 

d^hz^. hence, F=~l^xh.l.(cx^x*'^-), 

Prop, C. 

To find fiv^nts where there are two variable quan- 
tities in the given Jltixion. 

(158.) It frequently happens, that a fluxional equa- 
tion contains two variable quantities, in which case, they 
must either be separated, or reduced to the fluxion of 
some known fluent ; but no general rules can be given 
for this purpose,, and the reductions must be left to 
trial and the skill of the Analyst ; the following Rules, 
however, may be of some use. 

RULE. 1. 

MvUiply or divide the given equation by some 

function ojT the unknown quantities y so as to bring them 

to a form whose fluents may be found by some of the 

rules already given, or to the fiuxion of a known 

fluent.^ 
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EXAMPLES. 



Ex. 1. Let -+•-=——-. Multiply both sides by 

nx^'y^, and it becomes nt/'*af^''^i + nj^j/^''^p^naaf^^"i; 
now the fluent of the first part is known from Prop. 7* 
to be af'tf^j and the fluent of the other part is found 

(Art. 37.) to be — — ; hence, the equation of the 

fluents IS jf* V = • 

Ex. 2. Let X - xi^ =/i*. As z does not enter 
into this equation^ conceiving it to be deduced irom a 
fluent, % must have been supposed constant. Multi- 
ply by i", and xic — xxz^ =zfxz^, and as z is constant, 
the fluent is | i^ — | a?*^ 2^ = fx z^ ; hence, z = 

X 

i ^, , whose fluent (Art. 45.) is z = h. 1. 

s^2fx + x' ^ ' 

{f+x+^^fx+x'). 

RULE 2. 

Sometimes the fluent may be founds hy the addition 
of a new variable quantity. 

EXAMPLE. 

Let az = zx — xx. Assume ^ = a + a? + v, then 
z ^ X + V \ hence, by substitution, ax+av := ax-^-xx 

+ vx — XX. therefore av ^=iv x. or i?= — ; hence, 

. V 

(Art. 45.) 0? = a X h. 1. v; consequently 5J = a + v + 
a X h. 1. v, and by substituting for v it's value a - fl 
—X, we get a? = a X h. 1. (« — a - j?), 

RULE 3. 

The fluent may sometimes be founds by first putting 
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the equation into Jkudons^ making one of the Jhmons 
constant. 



EXAMPLE. 



Let ^5£+yf = fl:+y - ^ . Make y constant, and 

put the equation into fluxions, and ^ ? -+i= * 

« + y + ^ >a — ^ ; hence, ^ V = -h^ » and 

(•+y) X i* =s a^% consequently j?"ii = a+y| " »y ; hence, 
(Art. 37. ait 39.) we have 2 a?i = 3 x « + y| . 



RULE 4. 



J[^ on/y one of the variable quantities (x or v) ««/er, 
substitute for the fluxion of one qftheniy thejtuxwn of 
the other multiplied into a new vqriable quantity. 

EXAMPLE. 

Let yj^x = ax* + 2ax*y* + ay*, where x is wanting. 
Assume %y ts: X, and we get yzif* ^ an^^i^ + ^ax^if* 
-f ay^y ory« = a«^+2ajs*+a ; hence, y =z az^-^r^az 

+ - , therefore y zs^Saz^ z + 2a z j-, consequently 

• 

i^zy==3az^z+2azz , whose fluent isa?s=f a«* 

z 

+a 2* — a X h. I. ;s ; and if in this equation we substi- 
tute the value of z in terms of y, found from the equa- 

^ODy =:a2^ + 2a« + -9we shall get x in terms .pfy. 

z 

Prop. CI. 

In anyfiuxional equation of the second order , where 
%e fluxion f^ one of the variable quantities (x) is 
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constant 9 to transform it into one m whidi y is 
constant. 

m 

(159.) Suppose tlie value of y to be expressed hy 
a+bx+cx^ + dx^ + &c. then^ ^ b + acx+ 3rfa^+ 

X 

&c. Make x constant, and tiJce the fluxioo, and <. ?: 

X 

Q ex -i- 6dxx + &c. Now make y constant, and ■ k ■ 
s:2cx+6dxx + &c. when therefore i is ooostant^ tks 
value ot<: is the same as — ^— when v is VonstanL . 

X X* ^ ' 

Hence we have the following 

RULE 5. 

. . ■ . ■ ' ■ ■ 

ft 

If in any ftumbnttl elation of the second otdir, in 
which X is constant, we -substitute for ^ the quantity 

X 



• •• • •» 



,V ■ -J ^ f^^ y the quantity — v-r , we shaU transpnrm 

the equation into one in which y is constant, and tfau 
the Jluent may he often found. 



EXAMPLE. 



XU" 

Let xy-xy — ay --— = O, which being supposed 
to have arisen from some fluent, x is constant, as x dotf 
not enter. Substitute — -«. for jl (in which case y be- 



X 

iiSi 



yX y X I' 

comes cofistaQt), and we get xy+Jp x ^ ->- a> x 'H^>- |; 
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-—-=1 o, or i^^xSi+dx — jr^^^y whose Juent is xi 

+ax ^, which, as the fluxion is s O, mask be 

2b 

equal to some constant quantity ; let it be cy^^ and 
then if = - % . ^ + -7 — -— , whose fluents (Art. 45. and 

46.) are y=6 x L+a x \/ — x -^, where A is acircu- 

c '' 

Idr arc/whose radius is 1 and tangent y-~, and £ 

s/2bc . ^ 



I* I • 



RULE 6. 

If the fluxumr of one of the tmJmaufn quantities (x) 
bf . cpnsmnt, and the equation contfiin ;s^^ y^ ^^ land x.or 
y be wanting^ it may be reduced to first fluxions by 
nibstituting:Ex=:\y. 



^ ! "^ ■ . . 



Let df^+y^z=:^ ; put iy ss zx, thenjf = 44? ; hence^ 

•■•••,'■ ■ • * 

'■ 1 

nifix (1 +»^) ^y%x^ otyz^nxx (1 -f- «*) =^ w^ x 

— ^-— , and — ^ = -; rj hence. (Art. 109.) v^ « 

«' y 1+2*' ^^ ^/jr 

[!+«*) X a\ or -^-1 = «» =-L, and i = -7= ^^ 
I diftiotthg i^n invariable quantity. 



* The given fluxion being supposed to hatit^ arisen from soma 
Ittent^ it is easy to conceive that this constant quantity must be such 
u c^ ; because the equation, after taking the flu^bt the first ti'me^ 
ini0e=from taking the nuxion of the fluential equation, and ihetefort 
I ktjf. mosl neccsctrily enter into every term. 

a2 
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RULE 7. 

Sometimes it is useful to substitute for the ratio of 
t/ie unknown quantities. 

EXAMPLES. 

1. Let j^f + ay i +yy = 0. Put «='?-, then ^ = 

X 

V 

xz + %i\ hence, the fluxion becomes xi + azxx •\' 

• • 

X — /K JB 

z^xx + a^zz sr o, and - = -= — rTf whose fluents 

are before given. 

2. Let axp + xsJ¥T^ = O. Put ? = s^/z* - 1 ; 

then we get -^ + . — ; — . / , , x / , \ = 0- **®- 

P Q JR 

solve the latter term into 1 -— H , and 

z-^a « + l a-1 

then each fluent is found by the preceding Rules. 

RULE 8. 

Sometimes a fluent may he founds hy assuming a 
fluent which, when put into fluxions^ shall he of the 
form of the given fluxion^ and then^nding the values 
of the assumed constant quantities. 

EXAMPLES. 

1 . Let [ax + hy) X i + {ex + dy) x y = ; assume 

the fluent to be a?+»iyp x x+ry\^A a constant quan- 
tity ; then wx h. L {x+my) +s x h. 1. (a?+ry) = h. I. 
. .nx + nmy , sx+sry , , 

^^ *"^ ^ . »i J + ^_^ ' = O; hence, (« + s) x 
X -r my x-^ry ^ 

xx+(sr'\'Sni) x yx+{npi + sr) x xy+{mrn+mrs)x 

yy = 0» wKich is of the form of the .giyen fluxion ; and * 
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equating the coefficients of the corresponding terms, 
we get m, w, r, s, and thence the fluent required. 

3. Let 2x^ + 3yi + lOyy = O, where the term 
j?i is wanting. In this case, assume x-^ay^^y.y'^^A 
a constant quantity ; then m x h. L (i? + ay) + n x 

b. 1. y— h. 1. A and ^ ^H — ^=2 0, or myx + 

x-^-ay y 

«a^+ (m+n) X ^yy = ; compare this with the giyei;i 

equation , and m=3, n^2, a=i 2; hence, the fluent is 

^ + 2yY X y\ 

When yy is wanting, assume ax+y\^ x aJ* = -^. 

If the fluent cannot be obtained by the^e means, 
or any other artifices, it may be necessary to have 
recourse to infinite series (see Art. ill.) in order to 
express the fiuent, in which case it will be very useful 
to attend to the following 

RULE. 

Let the quantity whose value is required be assumed 
equal to some unknown power ^ n, of the other quantity ^ 
md let that power with it* s fluxion or ftuxUms he sulh- 
stitutedjbr their supposed equals in the given equation. 

Let the least exponents for an ascending, or greatest' 
for a descending series, of the quantity thus substituted^ 
be made equal to each otner^and thence n tvill be found. 
Or if there happen to be only one or more terms having 
the least or greatest index^ make the coefficient of that 
term or terms = O, and you get n. 

Substitute this value ofn for n, and take the differ- 
ence between one of the equal exponents, and every other 
exponent of the same variable quantity. 

To these differences, unite dewn all the least num- 
bers which can be composed out of them by continual 
addition, either to themselves, or to one another, till 
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you get as mamf terms as the required series is to be 
continued to. 

Let each of these terms be increased by n for an 
ascending series, and decreased by n for a desoending 
series^ and you have the required exponents. 

In equations tvhere the higher order of fluxions are 
concerned, the series must he assumed in terms of that 
quantity which Jlou)s uniformly, and that is known by 
observing which quantity has no second, Sgc^ fluxions. 

Ex. 1. Let the equation be a*i^ + ^' i' - «* «* = 0^ 
when )e is a circular arc whose radius is a and sine x. 

Assume %"" for x, then n%^''^z =s x, and by substitu- 
tion, the equation becomes a^n^z^^^z* + z^i^ - a*i;* 
=iOf and the indices of ^ are 2n- 2, 2n, and 0, for we 
conceive the last term a* z* to be a^ is^ i* ; and putting 
the two least indices 2ii - 2 and equal, we get ra =: i ; 
which substituted for n, the indices become 0, 2, O, 
and the differences are 0, 2, and by adding 2 con- 
tinually, we get the series o, 2, 4, 6, &c^ to which 
add M, or 1, and we get .1, 3, 5, 7) &c- for the indioesji 
Assume therefore x^^pz+q^+rz^+sz''^ + &cc. wid 
putting z = l to shorten the operation^ irap + S^^s^-f- 
5r«*+7^«^ + &c. and this squared and substituted 
into the given equation, we get 

a^ p^ + 6a^pq z^ + 10 a^ pr z^+ 14a*psz^ -^-S^c. 

9 a* 9*2;* 4-30a*pr2^+ &c. 

+ p^z^+ 2pqzl^+ 2pr«*+&c, 

-a* + q*%^+kc. 

hence (Art, 110.), c^p^'-o^ = O, 6a*pq+p* = 0, 10a' 

j»r+9a»^'+2pjf=:0, 14a'/i*+30a'pr+3/>r+J*5B»t); 

&c. and. trom the first, p = 1 ; therefore 6d^q + 1 =s o, . 

1 1 

and a = - TT-r = :r—- ; hence, 10 a*r ss — 
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1 1 

-"-——-J, therefore r=--r-— —-: ; also, 14a*/i*= -36 
2.3.2 a* 2.3.4.5.0* ^ 

^ r !f g^a 1200^ 120a* 



1 1 1 1 ^ S.U r 

therefore s 



3aa*'"24a* 60a*""36a* 360fl*' 

""l4x360a^ "^ ■" 2.3.4.5.6.70^ • *^^^^^^ ^"^^'^ 



2 . 3 o» ^ 2 . 3 . 4 . 5 a* 2.3.4.6.6.70*^^ 

Ex. 2. Let 2axif^ - ay^x + 2x^y*-2y^i* = 0. 
Assume a? = y", and ir = ny"" ', and (p being constant) 
£ s= n • (n — 1 ) . jf^^^if^ ; therefore the equation becomes 
(omitting y*) 2ajf-n.{n- l).ay'* + 2y*"-2fi*y^=:0; 
here there is only one power of y having the least 
index, therefore we must assume 2a— ri.(n— l).a=0, or 
n . (n— 1) = 2, and n = 2, and this is for an ascending 
series, substitute this for n, and the indices become, 
2^ 2, 4, 4; now the difference between one of the 
least indices 2, and the other indices is 0, 2, and by 
adding 2 continually, we get the series 0, 2, 4, 6, &c. 
and increasing these by n, or 2, we get 2, 4, 6, 8, &c. 
-for the required coefficients. Assume therefore x =« 

+ 8*y^+&c. (assuming y=l), and x = 2/i + 12yy*4i 
30ry*+56*y®+&c. also^ i* 3= 4^^ + 165^+1^53/^ 
+&C. hence, by substitution, we get 

2apy* + 2aqy* + 2ary^ + 2o*y* + &c. 
— 2apy* — 1205^* — Soarjf - 56asy^ + &c. 
+ 2;?*y* + 4p55«+ 2 5*y» 

+ 4pry^ + &c. 

— 46pry^ + &c. 
hence, 2a/i — 2a^a=0; 2 05— 12 05 + 2^*— 8/?'=rO; 
3ar-30or-f4/>5— 32^15 = 0; 20^—560^+25'+ 
4/>r-S2 5*— 48/ir = 0i from the first equation it 



S«0 
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second equation^ q = - ■ - ; from the third, r=— ^; 



appears that p may be assumed at pleasure ; from the 

— "" ^ " ; from the third, r=— ^^ 

— • 3 1 o* 
from the fourth^ s = — ^— ^ ; &c. hence, a? = /ly* - 

45 a 

3/^* 4 3p8 ^ 31;?^ ,. 
6a"^ 5a«'^ 45a^^ 

For a descending series, we make the coefficients of 
the highest powers of ^=0, or 2 - 2 «* = 0, and w = 1 ; 
and the indices become 1, i, 2, 2, and taking one of 
the greatest, 2, from all the rest, the remainders are 

— 1 and 0, and by adding — 1 continually, we get O, 

— 1,-2,— 3, — 4, &c. and these increased by ti, or 1, 
give 1, O,- 1,-2,-3, &c.; hence, assume x = py + 
jf + ry^+*y"*+&c. and we get, as before, 

2apy + 2aq + 2art/''^+ See A 
— 2ary"^ — &c. I 
2py+4/?gy + 2j*+45fry-^+&c.l = 0; 

+4pr+4psi/''^+SccA 
- 2p'y^ + 4pr + Spsy"^ + &c. J 

hence, 2p^^2p^ = 0; 2ap + 4pq=^0 ; 2aq + 2q^+ 
8jpr = ; 4 jr + 12 ps = ; we may therefore assume 

p at pleasure, and then g= ; r = — r;— ; ^ = - .> ', 

&c. therefore x ^ py + — rs — + ^ . » + &c. 

Although this rule may become sometime imprac- 
ticable, yet when it can be applied it never takes in any 
unnecessary terms. 



2S3 



o 
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Om the summation of SERIES. 

' • • • • ■ 

Prop. CII. 
To find the sum 0/ l»x + 2"x» + 3'x' + &c. . , . sV. . 

* 111 

^ , SSUME X + X* + J^ + &c. . . . af^ — 

X •" X 

= a ; take the fluxion of both sides, divide by x, and 
multiply by x ; repeat this operation, and you will raise 
the powers of the natural numbers an unit every time ; 

hence, 

* - - • . 

X ^ 
I x-jr 23f+3x^ + kc. . . .sx* = —-=36; 

l*a?+2V+3V + &e. . . . *V = ~= c; 

• '3RC 

. X 

Thus we may continue the operation to any power. 

Prop, CIII. 

To find the mm of 1.2.3x + 2.3.4x' +3.4.5 x^4-&c. 
(s— 2).(s-l).8X-*. 

(161.) Assume as before, take the fluxion, and divide 
by i, repeat this operation till you have gotten the 
number of factors, and then multiply by j;; hence, 

l + 2a?+3a?' + 4i?+&c.. ^a?'"'* = - =i; 

X 
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V 1.3+3.3'x+3.4j;*+&c....(*— l).*ir'""' = - « c; 
1.3.3«+3.3.4«»+&C.(»-S).(<-l)^«'-»=i^= d. 

Prop. CIV. 

Given ax' + bx*" + cx^** + &c. + mx""* = A ; tojind 
(p + n) X (q 4* n) X ax*" + (p -f 3n) X (q + 2n):X bx** 
+&C (p+vn) X (q + vn) . mx^*. 

(163.) Multiply the given equation by x^, and aaf** 
+ Jo?''*** + &c. = -^05'' = B\ take the fluxion and di- 
vide by i, and (p+«) x aaf^'"'^ + (p+2«) x baf*^"^ 

B 

4.&C. = —; divide by af^^, and (p + n) x «j(!^ + 

X 

(p+Sii)x&c**+&c,» -jtTYT =» C. Now multijjy tbil 

equation by afl, take the fluxion, and divide by jfi^^x^ 
and we get (p + n)x (q+n)x ajf^+(p+2n)x{g + in)x 

bx^" + &c. = ^^T • 

i:^ X 

In this manner, any factors may be introduced, by 

multipljdng by such powers of a? as shall produce the 
factors required, 

Pitop. CV. 

Let the sum of-: — - -fr'+'-r-^ — &c- ^^ infinitum 

1 3 5 

be required. 

(163.) By Art. 64. Ex. 5. j- j+^ -. &c, =; A.. A 
being an arc of a circle whose radius = 1, tangent 35 x. 

J?* x^ X 

Multiply by a:, and --- — +^ — &c. s?-4j?; hence^ 
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r: — — + ' &c. = -^ — ; — = (because -4 = ■ ■ 4 



X 



by Art. 46.) A + -r-r-; 

If X :s ]y thea 4>- ^ + 4 - &c. s= A + ^. 

Prop, CVI. 
2b ^tim series hy means of the fluent of yx^x, v 



being = A. /. - — - 



(164.) By Art. 153. the fluent of vaf'x is ^^^ + 



t^t 



n + l Vn + 1 ii. ; ; '« .^ 1/ ' 

V».+ 1 "" w + 1/ "^ (n+l) X (w+l)'*'(»+l)xn "*" 

•F***"* ■ 1 = 

J — , ,v V ' J. + &C. But V = hyp. log. •; =i: J? + 

(»+l).(n-I) "^^ ** 1— X 

^x'^+^st^+^^x^+Scc. adinfifut. hence, t;afisFaf*+*i+ 
f a*+«i + ia?*+»i + ^a?*+^i + &c. whose fluent is 

jrfl+2 -jl»+3. ^+4, ^+5 

1 : r+ — i — ^,^.4-. i ., • + gcc^ Make 

n + 2 2» (n+3) 3 . (n+4) ^ 4.(n + 5) ^ 

V 

these two fluents equal, and w^ have — 7—- K 

V^ ^^ "*• (n + 1) X (W + 1) (« + 1) X H ^ 

(w+l)x(n-l) w+2 2.(n+3). 

aj^+* ■ . * ■ 

^ , ■ . + &c. ad infinitum. 
3.{n+4) 

(165.) If j^ sir 0, then -^+-21,^.^4. &c. ad if^it. 
= t; X (a?^l)-fa?; hence, if^=l, r+r-^ + j":: + &c. 
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(166.) Since JL+-^ +^ +&C. ^ »«- v+x, 

multiply by i, and j-| + j-^ + 374 "*" *^- "^ ^^^ 




vx*— t;x + l^r-^x + |:a?* ; consequently (B) -— ^z— v 
4-- +&c. = it;a;^— t?a: + |t;— f x+l;!:*. 



' d.3.4 ' 3.4.5 

Assume } r x* — va? + J t; = O, or ar* — 2 a? + 1 = ; 

' 1 1 

hence, ar=l ; make j?=rl, and. — -— + + &c. 

— 4. 

4 11 

Let X at x^ then v = h. 1. 5 ; hence, ^ :S' "*" 

3 1 • 3 • 3 4 

X -7 + &C. =s r^ X b. 1.- - 



• T • 



2.3.4 4* ■ 32 3 64 

Let x=s J, then t;sh. 1. 2 ; hence, - — -x - + 



1.2.3 8 2; 3. 4 
)i -^ + &c. = o ^ '^^ ^- ^ "- 7?* Thus by assuming 

X and determining v from it, we may find the sum of 
the corresponding senes. 

In like manner, by multiplying Bhy i and taking 
the fluent, we shall get four factors in the denomi- 
nator, 1.2.3.4, 2.3.4.5, &c. or if we multiply by xi 
and take the fluent, we shall get the factors 1.2,3.5, 
2.3.4.6, &c. And, in like manner, we may add what 
&ctors we please, by multiplying by such a power of x 
as will produce that factor. If the Reader wish to 
see more instances, he may consult A. de Moivr£*s 
Miscel. Anal. Lib. VI • 
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Peop. CVII. 

To mm series from the fiuerd of vx» x, where V is a 
ircular arc, whose radius is unitv, and tangent " 



k* . > 



{167.) By Art. 154. the fluent of v^iis -j-j-j- + 

— L-x ( ^ — ^'— &c.:pt;Y where the sigA oft; U. 

n+1 V II « — 2 ^ 

+ or — J according as - ■ is odd or even, when n is, 

an orfrf number. But (Art. 46.) 1? =s a? - "^ +-5 "" *^- 
Hence. »..=....-^%^-^.w.o«a.„t 

isf! ^- .+_!__.-. &c. Make these fluents 

w+2 3.(« + 4) 5.(n+6) 

1 / - r ^ -a:*""* \ 

equal, and we have xlvjf'^'^+t; ;+- — n'^^^*) 

^ n+l V » . 11 — 3 -^ 

sr — ^ -I yir — &c. odinnmtum. 

w+2 3.(« + 4) 5.(» + 6) ^ 

Let -^^ be an even number, and assume t;a?*+ ' - 
2 

f; = 0,andthena?=l; hence, — — rx ( 1--; — ^i""^-) 

to — — - terms, is equal to — ---; - r-7 — 7-77 +T7rj7S\'^ 
2 '1 ,j^2 3.(«+4) 5.(n+oj 

&c. ad infinitum. 

If n=3, then -L-.^+~. — &c. adinfinitum — J 

lad *'•/ ^^y 

x(-i+i)=i- 

w + 1 

Let — -— * be an odd number, and assume n = l, 
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a?= 1 5 then v becomes ap arc pf 46° ; and we get — -5- 

1 • o 



« , 



* + ~ - i&c. «? infiniium =s W 45* - f . 



3.6 • 6.7 

If n be an even number, then (Art 154.) we get, in 
like manner, 

11+1 V n fi— 2 ^ ^ y 

^+* a^** x"**"^ 

— r;; "^ o / i ;\ + e , , >< r - &c. ad infinitum, 
n+2 3 .(11+4) . 6.{n+G) . 

where the number of terms to be taken in the first 
series i&. ^tt, the first and last 'terms excepted, and the 
sign of the last term is + or — , according as |n is odd 
or even. - 

If II = 2, and jr = 1, then t> becomes an arc of 45^ f 
and we get ~-j - 5-7^+ t-t: — ^c-^ ad infinitum « 

^.y, (arc 45'* - J + h. 1. \/2). For more upibn this sub- 
ject, see A. de Moivre's MisceL jinaL Lib. VI. 



. J 






> ■ •. ., 
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On the maxima and MINIMA of CURVES. 

» 

f 

Prop. CVIII. 

To find the nature of curves, in which some quantities 
remaining invariablcj others are the greatest or kast 
possible. 

(168,) l^ET ABC he any curvilinear area, PDf RF 
two fixed ordinates indefinitely near to each other^ 
and ^ the ordinate QE an arithmetic mean bet;ween 




them, so that En = Fmy Dn, Em being parallfl to AB. 
Now it is manifest, that the nature of the curve DEF 
roust depend upon the position of the point E, as by 
varying the position of that point, you must necessarily 
vary the curve ; upon the situation therefore of this 
intermediate ordinate, the determination of the equa- 
tion to the curve, from the data, will depend. Hence^ 
PQj Q/{, are the only variable quantities. 

(169.) Let any given quantity M be made up of 

AyB,C,D,E,&c.ovietA + B + C+D+E+kc.t:zM, 

and at the flame time let some other quantity m be 



« 
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required to be a maximum or minimum, and let the 
corresponding parts of m he a, bj c, dj e, &c. and 
then will a + b + c+d+e+&c. « m, ilf and i^ being 
expressed in terms of the same variable quantities. 
Now let us suppose all the quantities in each to re- 
main constant, except two which correspond, that is, 
let C and Z>, c and d be alone variable ; then C+ D 
is constant, and to satisfy the other condition, c+d 

must be a maximum or minimum; hence^ (Art. 21.), 
• • • • ^ ^ 

C+D=0, c+rf=0, and from these two equations we 
may get the relation of the variable quantities which 
compose them, which will be found sufficient to de- 
termine the nature of the curve. 

■ 

Prop. CIX. 

Given the points A and C, to find the curve in which 
a body will descend from A to C in the least time 
possible. 

(170.) Put PD=m, QE=nj En-Fm-a, the^n- 
stant qu antities, v = PQ = Dn, w = QR^Em ; then 
DE^^a^+v\ and EF=^Ja*+w\ .Now JB being 
parallel to the horizon, the velocities at Z), and E 

are as' „Jln and >y/w, by Mechanics ; also, the times 
being as the spaces directly and velocities in versely , the 

times through DE^ EF will be as ^ — ■ and 

^ - ; hence, as AB is given, r, ^w are two parts 




n 
of this given quantity, whose sum v\w is constant; 

also, ^^—i^ and — 5^+5! are the two correspond- 
\/m \/n 



ing parts of the minimum, whose sura 



x/ a» -h rS 




m 



- = minimum (Art. 169.) ; hence, v+HusnO^ 




n 
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VV WW 

and 

' mx 






w = — ^ ; consequently 

= 0^ and 



w 





nx s/a^'\'W^ * y/mx s/a^+v^ 



w 



nx. ^/cF+w^ 




; now these are two similar quantities^ 



which express (in their ultimate state) the fluxion of 
the abscissa divided by the square root of the ordinate 
X fluxion of the curve ; two successive values of this 
quantity therefore being equal to each other, shows the 
quantity"- itself to be constant ; hence, put AP = a?, PD 

A 1 

=v, AD=Zy and we have —7= = —7=- a constant 

quantity, which is the property of a cycloid, the 
diamel^r of whose generating semicircle is r. 

Prop. CX. 

To determine the nature of the curve AC whose 
length is given, when ifs area is a maximum. 

(171 -) The same notation remaining, we have DE 

+ EF= ^a* + t;* + \/a*+w? a constant quantity, the 
sum of two parts of the given curve line AC; also, 
mv + nw is the sum of the two corresponding parts 
of the maximum; hence (Art. 169.), mt7 + wa> = 

VV wib 

max. .". ma; + wie; = 0, and — 7=r==^H — .- , ■ =0; 

Va +«* ^a^ + w^ 

, mv . ^, x- ^'^ mwv 

hence, = - w, therefore , - — , = o, 

n ^a^+v^ n^ToF+vf ' 

V w 

consequently — 7=fT=% = — / ^ o ; which being 



i 
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similar quantities, we have — r = - a constant quantity, 
or ri^=^ yz the equation of a circle by Art. 46. 

Prop. CXI. 

Let the mrface of the solid generated hy the revo- 
lution of tJie cuf^e AC about AB be given ; tojind 
the nature of the curve, when the solid is a maximum. 

(173.) Put p = 3,14159 , &c. then (Art. 56.) 2pm x 
a* + v* + 2pn\/d* + w* = the sum of the two parts of 
the given surface generated by DE + EF, a constant 
quantity; also, pm*v+pn^w =^ the sum of the two 
corresponding parts of the maximum, generated by 
PQEDj QRPe ; hence, /?m*t; +/>n*«i; = max. .•. 
(neglecting the constant multiplier p)m^v+n^ = 0, 

mvv nww , . m*v 

and -7===+— p===. = O; hence, w = - — r, 

which substitute<l for w in the second equation, ^e get 

— / ^ = — ===== which are the same quantities 
m^a^+v^ n^a^+w^ 

as iti the last case ; hence, the curve is a circle. 

Prop. CXII. 

To find the nature of the curve which generates 
a solid of the least resistance, when moving in afimi 
in the direction of ifs axis, ifs greatest diameter BL 
and length AC being given. 

(173.) By the Principles of Hydrostatics, the resistance 

against DE is as -5 ^ , and against EF as -5 — -^ ; 

hence, the sum of the two parts of the quantity whidi is 

to be a mmimum = — rH -; also, as AC is 

given, v+Wj the sum of the two corresponding parts 
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of the given quantity^ is constant -, therefore — 







Sno^inab 



= O, and V + w = o ; hence, v 



marv 



— <b ; consequently, by substitution, / « . »\« ~ 
r g v^v^ , which being similar quantities, we have 

-j^ = r a given quantity, which is the fluxional 

equation of the curve. 

That the curve does not meet the axis at A, ap- 
pears from hence ; y =r x tt-t = r x -fT-= — rr-, where 
'^ ^ if^x En^x Dn 

the numerator must evidently be greater than the 
denominator, and therefore y must be greater than r. 

( 1 74.) If the greatest diameter BL, and area BMNL 
be given, then mv^nw will be given, consequently mv 

+ nib = 0, which gives ^rj- = r, the equation of the 

curve. 

. If the greatest diameter and hulk be given, then in- 
stead of tJ-f-ic; being given, |>w*i? + fv^vo will be given 

(Art. 169.) ; hence, m^v + vPiv = o, which gives 2-^ =s 

yz 

r, the equation of the curve. 

B 2 
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Although PDEQ, QEFR are here taken as in- 
crements, yet we reason upon them as fluxions, con* 
ceiving their limiting ratio to be taken, and conse- 
quently the conclusions are mathematically true. 

Prop. CXIII. 

To Jind the nature of the curve AC, so that a body 
may move from A to C in the least time possible^ the 
velocity at any point D being as DS^, S Imng any 
Jixed point. 

(175.) Let DS, FS^ be two given distances including 
a given angle DSF, draw SE, and Dn perpendicular 




s 

to SE, and Em to SF, and let En=m F. Put SD = 
m, SE = n, En = Fm = a, the constant quantities, Dn 
=^ v,Em =: w the variable quantities ; then DE = 
^a^+v' and EF = ^a^ + w^ ; and the time of 

describing DE = ^ — ^ — > and of EF = ^ — ; — ; 
^ m n 

hence, ^'^^^ + n/Z+? = max. and it's fluxion 
' m*^ ri 

== + y , = O ; but the L DSE is 

mV a^ i- v' ^ n'^a'+w' 

measured by — , and Z ESFhy^; therefore — + 7 

= Z D^SF, and — + - = O; hence, nv = — —-, 

vv *nwn) , 
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V w 

~rri — / . o = T~l — / , , ^ ; that is, if SD = x, 

^D^Zy Dn^yy then J^p = -^rj a constant quan- 
tity. 

If r= 1^ then '^ is constant, and the curve is the log. 

spiral. 

If r = 2, then cy ^ xk^ and the curve is a circle. 

There are several other methods of solving this kind 
of Problems, but perhaps this is the easiest for the 
young Student^ as showmg more clearly how the steps 
bear upon the question. From this, however, another 
method presents itself. 

We have already C+Z) = 0, c+rf = 0. Now 
consider C to represent, for instance, PQ, and 2), QA, 
vrhich two quantities are denoted by v and w, then C^ 
c, the corresponding parts will be represented in terms 
of V ; for if the second series represent, for instance, 
the corresponding incremen ts of the curve, then c will 

represent DE^ which = tj d^ + t;% and thus in all 

other cases ; hence, for C put Vy and for c put a v ; 

for D put *iVy and for d put finv ; we have therefore 
^4.^=0, av+j3w=0 ; or m^ + mw = O, and wa^ 
4-91)3^=0, where m, w, may be any numbers, posi- 
tive or negative. Hence, (in+wa)xi;+ (w+w)8) X 
w = O ; and making the coefficients of each term = O, 
we have m-|-na=0, m+n)3=0. Now {m+na) x v^ 

mC-i-nc which therefore =0. Let x = AP, y = PD, 
s; ^=:AD ; then from what is already done, y is constant, 
and also y (a), and x only is variable, and represents v ; 
hence, v=^x ; which in the equation (iw + w a) x 5c = O, 
may be omitted, and we may put m + ^ ce = 0% 
Thence^ the following 
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RULE. 

Multiply the correspondent Jhucions (6, c) hy ra and 
n, and make the sum = 0, and you get tlte equation of 
the curve. 

You may put one of the quantities m orn, = 1 5 and 
the other negative, in the case of two quantities, as 
generally more convenient. 

Ex. 1 . Griven the abscissa, to find the curve^ when 
the lime of descent upon it is a minimum. 

Vxit x^AP^y^PDj z^AD; then, C represents i, 

and the time down i; is as -j = -^ ^ ^» which repre- 

y* yi 

nix I 

sents c ; hence^ (if m= l) if — "i y t% = 0, and y^ 

z s= niy which is the property of the cycloid. 

Ex. 2. Let the length of the curve he given^ tojind 
the area a maximum. 

Here C=« = \/i*+y* is given, and c^yx ; hence, 

. .« 
mx oc 

/ . ■ .^ — ySc = 0, and mx =■ yz the property of a 

circle by Art. 46. 

If the area had been given to find the length a 
minimum^ the same conclusion would have followed* 

Ex. 3. Let the abscissa be given, and the suffaee n 
maximum ; tojind the curve. 

Here C^x, c- 2py\^ x^+y" ; hence, (leaving out 

yxic , 

the 2p), mx - -t p:— - = 0, and mz^^yx, the property 

of the circle. 

We may also apply thi» to spirals. Let us take &e 
Example m page 205. V\xtyz=^SD, xtgiJ)ny%=DJBi 
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• * t 



then C=-, c» ^ , "^ ; hence^ . / ., . ., =9» 

and J . = m a constant quantity. 

If instead of supposing a maximum or minioiuptiy 
and (me given quantity, we suppose more given quan- 
tities, then we must conceive each quantity to be in 
like manner divided into correspondent parts. For 
instance, let there be two given quantities; then this 
new given quantity we represent by fl' + ft' + c'+if+e' 

+&C. and hence, by proceeding as before, 9*C+nc+ 

pc'=0. Here we interpose two ordinates between PD, 
RF, and besides v, to, we shall have another increment 
t, and so on. 

Ex. Criven the abscissa, the length of the curve, and 
the time down the cwve a minimum^ tojind the curve. 

Here C=i, c = i = v/^+^«, and c^ = ^ = 2l^j±4' 

» 
. nx 

a maximum. Hence, (leaving out x) m- > \^ + 

▼ X + y 

px I 

^^1^7^— =0; or (fiy*-/^)*xi»=m'yx(i«+y')the 

equation of the curve. 

In any c urve re ferred t o an ab scissa and orclipatey 

*. yf5 « {Ji*+y% ipy^^+y^9 py'ij represent the 
fluxion of the abscissa, area, curve line, surface of the 
solid, and solid respectively; let therefore these con* 
aidered as given quantities, be represented by C, c, 
c^, (f\ d", and let M represent the maximum or mini- 
mum; then by the same reasoning it appears, tliat 

mC'\'nC'\'pd'\'qd' ^rd'' + ikf = 0. Or without M, 
we may suppose one or more of the other quantities to 
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be given, and some one a maximum or minimum. 
Thus we get the equation of the curve. 

It is supposed that x does not enter into any of the 
quantities here employed ; it does not enter into Q Cy 
dy d\ c'" ; if therefore it does not enter into il/, the 
above equation will hold good ; when x enters into M 
it is not so easy to arrive at a general rule, although 
particular cases may be frequently solved. 

There is another method of solving Problems of this 
kind, which we shall here give, and the Reader may 
take his choice. 

Prop. CXIV. 

• • • 

het y be given ; then when A z — Bx is a mctximum 
or minimum, A x = B z. 



Here Az «— B^z^ - i/^ is a max. or min. hence 

. Bzz 

(putting X for ^i*-y') A% r— = 0, therefore 

Ax = B%. 

Ex. 1. Given the points A, C, and the length of the 
curve AC ; to find when the area ABC is a maximum. 
(Fig. Prop. 108.) 

As A and C are given, the point B is given ; hence, 
the fluent of x is given, or of ai ; also, the fluent of «, 
or of hzj is given ; and the fluent of ^x or of cyi\%z 
max. hence, ii — (a + cy) x i = max.' it being the 
addition of constant quantities to that quantity which is 
a max. Therefore 6i = (a+cy) x i, an equation to a 
circle. The quantities a, 6, c, are determined from the 
given circumstances. 

Ex. 2. Given the base AB, and length of the curve 
ACB ; to find the curve, when the centre of gravity 
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2$9 



lies at the lowest point pomble from the hxyrizonlal 
base AR. 

Let DC be the axis, CE * x, EF^y, CF^z; then 
the fluent of ay is given, the fluent of J i is given. 




and (Prop, aj.) if /=the length of the curve, the 
distance of the centre of gravity below D = — ^ — = 

a min. or fluent ca^irrmin. ; hence, ay— (ft + ca?) x i 
= min. therefore az :=r {b + ex) x y ; but when 
J? = O, y ^ &, and hence, a=,hy and putting c = 1, 
a i; = (a + ^) X y an equation to the catenary. 

The reader will perceive that here, y takes place of 
Xf and X of y. 

Ex. 3. The points A, C, 6ef«g^ gtveUj and length 
of the curvej to find wfien the. solid generated about AB 
is a maximum. 

Here the fluent of ai, b% are given, and (Prop. 22.) 
the fluent of py^Xy or cy^x is a max.; hence, ii — 
(a + cy) X i = max. therefore 6i = (a + cy^) x « an 
equation to the elastic curve. 

It is here understood that a, 6, e, denote coefficients 
either positive, negative, or may be made to vanish; 
and that the max. or min. has other given quantities 
annexed to it, and therefore such a quantity still 
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remains a max. or min. To express the equation 
more generally , we may assume (a'\'by+cjf*+&jc*) 
X i = (p + jy + ^y + &c.) X z. By this method 
there is no occasion to have recourse to fluxions of an 
higher order, or to resolve the curve into a number nf 
indefinitely small parts. 



351 



Sect. XIII. 



MISCELLANEOUS PROPOSITIONS. 



Prop. CXV. 

Given the signeE^ of an arc ARofa circle ; tojind 
the sine of n times AB. 

(176.) LjEt jiB=x,znd AKsinz; putOB=sl,yss 
OE the cosine of AB, v = the sine BE=\/\''-fi 
d;=the cosine OGot AK, then <^l*—i*s= the sine GK 




of AK. Now (Art. 46.) a : -y :: 1 r -v/l*-y*, .'. » = 
; for the same reason, the fluxion of nZy or 



-y 



./V^ 



— X 



n% = 



x/l*-a?^ 



; hence^ 



X 



^/F-^ 



; mul- 



tiply both denominators by v^— 1, and y ^ - 
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•^7===, whose fluent (Art. 45.) is h. I. (x+ V^- 1*) 

= w X h. 1. (y + >/yn'7^) ; hence, (Art I09.) x + 
V^ai'-l'sy + Vy" - I'l" = (Art. 34.) y + «^ 



n-l 



V7rr« + n.^.y'-'x(y»- l')+n.~i.^ .y»-'x 

\^y*— l^'x (y*- 1*) + &c. Now as this equation con- 
sists of quantitie s, partly possible and partly impossible, 
V^x*— 1* and sjy '- 1% being impossible, it is manifest 
that the possible and impossible parts must be respec- 
tively equal. Hence, assuming the impossible parts 

n- I 



equal, we have, V^a?*— 1* = wy'*""'^/y* - 1* + n . - 
n— 2 



3 



1/"-' X V/~ 1* X (y« - 1*) + &c. Multiply both 



sides by^ — 1, and >/ 1* - a^ ^ny'"'^,^ l^ - y*+n. . 

_^yn-3 ^ ^i2_y X (y' - 1*) + &c. = (because v = 

V^I*— y, and — t;'=y*— 1*) wy""*t; — n. . — — 

yn-3^3 ^ gjc. the sine oiAK. 



Prop. CXVI. 

ft 

Given (W before, to find the cosine of AK. 

(1770 Assume the possible parts of the above equa- 

w— 1 
tion equal, and we have x=y*+w . y"""* x (y*— 1*) 

n— 1 
+ &C. = y" - « •— r— y^'V + &c. the cosine of -^^if. 



miscellaneous propositions. 2&s 

Prop. CXVII. 

Given as before, tojtnd the tangent of AK.. 
(178.) Put f s tangent of JB, then by Plane Trig. 

^ = -, radius being unity ; hence^ the tangent of AK— 

sin. JK wr"'«^- w."^.— .y"" V + &c. ^ 

COS. AK tT^ * ' ^' 

y'^-'fi, y'*-*!?' + &c. 

dividing the numerator and denominator by y) 

jf 2 3 y3 ^ 2 3 

1— «. .-- + &c. 1— w. — — -r + &c. 

2 y* 2 

Prop. CXVIIL 

7b resolve y^ - Sxv'' + i*°=o i«fo lY'^ quadratic dm-- 
^ors, the limits of x being + 1 anrf — 1 . 

(179.) Retaining the notation in Art. 176^ we have 

i?+\/^-l*=y+\/^*~ vX^ Put v = y + Vy*-1* ; 
transpose y and square both sides, and we get t?'— 2y v 

= - 1% .•• p" - 2J/V + 1^=0. Also, if = x+V^*-l* 5, 
hence, by transposing a?, and proceeding as before, we 
get t?*" — 2a?t;'*4-l = e, the given equation, of which 
we have one quadratic divisor v* — 2yv + 1* = 0, r 
being the same in both equations. Now if to the arc 
AKj we add 36o®, 2 x 36o% &c. we shall come again 
to the same point AT, and consequently we shall have 
the same cosine, or .r; hence, x is the cosine of 
JK, 360° + AK, 2 X 360° + AK, &c. But y is the 
cosine of an n^^ part of that arc whose cosine is x ; 

. . .u • r^^ 360^+^JSr 2x360*+^A: 
hence, y is the cosme of . , ^, 
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&c. which cosines call Gy ft, c, &c. substitute therefore 
these values for j^ in the equation t;' — 2^t; + 1* = 0, 
and we get t?'-2at; + 1* = 0, v*— 2ftt;-f- 1* = 0, v*— 
Her + 1* == 0, &c. for the quadratic divisors required ; 
henc«,(v*-3at;+l')x (t>*- 2ftt;+l*)x &c.=t;*»-2xi/* 
+ 1% retaining the power of the radius in the last 
term. Although there are an infinite number of arcs 
whose cosines are jt, and consequently an infinite num- 
ber of corre^nding values of y^ yet there are only 

AK 

n different values of j^; because^ after taking n arcs. 



n 



— > &c. the same cosines will return again. 



n 



If a? = ± 1, or if AK be taken equal to the whole 
circumference, or half the circumference, the equation 
becomes v** + 2^" + l** = 0, whose square root is 
t;* + 1** = ; now as every equation which is a square, 
must have to every root another equal to it, the equa- 
tion i>* =F 1* =ft O must contain the same roots as «^ =;= 
2t/*+ 1*^=0; the roots therefore of «;*=!= I'^sO are ftmnd 

in like manner. 

(180.) Hence, we may find the quadratic divisors ci 
t;«» — 2a?r"ty*+r*'» = O, which is the equation t;*" — 2xtf 
4- !*• ss 0, having it*s roots multiplied by r (Alg. Art. 
286.); multiplying the roots therefore of the above 
quadratics by r, we have v^-^^arv + r" = 0, t;* — 2irt; 
+ r*=0, &c. for the quadratics required. If AK = 9^? 
then a? = 0, and the equation becomes v^+r^ s= O. 

LEMMA. 

Let 1 — 2«t^+t;**=0, a recurring equation, have it's 

111 
roots m.p^q... — , -, - ; and assume (Art. 179*) 1 - 
^ ^ m p q 

axv"" + t;"* = (1 — 2at; + t;*)x (l -2bv + t;')x&c. =« 
(1 - mv) X (1 —pv) X (1 - qv) X &c. hence, mp = 1, 
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m+p=z2ay &c. &c. Now v"-^ -- = 2a?; for n put m, 

and m'* + — -=s2x, orm"+»^=2j?, where a: is the co«in0 

of an arc which is to the arc whose cosine is a, as n : 1 ; 
for the same reason m**"* +p''~'* = 26^ if e be the cosine 
of an arc which is to the arc whose cosine is a, as 
n— 1:1. In Uke manner, jr = i, q + r ts 2b; and 
putting y in the place of e, 5f"*+r'^ = 2j?5 5«»""^+r**""*=a 
2^; and so on. 

Prop. CXIX. 

To resolve - — - — — ; — 5- into -— — ""^ , — 1 

1 — 2xv'*+v*'' 1 — 2av + v' 

. ^ + &c. X being the same as in the last 

Proposition. 

(181.) As 1 — 2j?t;"+t;-'*=(t;-m) X (v-j»)x(t;— 5f)x 
x^ take the fluxion^ divide by v, and make v ^ m^ and 
we get 2hm*'*'"^ — 2na?m'*"' = (m—p) x (m -^ ?) x &c. 

. 1 ^ 5 C 

Assume - — - — — ±= + + 

1 — 2a?t;'* + t;*'* 1— mv l—pv \—qv 

&c. = -' — — — ^ h &c. reduce the former 

1— 2at;4-t;* 

to a common denominator, and Ax {I —pv) x (I - 51;) X 
&C.+ Sx (1 — mv) X (1 - gv) x &c. + &c. = 1 ; let 

_ I , . 2nm^''^-'2nxm^''^ 

1— mt; = 0, andt;= — <; hence, -4 X srzi — : 

' m m^ ^ 



ni" 



= 1, and A = — . For the same 

2nm'' — 2nx 

reason, B = ^ ; hence, ^ -h iB =» 

2wp'» — 2wx 
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for m + fy 2x for wi* + /?", and reduction) -• Also, 

J p 2ot X (m+p) X my — 2nxpm x (wi*~' +p^'"') 
^ "" 4w*x (jp**— a?)x (m*-j7) 

c= (by the lemma and reduction) ; hence, + 

^ '^ ' rt'-nx l-^pv 

1 a— ex 

5 n n-nx^ ^^ ^, 1 

= 5- • Consequently : , , ^ - 

l-^qv I-2at; + t;^ ^ -^ 1 — 2j:ty+t;** 

1 a^ex 1 h^fx 

JCIE^lll +^IIE^ll^ + &c. where / is 
1— 2flv+r' I— 2it; + v* 

found from i, in the same manner that e is found 
from a ; and so on. 

(182.) If X be negative, the given quantity becomes 
I 



%H 



l+2xt;^ + t; 



(183.) In like manner, ^ will be found equal to 

H + &c. where A = -, S = -, &c. and if 



1 — mv l^pv n n 

(1 -mv) X (1 — »v)=l - 2at?+v*, then ; V 

^ ^ ^ ^ ^ 1 -mv l^pv 

2 2a 

X V 

= . and so on : n beinsc an even number. 

If n be an odd number, then of the equation 1 + v" = 0, 
one root = ^ 1 ; hence, 1 + 1; = O is one of the simple 



MISCELLANEOUS PROPOSITIONS. 857 

^uations : and as the other part is made up of quadra^ 

2 2a I 

ics, we have , . ^ — + &c. + • 

If n be i^n odd number, the equation 1 — i^* = O 

contains one simple equation^ and • quadratics. 

Mow the equation 1 - v" = o, has one root = 1 , con- 
sequently the simple equation is 1 — v = O. .Hence, 

2 2a 1 , 

- X t; — 

Inn o w 

+ &c. + 



I — r" l-2ai? + v* l-hV 

If n be an even number, 1 — 1>^ = O has two roots, 
— 1, + 1 ; therefore two of the simple equations will 

2 2a 



X V 

Inn 



je 1 -t;=o, i+t;=:o. hence, r=-: ; — ^ 

1 1 

n n 



+ &c. + 



1 —v 1 + t; 



Prop. CXX. 



Let F = - — - — s- to find F, x bdng constant y 

ind the same as in the last Proposition. 

(184.) Retaining every thing as in Art. 181. we have 
1 . a — ex . 1 . b-^fx 

l+2at;+i;* l-2ftt; + i;* 

Suent of each of which quantities is found as in 
Art. 139. 

s 
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Prop. CXXI. 



V 



Let F = , n hews an even number ^ to find F. 

2 . 2a . 2 . 2 b . 

(185.) By Art. 183. F^^ ^—^+- ^"^ , 

+&C., whose fluents are found by Art. 139- 

3 . 2a . 

^V VV 

If n be an odd number, then F = ; 

l-2aV'\'V* 

1 . 
- V 
n 
+ &C. H , whose fluents are found by Ait. 139. 

I +v ^ 

and 45. 



Prc/p. CXXII. 



Let F=- J, n being an even number, tojind F. 

2.2a. 1 . 

^v — — vy -'y 

(186.) By Art. 183. F='? ^^ -+ &c. + .^— 

^ -^ l-2at;+t;* l-r 

1 . 

4--^-; — , whose fluents are found by Art. 139. and 45. 
l-f-r ^ 

If n be an odd number, we have F = 
2 . 2a . 1 . 

-«y — , VV "V 

n n n 

' -— X + &c. H , whose fluents are found by 

Art. 139. and 45. 
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Resolve 



Prop. CXXIII. 

Z^^F=-^. toJindY. 

1 ± x**' ^ 

1 A-^Bx 



l+of* 



1 — 2aa? + ar 1 —a? 



1+a? 



9 the two last terms to be taken in according to 



^ - -f &c. + 



circumstances ; hence, F= • ; 

' 1— 2aj? + a? 

Psifx PtXfx 

1 f- -r-: — , and F is found by Prop. 7 1 • 



Lett = 



Prop. CXXIV. 

X 



, to find F. 



^ax'+x"* 
Put aa:^+a5" = a?*;8*, then ;g" — 1 = a of""'*; hence. 



II 2*" '55 



^ and JP=— =-^ 



JEI — w 



g'^-'g 
««-l* 



and -Fis found by Prop. 72. 

Prop. CXXV. 
To demonstrate Cotes's properties of the circle. 

(I87.) Retaining every thing as in Art. 179* we 
have ti*^ — 3;Ft;'*+ 1*** = 0, of which, v* - 2j/ v + 1* = O 




S3 



260 MISCELLANEOUS PROPOSITIONS. 

is a quadratic divisor. Assume any point P, and draw 

PB, and put t; = PO; then BO'=BP^^^PO^ + 2P0 

xPE; that is, V=^BP'W+2vx{2/-v)=BP*^v' 

+ 2yv; hence, SP*=t;*-2yt; + l«. Also, y is the co- 

.„^ n AK 360° ^AK 2x 360'' +AK ^ 

sine ot -— , ^ — &c. whose co- 

n ^ n n 

sines are a, ft, c, &c. and (r* - 2 ai? + 1^) X (v* - 2 fct; + 1*) 
X &cc.=:v^'^2xv^ + V\ Now let ^AT be the whole cir- 

C 2C SC 

cumfel^nce C, then the above arcs are — , — , — , &c. or 




the -,-,-, &c. parts of C; that is, if the whole cir- 
n n n '^ 

cumference C be divided from A into n = parts at B, 
C, Z), &c. then the cosines of the arcs AB, ACy ADj 
&c. are a, 6, c, &c. and j? = 1 ; hence, from what we 
have already proved, PB^ = r* — 2 ar + 1% PC*' = v* — 
2bv+l\ PD^ = v^"2cv+V, &c. consequently PjB* 
X PC X P/>* X &c. =1;*'*- 2t;~+ 1^" ; hence, by taking 
the square root, we get PB x PC x PD x &c. = v* 
- I^ or I»-t;'*=PO*-^0% or AO'^-PO^ accord- 
ing as PO or AO is the greater, or according as P is 
without or within the circle, for every thing holds the 
same whether P be within or without. This is one of 
the properties of the circle. 

(188.) Let these divisions be again divided into two 
equal parts at 6, c, d^ &c. then the whole circum- 
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ference will be divided into 2n equal parts^ and there- 
fore from what is already proved, Pb x PB x Pc 
X PCx Pdx PD X &c.= .^0^'^- P0% taking P with- 
in, for instance; divide this by the above equation, 

. , PbxPBxPcxPCxPdxPDxkc. 
""^ ^" set, PBxPCxPDxSkc. = 

PO^y which is the other property. 

Prop. CXXVI. 

Let AP be the abscissa of any cu7ve^ PMNQ an 
ordinate revolving about anyjixed point P, and cutting 
the curve in as many points as it has dimensions ; and 
draw the tangents My, Nx, Qw, &c. then will 

p— -b p — h p — h &c. {the sum of the reciprocal sub^ 
tangents) be a constant quantity. 

{ 1 89.) Let the equation of the curve be y" - (a' + Vx) x 
y^-' + ^c.+j^af* — jx^^'+Scc. =0; and corresponding 
to j4P the abscissa (a?), let a, i, c, &c. be the values 
of y ; then (Wood's Algebra^ Art. 271.)ax6xcx 
&c. =jE>a^ — 5ra?^"^+&c. take the fluxion of each side. 




and abc &c. + 6ac &c. + ca&&c. + &c. = nj»a?^""'i — 

(»- 1) xya?""**^ + &c. divide this latter equation by 

. • • 

the former, and we have — + i + - + &c. =5 

abc 
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npaT-'x - (n - 1) X g af"- * x + Sec. . a . 

par-qif^-' + Scc. ' "*"**' ax ^ 

t-tH — : + &c. = -^- i y^ o ' ; but 

ox ex l^jj^-ja;"""* +&C. 

• • • 

(Art. 23.) — r -T-r, — T, &c. are the reciprocals of the 

UXy OX CX 

flubtangents Py^ Px, Pw^ &c. ; hence, (dividing the 
numerator and denominator on the right hand side of 
the equation by p, which will not alter it*s value) 

njf*"' - (w - 1) X ^oT'^ + iic. 



P , « Pu Px Pw 

? 
But {Algebra^ Art. 523.) the roots of the equation 

ar"—2x~-^ + &c. =x Oare AB, AC^ AD, &c. what- 

P 
ever be the angle at P ; hence, (Algebra, Art. 27 1.), the 

coefficients of j:^ — ^af*~^ +&c. are constant; and if P 

be assumed a fixed point, x is invariable; hence, a;"""* 

ia:»'-«+&c. is constant, and wof "** — («- l) . ^ a?*"* 
p ' ^ ' p 

+ &c. IS constant ; therefore the sum of the reciprocal 
subtangents is a constant quantity. 

Prop. CXXVII. 

(xiven the arc of a circle ; to find it^s sine and cosine. 

(190.) Put the radius OA = r, the arc AB = «, it's 
sine BE = x, cosine OE = y, and produce BE to D ; 

then (Art. 46.) i: - ^r :: r : a? = •^^. Now corres- 
ponding to the same value OE of y, « may be either 
AB or ^D ; but the i^rc beginning at A, if we con- 
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sider AB as positive, JD will be negative, therefore 
every positive value of z* has a negative value equal 
to it ; hence, by the note, if we assume y in a series of 
the powers of a, only the even powers of z will enter* 




Assume therefore j/=:r-i'az^ + bz*+cz^+.&c. the first 
term being r, because when ;s = 0, y = r ; hence, y = 

2azz + 4bz^z + 6cz^z + &c. therefore x f^ = — t-~) 

= — 2ra^— 4ri;s'— 6rc«* — &c. and i = — 2raz — 
SMrbzH-b.Grcz^z - &c. But (Art. 46.) z : x :: 
r \ y% hence, y% = rx^ and yi — ri? = O ; now in this 
equation, instead of y and x substitute their values 
above found, and we have 

rz+ az^z-^- ^^*^ + ^^-l _i.v. 

2r^az +3.4r*i««% +6 .6r*ca*i + Sec.) "" ' 

hence, (Art. 110.) 2r^a+r = 0, 3.4r'i+a=0, 5.6r*c 
-f-i = O, &c. consequently a c= ; h = 



2r' 3.4r* 

2X0^-" = 5^^ = 2.3.1.5.6/^ - &c.hence,y:^ 

* If every positiTe value of z have a negative value equal to it, 
the equation whose roots are those values of z, veill have only the 
even powers of «; for if 2= a, «= — a, then 2 — fl = 0, z+o=0, 
and consequently the quadratic from these two will be 2* — a* = ; 
and as every sjich pair of roots will form a similar quadratic, it is 
BfMmifest, chat the equation formed by the multiplication of these 
quadratics, will contain only the even power of z. 
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r— — + ^^ , . o . e r? < +&c. Also, — 2ra=l; 

- 4ri=-— -i ;^ - 6rc=-—-——:T\ &c. hence, « = « — 
2.3r* 2.3.4.6r** 

-I — &c. 

2.3r^^2.3.4.6r* 



Prop. CXXVIII. 

Tojind the sum of the series 72 + xr + "5^ + &C- 
ad infinitum. 

(191.) Put the radius JO = 1, EB = x, AB — z; 
then (Art. 190.) j? = ;s - -?- + J^ -&c. Let 

2 .d 2 .o • 4.5 

a? = 0, and then z -+ — — &c. = O, or 1 — 

' 2.3 2.3.4.5 

z^ £^ 

+ — r - &c. = 0, the former equation con- 



2.3 2.3.4.5 

taining one root = 0, it being divisible by z, or z^O, 

{Alg. Art. 268.) which is taken away by dividing 

by z. But if c = the semi-circumference of the 

circle, the other values of «, corresponding to j? = 6, 

will be 1 c, 2 c, 3 c, &c. ad infinitum^ and by taking 

the arcs in a contrary direction, they will be — 1 c, 

■—2 c, -3 c, &c. ad infinitum {Algebra^ 47 1.); hence, 

these values of z are the roots of the equation 1 «* 

<g« g* 1 

•i — 7—- — &c. = 0. Put ;s = - , and the 



2.3 2.3.4.5 y 

equation becomes 1 - — -- — - + ^ , ^ ^ - . — &c. 
^ 2.3.y* 2.3.4.5.y* 

= 0; multiply it by y*, and it becomes y'*— ' ■ ■ 

1.3 
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H ^ &c. = 0, which equation contains n roots 

2 • 3 • 4 • 5 

= O, the other roots remaining the same. But as y = -, 

the values of y are — , — , --, &c. and — — -, — ;r'> "" T"> * 

^ Ic 2c 3c Ic 2c 3c 

&c. ad inf. Now {Alg. Art. 352.) the sum of the 

squares of the roots of the last equation is ^ ; and the 

squares of the positive values of y being the same as 

2 2 

the square of the negative values, we have --5-5 + -■ > ^ 

2 1 111' 

+ 3^ + ^ «w/:=3> consequently - + _ + -^ + &c. 



c* 



CoR. 1 • In like manner we may find the sum of any 
of the even powers of the reciprocals of the natural 
numbers, by assuming the sum equal to it*s value 
given by the same Art. in the Algebra. For instance^ 
the sum of the fourth powers of the roots of the 



equation is^^; hence, ^^ + ^^+ A + &c. = i 



45 • 



consequently _ + 1 + ^^ + &c. =|^. . 

The sum of the reciprocals of the odd powers cannot 
be found by this method, because the odd powers of 
the negative roots destroy those of the positive. 

..Ill c* 

CoR. 2. By transposition, 75 + ^ + rr + &c. = •» 
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1 C* C* 

^jt X ^ = T . And in like maner. we may find the 
^08 

sum of the reciprocals of all the even powers of 1, 3, 

5^ &c. 

Prop. CXXIX. 

Supposing the force of gravity to vary as the vt"^ 
power of the distance from the centre of the earth, and 
the Compressive force of the air to vary as ifs density ; 
to find the density of the air at any altitude above the 
surface of the earth. 

(192.) Let the radius of the earth = 1, jr = the dis- 
tance of any point above the earth's surface from the 
centre, v = the density of the air at that point, the 
density at the surface being unity ; h = the altitude 
of an homogeneous atmosphere. Now it appears by 
experiment, that the compressive force of the air in the 
atmosphere, varies as ifs density ; consequently the 
fluxion of the compressive force must be to the fluxion 
of the density, as the compressive force is to the density^ 
and this ratio is the same at all altitudes. Now at any 
distance x from the earth's centre, the fluxion of the 
compressive force must be in proportion to the force of 
gravity, the density, and the fluxion of the altitude; 
hence, af^vi has a constant ratio to — v, writing the 
latter fluxion with the sign — (Art. 16.), because 1; 
decrease as x increases ; and according to this repre- 
sentation of the compressive force, h will represent the 
compressive force at the surface ; for at the surface, t; = 1, 
If* = 1 , and this force is supposed to be the same for the 
height h; therefore for the homogeneous atmosphere, 
where v is constant and = 1, the fluxion af^vx becomes i, 
and the fluent is x, and it becomes h for the whble 
altitude. Hence, h : I :: jf'vx : - v, therefore af* i = 

-Ax -, and = —Ax h. 1. v+C; but when^sl, 

v' n + l 
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t;=l, and this equation becomes = C; hence, the 

correct fluent is = — A x h. 1. v H , cbnse- 

quently — = A i: h. 1. r, an equation expressing 

the relation between the altitude and density. 

Cor. 1 . If we suppose the force to vary inversely as 
the square of the distance, n becomes — 2 ; hence, - 

X 

— 1 = A X h. L v; if therefore a? increase in musical 
progression, - will decrease in arithmetic progression, 

and consequently the h. 1, v will decrease in arithmetic 
progression. 

CoR. 2. If the force of gravity be supposed con- 
stant, w = ; hence, 1 — x = A x h. 1. i; ; and if x in- 
crease in arithmetic progression, then 1 — j? will de- 
crease in arithmetic progression, consequently the h. 1. 
V will decrease in arithmetic ^progression. 

Prop. CXXX. 

To Jind the time in which a vessel A^CD filled with 
a fluid, will empty itself through a very small orifice 
m at the bottom. 

(193.) Put a = 32i feet = 386 inches, x = mn the 
depth of the fluid at any point of time, % = the area 
of the surface PQ of the fluid, m = the area of the 
orifice, t = the time in which the surface of the 
fluid descends from P0, to BC. Now it appears 
by experiment, that the velocity of the fluid at the ori- 
fice, is that which a body acquires in falling down \ x, 
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supposing the orifice to be very small compared with 




the surface of the fluid ; hence, by Mechanics, ^/i ^ 

• n/I" ^ '' ^ ' ^ax = the velocity (per second) at the 
orifice ; and by the Principles of Hydrostatics^ z : m 



m 



aa? : — X ^Jax the velocity with which the surface 



descends ; hence, (Art. 82.) / = 



X 



zx 




z ^ 



the fluent of which, corrected when necessary, gives t. 



EXAMPLES. 



Ex. 1. Let the vessel be a a/Under or prism. 
Put h^ Em it's altitude. In this case z is constant, 

zx Z 1 , n • ^ 

= 7=^ X x~'i, whose fluent is r = 

m^J a 



and / = 




2zxi 



mu ax 



2z 



mtj a 



m ^ 



v/!. 



which wants no correction; 



a 

2 Z 
and when x=A, f = — x 

m 



a 



the time of emptying. 



Ex. 2. Let ABCD be thejrustrum of a cone. 

Put Fm = c, mBz=d, Em^Cy p— 3,14159, &c. then 
Fn = c ± a?, the sign + or - being taken « according 
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as the less or greater end is downwards; and {FA^ 
FD being now right lines) by similar triangles, c : d 

:: c±x : Pn =- x {c±x)\ hence, % = ^ x (c ± a?)'; 

c c 

consequently / = — ^ .-^ x x^i x (c±xY x x^^— — T=r 

{2(? x^ ± ^ co?^ + -I-JJ^), which requires no correction ; 

and when x=i?, * = — ^ .^ x (2 c^e^ ± 4^ce^ + ^e*^, the 

mc\J a 

whole time of emptying. 

If the orifice be a circle whose radius = r, then m = 
pr^ ; consequently t =— j-y» x (2c* e« ± ^ce^+ \e^)* 

CoR. If the base be downwards, and we take the 
whole cone, then c = e ; hence, t == ^ « y— x ^r c* = 

^ -^ , the whole time of emptymg. 

If the vertex be downwards, and the orifice be so 
small that we may consider j^m as equal to EF^ then 
c=0, rf=0 ; but because c is always to d as FE : JS?-^, 

/. when c and rf vanish, we may consider -j- = ppir » 



whole time of emptying. 
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Ex. 3. Let BFC he an hemisphere standing on ifs 
base. 

Put the radius mB = mF= r; then Pn^ = r^^-ji^, 
and «=jpx (r* — a:*) ; hence, t =z — 




niK/ ax 



— 7= X (r'j?"'*^ — x"^i), whose fluent is / = 7= x 

nisj a ' msjc^ 

(2r'x* — -J-arr), which wants no correction; and when 

X = r, / = i ;=■ X r^. the whole time of emptying. 

5 m V a r J o 

If the orifice be a circle whose radius is w, then 

m = »ii;'; hence, t = •: — '—7=- . 

If the hemisphere stand on it's vertex, Pn* = 2rx 
— a:* ; hence, %=p x (2rj? — j?*), consequently /= t= 

X (2 r a?3 i — xri), whose fluent is ^ = y=* x 



m V a 

(-J^ra:^ -. *-a?"5-)j which requires no correction ; and when 

1 4 © T^ 1 4 r'''^ 
X = r.t =z y^ = 7= , the whole time of 

emptying. 

Ex. 4. Let BCF ie a paraboloid standing on ifi 
base. 

Put it's parameter = r, it's altitude Fm = e, then 

r X (e-^a?) = Pw", and pr x (e — a?) = «; hence, / = 

/?r T I pT 

- — 7= x (ejj-^i— a:3i), whose fluent is / = — -y — x 
m^a ^ ^ -" m\^a 
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{2eX'—'J^x^)y which requii^es no correction j and when 



9 



a? = e, t = 7=. = — - — 7= , the whole time of 

emptying* 

If the paraboloid stand on it's vertex, Pn* =5 rx ; 

1. 

hence, z:=prx; consequently / = - — t=», and ^ = 



m 



fj a 



= , which wants no correction ; and when x ^ e, 



3my/a 

2pr€^ 2re^ , , . . r 
t *= - ' /^ = r— TT^, the whole time of emptying. 
3 M^ a 3 ur^ a 



In like manner, whatever be the form of the vesselj^ 
we may find the time of emptying, substituting into 
the value of/, the quantity z expressed in terms of x, 
and then taking the flueiit. 

Prop. CXXXI. 

If a perfectly flexible chain ACB of uniform density 
and thickness J he hung upon two pins at A and B ; to 
Jmd the curve into which it unit Jbrm itself . 

(194.) Let C be the lowest point, draw the axis CD 
perpendicular to the horison ; draw also EF, Gn per- 
pendicular to CD ; Fn a tangent at Fy and i^mperpen- 
dicular to FE. Now asisuming any part CF of the 
chain, we may consider it as if it were perfectly rigid ; 
for conceive CF to become perfectly rigid, arid it is 
manifest that no alteration whatever can take place ; 
for the gravity of the chain gives CF a certain situation ; 
and if we make that part to become inflexible, we 
add no new force ; we only suppose a cohesion to take 
place between the cons.tituent particles whilst they ar9 
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80 disposed. Considering therefore CF as a perfectly 




inflexible body^ it is kept at rest by three forces ; at 
C by the action of the part BC of the chain in the 
direction Cz of the tangent at C; at Fby the action 
of the part FA of the chain in the direction Fn of 
the tangent at F\ and by it's gravity in a direction 
parallel to ECi but * Cz is parallel to mn, and CE to 
mFr^ hence, these three forces act parallel to the three 
sides of the triangle Emtiy and consequently will be re- 
spectively proportional to them^ the body FC being at 
rest. Put CE=zx, EF-y, CF^z, then (Art. 33. and 
27.) Fm=x,mn = y, Fn = «. Now the chain being 
of uniform density and thickness, the gravity of any 
part CF will be in proportion to it's length z ; also, let 
a = the tension of the chain BC at C acting in the di« 
rection Cz, (a constant quantity, it not varying by chang- 
ing the point JP), represented by a length of chain whose 
weight at C acting in the direction Cz would keep the 
chain ACin it's position. Hence, a : « :: y : i, .'.ai = zy; 

but 5* = i' + y* = i* + ^^, therefore a» z" = a*i* + 



a^i^, consequently x = 



Z' 

zz 



sfaF+i 



f , whose fluent (Art. 39.) 



^ As by Mechanics^ these three forces must be directed to one 
point, if the two tangents 71 F, zC be produced to meet, the inter- 
section must be in the line of direction passing through the centre of 
grayity of jPC. 
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isx = y/u^+z'+C'i but when a? = 0, then « = ; 
hence, the equation becomes o = g +C, an d C^^—a; 
therefore the correct fluent is x =z ^a^+z'-a, and by 
transposing a and squaring both sides, x^ + 2ax ^ z\ 
the equation of the curve. This curve is called the 
Catenary. 

From the equation a* == a?' + 2 ax, we get zz = 
tx + ai = (a+x) x i, and z^z^ = (a + xf x i?^ or 
((a + a?)*-a')x 2* = (a+a:)' x (»*-y') ; hence, az = 
(fi + x) X y. 

f-i i_ , ax ax 

*xirtner, as y = — = / = , we have y = a x 

, , a + J? + JlFn^x , , « 4- V^a* + 

h. I. J^ , — = a X h. 1. 

a a 

H^nce, if ^ = the number whose h.l. = 1, then, (Art. 
iio\J « + ^ + \/^* + 2ax »+ v/a* + 2^ 



z" 



a a 



If B be any where between A and C, so that -B be- 
comes the lowest pointy we must consider the curve as 
produced to C, and then the same equation obtains for 
the same abscissa and ordinate. 

Prop. CXXXIL 

If the chain ACB he of uniform thickness ; to find 
the law of weight and density, so that it may form 
itself into amf, given curve. 

(195.) Let w = the weight of any part CF, d == the 

density at F; then by the last Proposition, a:w::y:x^ 

X • w 

therefore w = ax r . Now w =s dz; hence, d = —<, 

T 
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i . * 

But w=ax r, and if y be made constant^ w=^ a x t\ 

y ^ y 

mm 

hence^ d^z-r-rj which gives the law of density. 

EXAMPLES. 

Ex. 1 . Let the curve be a circle whose radius is t. 

m 

Here, i : if ::y : r ^ x; therefore w f=s a x t)= 

a X -~ = a X tan. of CF^ the weight therefore of any 

part CF varies as the tangent of CF. Now, y* = 2rx - a?, 
and j/p = rx-'XXj and (making y constant) y^ =z rx- 

a:if r •*% therefore x ^ = = (because r : y 

.. r'i* - . (r— a?)xi , . rx 

:: 2 : J?) -5 — 7 r ; also, y—- — , and x= — ; 

yxir-'X) ^^ y y 



hence,rf( =—)=-—- x. — ^r— :x^.=7;; -n. 

V y^/ y x(r— J?) (r— x)xar ro? (r — a?; 

The density therefore varies inversely as the square of 
the cosine of CF. If therefore the arc be a semi- 
circumference, the density at the highest point is in^ 
finite. 

Ex. 2. Let the curve he a parabola. 

Here^ px ^ y'^\ therefore, x = — ^ ; hence, » 

/ =s a X -:) = — ^ ; therefore the weight of any part 
CF varies as the ordinate FE. Also, (if y be constant) 

if = ^ ; but (Art 64. Ex. 3.) a = y' + H ^ y ^^^ 
ting c=i/> ; hence, rf ( = ^) = -4=== . The deft- 
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nity therefore varies inversely as >/y -[- c% or inversely 
as the normal (Art. 24. Ex.). 

Prop. CXXXIII. 

Let CAD he a plane Jigure, or a solid generated hy 
it*s revolution about it's axis, moving in a fluid in the 
direction of ifs axis B A ; to find the proportion of the 
resistance on the curve line CAD, or of the surface of 
the solid, to the resistance on the base CD. 

(196.) Draw FQsv and wr parallel to AB, rst, 




QPq perpendicular to AB; then if AP = x, PQ = y, 
QA = Zj it appears from Arts. 23. and 27. that ulti- 
mately, by bringing r up to Q, Qs = i, sr:=^y, Qr 
=s%. Draw the tangent QG, and let fall the perpen- 
dicular FO upon it, and also GH upon FQ. Now let 
FQ represent the force oS one particle of the fluid, 
then if that particle struck the base at v, it's whole 
force would act to oppose the motion, because it acts 
perpendicularly to the base, and therefore no part of it*s 
force is lost; but striking the curve at Q obliquely. 
if the force FQ be resolve4 into GQ and FG, then GQ 
is here supposed to be lost by the obliquity of the 
stroke, and FG to be the only eflfective part ; but this 
not being opposite to the motion of the body, we 
must resolve it iHto FH and HG, and then FH is that 
part which opposes the motion of the body, and HQ 
is diestroyed by an equal and opposite force of a par* 

t2 
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tide acting at a. Hence, the force of a particle at v: 
force at Q :: FQ : FH :: (because FQ : FG :: FGi FH) 
FQ* : FG^ :: (by sim. trian.) z^ : y\ Now the quantity 
of fluid striking Qr and vw is the same, and in pro- 
portion to ^r or ^. Hence, if we consider it as a 
plane flgure, as the whole force is as the number of 
particles x force of each, we have the force againit 

y^ ifi if 

VW 2 force against Qr :: tSr : 'rr = ./, .^ = — ^ — :; ; 

hence, the whole resistance on the base : that on the 
curve :: the fluent of y, or y : fluent (F) of ./ 

^ y 

For a solidj the number of particles striking the area 
generated hy vw will be as vii; x circum. described by 
v, oTZAvwycy, or 2L^yy\ hence, for the same reason, 
the resistance on the base : that on the surface :: the 

flu. oiyif, or ^y\ : flu. (F) of-^- 

y 

'EXAMPLES. 

Ex. 1 . Let ACD he an isosceles triangle. 
Here the plane is a triangle, and x \y m x ly v. a 

(JB) : b (5C), !•. Tj = p, hence, the resistances are 



as 



y : flu. -JL-:: y : —^^ :: h'+a^ : A' :: AC^ : 



a' " .a 



BC^ The same is true for the cone, or for any prismatic 
solid. 

Ex- 3. JLe^ CAD ie a semicircle. 

Put ^fi = r, then y = 2rx-x'; hcnce,i=^^= 
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and -F=y - ~; hence, the resistances are as^ :y - --5; 

wfiich, when y=r, is as 3 : 2. 
Ex. 3 . Let CAD he an hemisphere. 

Here F yJ-^J^Vy-^t a„d F= W -^ ; 

1 +-^^ — 

hence, the resistances are as ^y' : ^jf' - j— 2 , which, 
when y = r, is as 2 : 1. 

Ex. 4. Let the solid CAD be generated hy a cycloid 
AC revolving about AB, BC being the axis of the 
cycloid. 

If a =2 JBC, then y = « by the nature of the curve ; 

4 a 

hence, y = « - ^, .'.F^^-l^ = ^^ " 1"?-^'^ - 

yi>L(^lX) = y^^.?^, and F= iy' - #- ; hence, 
a ^^ a ^ ^^ 3a ' 

the resistances are as §y® : |-y*— -^, which, wheny =:a, 

3a 

is as 3 : 1. 

(1970 Considering the body as a solidj and the 
force of a particle on the base as constant, the force of a 



z 



particle on the surface oc ^ , and the area gienerated by 



rs being as yy, the resistance against Qroc^4^ . 



sVs 
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On MERCATOR's PROJECTION. 



Prop. CXXXIV. 

IfVhe the pole of the earih, EQ the equator ^ PE, 
PR, two meridians J mn a small circle parallel to ER; 
then the length of a degree of latitude : the length of 
a degree of longitude at m :: radius : the cosine of the 
latitude of m, supposing the earth to be a sphere. 

(198.) For let PC be the radius of the earth ; draw 




mr, nr perpendicular to it, and join EC^ RC. Then 
mr, nr being parallel to EC, i?C respectively, the angle 
mm = ECR ; hence, by similar sectors, ER i mm: 
EC : mr the cosine of mE. But when the angle is 
given, the length of an arc of a degree is in proportion 
to the radius ; also, the length of a degree of the great 
circle ERy is a degree of latitude ; and the length of a 
degree of m w is a degree of longitude at m ; hence, a 
degree of latitude : a degree of longitude :: radius : the 
cosine of latitude. 

In Mercator's Projection, the sphere is projected 
upon a plane, and the meridians £Jr, RP are straight 
lines parallel to each other; consequently P nnist be 
at an infinite distance from the equator EQ. In this 
case, the arc mn being the same at all latitudes, the 
length of a degree of longitude is every where the same ; 
to preserve therefore the proper proportion between 
the degrees of latitude and longitude, the degrees of 
latitude must increase as you go from the equator, so 
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that they may always be to the degrees of longitude^ 
in the proportion of radius to the cosine of latitude. 



Prop. CXXXV. 

In this projectiouj it is required to find the length of 
an arc of the meridian, corresponding to any given 
latitude. 

(199.) Let P be the pole, E the equator, PCQ a 
diameter of the earth, C the centre ; m any place on 
the surface ; draw mr perpendicular to PQ, and join 



c^ 7^ 



■■■^■ 



mCjinQ. Put Cm = r, Em^Xy Or (the sine cXEm the 
latitude of m) =y, and the length of Em on the projection 
= z, called the meridional parts. Then by the last Prop. 

s/'^-'if (cos. of lat.) : r :: i ; i= . ; but (Art. 

4o.) ^=~p==== ; hence, % = -r — t=^ x -5 ^j • • 

«=rXh.l.li^ + C(Art. 45. Ex. 6.) ^ r x h. 1. 



\/pi+c, 



r— V 



r-y 



I 

by the nature of logarithms. But by Plane 



Trig, sfr'^—y^ (mr) : r +y (rQ) :: r (rad.) : . ^ - 

v^ —'it 



2^ 
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=r\/ — -^ the tangent of the angle rwiQ =5 cotangent 

of rQm = cotan. of \rCm = cotan. ^ the comple- 

^ . . . /r+v cotan. i cdmp, lat. 
ment of lat.: hence, V — ^ = ^:: — 5 

consequently « = r x h. 1. ^ "• ? comp. a . ,^ ^^^ j^^^ 

when »=0, cotan. j- comp. lat.=r; hence, 0=r x h. 1. 

r 

;;;+C=rxh.I. 1 + C=0 + C, .'. C=0; conseqiientlj 

. , cotan. i comp. lat. i_ 1 * t 

=r X h. 1. = i = r X b. 1. cotan. ^ comp. 

lat. - r X h. 1. r, the length of the meridian Em m the 
projection. 

Prop. CXXXVI. 

QkMm the radii BC AC of a wheel and axlcy and 
the weight p which draws up w ; to find w, so that the 
momentum communicated to it in a given time may be a 
maximum, the wheel and axle being supposed of no 
weight. 

(200.) Put jBC= i, AC=: a ; then, by Mechanics, the 
forces with which w and /> endeavour to descend, are Aw 



r 

z 
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and bp; hence^ the moving force is as bp^aw; also, 
the inertia of each weight is (Art. 6o.) as a* x u;, and 
ft* X /> ; hence, the accelerative force of the lever is as 

^2 a 9 ^"d as the acceleration of any point of a 

lever must (besides the accelerating force with which 
the lever itself is made to revolve) be in proportion 
to the distance of that point from the fulcrum, the 
accelerative force of the point -^, or of w, will be 

as fjg J, i — 9 which IS as the velocity generated m w in 

a given time ; consequently the momentum of w will be 

abp—a'w abpw-^a^w^ 

as t; 3 — X w :=z — ^ — ; — 5 — a a maximum, or 

bpw — aw^ 

fa 5 — = a maximum ; hence, (Art. 21 .) it's fluxion 

o^p-i-a^w ' ^ ' 

(bpw-sa ww) X (b*p + a^w) — a'w x {bpw - atfl')^^- 

— ^ ^ o, 

b^p + a^w] 
or (bp-^a aw) X {b*p+a* w)^a*x {bp w^ aw^) = ; 



hence, .= (V^7| - p 
If a = 6, II? = (\/ J- l) X p. 



X p. 



Prop. CXXXVIL 

Given two weights w and p, and the radius CA of 
the axle, to find the radius CB of the wheel, so that p 
majf draw up w through a given space, in the least time 
possible. 

(201.) When the space is given, the time varies in- 
versely as the square root of the accelerative force ; 
hence (by the last Art.), the squs^re of the time varies 



^ 
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>» -&±^ a minimum, where b is variable ; p«t if. 

fluxion ac 0, and we get 6 = — +-^^ — i— . 

V P 

DEFINITION. 

The centrifugal force is that force by which a body 
describing a curve about a centre of force, recedes from 
that centre in virtue of it's circular motion about it. 

Prop. CXXXVIII. 

Tojind the ratio of the centripetal to the centrifugal 
force of a body describing a curve about a cetUre of 
force. 

Let >S be the centre of force, PQ an indefinitely 
small part of the curve PfF; draw QR parallel to 




PSF, PV being the chord of curvature ; with the 
centre S describe the circular arc Qn, and draw Qm 
perpendicular to SP^ and SVto the tangent PV. Now 
PQ is the motion of the body in the indefinitely small 
time t; resolve the motion PQintoPm, mQ, and 
P m would be the approach of the body towards S in the 
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time t in virtue of the motion in that direction; but 
in virtue of the motion mQ in the time f, the body 
has approached S only by Pn; mn is therefore the 
space through which the body has receded from S in 
virtue of it's angular motion about Sj and therefore 
represents the centrifugal force ; but QR represents the 
centripetal force; hence, the centripetal : centrifugal 

force :: UK : mn :: ^jr : po :: (sim. tn.) -p^ ; 
1^:: 2PS' : Sr^xPF. 

Cor. 1. If PfF' be a circle about the centre 8, 
then 2SP^ = SY^xPV, and the two forces become 

equal. Now mw = ^^ = — yrzv; but when the time 
^ 2Q*y 2PS 

t is given, mw represents the force, and dn the velocity. 
Hence, in a circle, the centrifugal, and therefore centri- 
petal force varies as the square of the velocity dif^ctly 
and the radius inversely. 

CoR. 2. The centrifugal force in the curve P^ is 

the same as in the circle n Q, the angular motions being 

area SPCt 
the^ same in each. Now Qn oc ^m^ ; hence, the 

\'r . c Qw* (area SPQV 
centnfugal force -n-g- varies as -i ^ps • 

Cor. 3; As the centripetal force of a body is 
measured by it's weight, when this is equal to the cen- 
trifugal force, the latter is repreisented by the weight of 
the body. 

Cor. 4i As nw = •——-; it appears that the cen- 
trifugal force varies as the square of the perpeiklicular 
velocity directly and the radius inversely ; and when the 
angular velocity is given, the ceiitrifujgal fofce varies as 
the radius. 
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Prop. CXXXIX. 

If the farce of gravity upon the eartKs smrface he 
represented by SS-j- feet, and r in feet represent the 
radius of amy circle, about the centre of which a body 
revolves with the velocity v, and F represent the cen- 
tripetal, and consequently the centrifugal force ; then 

F = -. 

r 

(202.) For let F= the velocity of a body revolving in 
a cird^ at the earth's surface, about it's centre, R = the 

radius of the earth ; then — ^ = the sagitta of the arc 

described in 1'' = 16-^ feet; and as the forces of bodies 
revolving in different circles vary as the squares of the 
velocities directly and the radii inversely (Cor, !• last 

Prop.), 32^ : F :: -g- : — ; but 32J.= -g-; hence, 

r 

If bodies of diflferent magnitudes revolve about an 
axis, then in estimating the centrifugal force, the 
quantities of matter in the bodies must also be 
considered. 

CoR. 1 . If r = radius of curvature of any curve ; then 
the force being the same in the curve and the circle, 
the same is true for the curve, r being the radius of 
curvature. 

Cor. 2. Let p s the periodic time in a circle whose 

- . ,// J circum. 
rad. = r, then v : circum. :: 1 : p, and v = oc 

- ; hence, F \j^ ^ t. When p is given, Focr. 
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Prop. CXL. 

Let AZ be a slender rod revolving about an axis 
AW perpendicular to the horizon, and a ring nunnng 
freehf^ on the rod be put any wliere upon it ; tofina 
the nature of the curve AZ, so that the ring may 
always remain at rest. 

Draw PM perpendicular to ^W, and BM to the 
curve at M; produce PM to a, and let Ma represent 



.1 




the centrifugal force at M, and Mb perpendicular to it^ 
the force of gravity ; then the compound force Mc 
must be perpendicular to the curve, or lie in the direc* 
tion JBifcf, in order that the body may be urged neither 
up nor down the curve. Let 2m s= 32^ feet^ v = the 
velocity at the distance 1 foot from the axis, x s AP^ 
y = PM, d = PB; then vy = velocity of M; and 



.a^.s 



(Prop. 139.) if Mb = 2 m, ^^ = v^y = Ma ; and by 



2m 



sim. tri. v*y : 2m :: y : d ssn -—p- a constant quantity ; 



V' 



hence, (Art. 24. Ex.) AMZ is a parabola whose 

Am . * 

latus rectum is 2(2 => — ^, and if v be given, the para- 

V 

bola is given. 
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4m 
GoR. 1. Hence, y' «x — — x «, or y* v* = 4mx\ that 

is, the square of the velocity of the poiut M ^ Amx\ 
therefore (by Mechanics^ the vetocity of that point is 
that which \% acquired in falling through PA. 

Cor. 2. Hence, if a vessel of water revolve uniformly 
about it*s axis, the water will rise up in the curve of a 
parabola; for the water cannot rest, till the above- 
mentioned compounded force MC acts perpendiculariy 
to the surface of the water. 

CoR. 3. Let AM be an ellipse, one of whose axes 
(a) lies in the direction AfV, and the other (i) perpen- 
dicular to it, and draw the tangent MT. Then PT =e 

3 CLX ^ J?* 

■ ; and to find at what point M. the ring will 

remain at rest, we have (as in the Prop.) v^y : 2i7i :: 

^•^ 2aj? — ^' 1 o a 2aj? — J7^ 
V : BF :: : y, and v^y^ = 2m x = 

2 m X PT= 4m xi PT. Hence, the velocity of the 
point M is that which a body would acquire in falling 
through ^PT; and ^PT being greater than PA, 
the velocity at il/ is greater than that in a parabola at 
M. As b is not here concerned, the velocity at ilf is the 
same, whatever be the axis perpendicular to AfFi If 
AMZ be an hyperbola, the velocity at M is less than 
that in a parabola at M. 

Prop. CXLI. 

Let mn be the surface of wafer when at rest in a 
cylindrical vessel ABCD ; QV ifs axis perpendicular 
to the horizon, and about which the vessel revokes 
with a given velocity ; to find the position of the 
surface of the fluid. 

By Cor. 2. last Prop- the surface PRT of the fLvSA 
will put on the form of a parabola; and as the latos 
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rectum (/) is given from the given velocity, and PQ it 



A 

m 
B 



Q 


y* « 


*/ 




/ / 

V / 


"\ 


R 



D 
T 

n 



B V C 

fiven, we know QR. Put Rs = x, PQ = r, then 
X = rs*j QR = a, Vs-h, p = 3,14159, &c. then 
(Prop. 32. Ex. 1.) ^p/o?* = solid Rrty ipr^a = solid 
PTRi hence, ^/i X {r'a-lx') = solid rPr«; also, 
pr^ X (a — a:) = solid Pmn T; therefore pr* x (a - x) — 
^|> X (r'a— /j?') = content of the elevated water above 
mn^ = jj9 /a?* the water displaced ; hence, a? = j a, 
therefore Q^ = Rs ; that is, the vertex R ^nftv o^ m«cA 
below the original surface of the watery as the water at 
Me highest point stands above it. 

Hence, (Cor. 1. last Prop.) the velocity of any poin^ 
r 18 that which a body would acquire in ialling down 
sR or Qs. 



When a? = 6, or when / = 



Jb' 



R 



comes 



to r. 



Now if the velocity be further increased, R will fall 
below the bottom of the vessel ; let therefore Rf^C 
represent the bottom in such a case, b being now f^s. 
Here, the water displaced = solid rtvu == iplx^ — 
kdx{x-by; hence, pr*x(a-a?) — j/?x (r^a — /x*) = 
Ip/op*— Ip/x (j?— 6)*, from which we get x, and thence 
tik parabola is determined. 

'•If the height of the vessel be given, and a given 
quantity (q) of water be thrown over the top, then q 
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must be added to the above-mentioned expression for 
the elevated water^ and that made equal to the water 
displaced. 

If n"=the time of a revolution, then v : 2p :: l" : n", 
and V = -f ; hence, / = -55- = — — - = -— -; there- 

fore — ^ X X ^ y^ the parabola, determined from the 
time of revolution. 

If the vessel be of any other form, we proceed in the 
same manner. 

If the form of the vessel be that of a paraboloid 

db 
whose latus rectum = d; then a =— y===^, andaj= 

J X {l-- s/t^—dl). Let rf= /, then a is infinite and 

x^h\ that is, if the height of the vessel were infinite, 
the fluid would sink to V^ and rise up and just cover 
jthe whole inside. This would also appear without 
investigation, as (because I ^d) the fluid puts on the 
same form as that of the vessel. But it is here sup- 
posed, that the force of gravity (2 m) continues as at the 
earth's surface. 

Prop. 6XLII. 

Let a stone in a sling he whirled round the centre O 
in a vertical circle B c L, B the highest pointy with a 
velocity at B jiLst sufficient to keep it in the circle at 
that point ; to jinathe force with which the string is 
stretched at any point c. 

Produce Oc to ^, and let ct represent the centrifugal 
force i draw cs perpendicular to BL^ and ^r to c j, or 
representing the force of gravity, and draw rw perpen- 
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dicular to horiz. ; produce OB to D, making'/) J?= | BO, 




Put BO = r, DB = |r, v = velocity at c, ^ =r J5j. 
Now, Cor. 2. Prop. 149. a body must fall from.D to 
B to acquire the velocity in the circle at B. Then (by 
Meih.) v* = 4m X Ds =z 4mx {^r + s) ; and (Prop. 

139-) if cr = 2m = gravity, ct^— ^ ^-— ; 



2mr'-2ms 



and (sim. tri.) cr{2m):cw::r:r^Sj:.cwz= 

hence, c is drawn by a force = ^ — —^ -^ 

2mr^2ms 6ms ^, -• -^ r -x^ 

; therefore gravity : torce with 



7* 



6ms 






r : 3s ; 



which the i^tring is stretched :: 2 m : 

and this is true when c falls below O, when the force 

Hence, at the lowest point L, the ratio is 1 : 6. 

Let OE be parallel to the horizon, and the stone 
begin to descend from E, and put Os = s; then v^=i 

4m^^andcf = ; also cr (2m) : cw :: r : s. 



.\ctv = 



2m^ 



; hence, at any point c, the string is 

stretched by gravity just one half of what it is stretched 
by the centrifugal force. 

u 
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At B^Cr^ Cwy and Ct = Hm :=i Cr; that is, the 
centrifugal force = the centripetal, or equal to the weight 
of the body. A body therefore revolving in a circle 
with a velocity equal to that acquired by falling through 
half the radius, acquires a centrifugal force equal to it's 
weight. 

In like manner it appears, that when a pendulum 
vibrates between two semi-cycloids, beginning from the 
highest point, the force with which the string is 
stretched by gravity = the centrifugal force. 

Prop. CXLIII. 

Let a ting be put twon a slender rod AC, and let the 
rod revolve ahotU AB which is perpendicular to the 
horizon ; it is required to Jind how long the ring will 
be in descending from A to C, the velocity of the rod^ 
its length, and the angle CAB being given. 

(203.) Draw CB perpendicular to AB\ put A Br:: a, 
BC = J, AC = c, d =: the velocity of the point C, 




X = Am^ V = the velocity of the ring at m, m = 321 
feet of the force of gravity, and t = the time of the 
ring's descent. Draw mP perpendicular to AB^ and 
produce it to a, and let ma represent the centrifugal 
force of the point m ; resolve ma into two. forces^ one 
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tnd perpen4icular to AC, and the other me in the 
direction AC. By similar triangles, c : b :: x : 

T-^ =2 Pm. and & : — :: rf : — = the velocity of 

the point m ; hence (Art. 202.), the centrifugal force 

d^ 3^ c d^ X 
md ssi — --. X ~ = -T — ; and by similar triangled^ 

c : b :: t— : me = --j-; also, c: a:: m (the force of 

gravity) : — = the accelerative force of the ring 

from the action of gravity ; hence, (Art. 82. Cor.) 

d^xx max . , 4 /d^x* . 2 max /.^mac 
-_+__=,«,. andt;=V "^ + "7" = 0^ -^T" 

)fi g* 

- ^/lF'+Tnx. Hence (Art. 82.), i ^ ^ ^ 

X c 

i „ , and (Art. 45. Ex. 5.) t — -^ x h. 1. 

(n + a? + ^x*+2w:r) + C; but when a?=0, #=0, and we 
have 0=:^xh.l.«+C; hence, the correct fluent ^ = ^ x 



h. l.l±£±VZ±l»f = (when « = c) 5 X h.l. 
A + c + \/c* + 2nc 



n 



the whole time of descent. 



d^x 
Cor. 1. The accelerative force —^ of the ring in the 

direction of the rod, arising from the centrifugal force, 
is always the same whatever be the inclination of the 
rod, the length of the rod, and the velocity of it's 
lowest point being given. 

u2 
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... d!r* 

Cor. 3. By similar triangles, c : a i: ^.—^ : m <2 = 

be 
jjir* ^^^ ^y Mechanics, c :b :: m : — = the pressure 

of the ring on the rod ; hence, when , = , the 

pressure of the ring on the rod = 0, which therefore 

u cut 

happens when x = -^r — . 
^^ (fa 

CoR. 3. If AC become horizontal, then a = O, and 

Uf X i 
t? V = — •^ . Now as in this case the ring will not 

1/ 

begin to move from A, we must at first put it at sonie^ 
distance r from A. Hence, v* :?= — 5- + C, and when 

(T 

t; = 0, a? = r ; therefore the equation becomes O = --jr 

+ C = 0, and C = r- ; hence, v = - x jjx* — r\ 

cr c 

• C X 

Also, / = 2X — ===^, whose fluent (Art. 45. Ex. 4.) is 

t = ^xh. 1. {x+^x^-r')-\-C; but when f=0, x=r, 

c 
and the equation becomes 0= ^xh.l. r+C; therefore 

C= -^xh.l.r; hence, f = Jx h.l.?±v^5zZ. 
a a f 

Cor. 4. If ^ be the Jower point of the rod, and C 

d^x 
the higher ; then the force — j" ^^^^ upwards, and the 
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accelerating force of the ring = — ^ '^ — . Let the 

ring at first be at any distance from J ; then if ^ be 

greater than — y, the ring descends by the force 

--J- ; but if — ^ be greater than — , the ring ascends by 
the force —^ — — j and the velocity and time may be 

C/ C/ 

found in each case as before. 

Cor. 5. Taking the position of the rod as in the last 
CoroL, and the case when —^ is greater than — , 

« 

let the ring at the distance r from A be projected 

downwards on the rod with the velocity ej then ro; = 

d^xx max , v* d^ a? max . ^ , ^ 

--3 , and -r = -r X h C; but 

& c 2 c* 2 c - 

when t; = e, j: = r, and the equation becomes, '--=.-^ x 

2 C 

r* mar . ^ ,, r ^ ^* d^ r^ ^ mar , 

— l-C, therefore C=^ 7X— + ; hence. 

2 c ^ 2 c* 2 c ' 

f^ = e*+ -^ X (.r* — r^) -1 xir-^x). Makei;=0, and 

c* ^ ^ c 

distance from ^, to which the ring descends when it 

has lost all it's velocity. If the value of x be impossible, 

the ring will come to A without losing all it's velocity. 

mc a 
Jf the quantity under the radical sign = 0, x ss -^^ ; 
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which is the value of a? when the force -s = : 

cr c 

in this case therefore the ring will remain at rest when 
it has lost all it's velocity. If the quantity under thie 
radical sign be positive, then when t; = 0, the force 

—^ acting upwards, the ring will return, and 

ffl CCL C^6* 

continue to ascend. Put n = ^ , p = --jr+^ rw— r* ; 

and we have ^=-%x^" / , ; letx— n=y, and 

d y/x" - 2nx +p ^' 

4^— 2wj?=:y — n*+p=y + gr^ (putting-n* + /> = q^); 

also, i^i/i hence, #= -^x / ' : , and ^ = •% x — h. 1. 
' d y/y+q^' d 

(y + x/y* + y») + C; but when ^ = 0, x ^ Vp 
/. y = r—ni and the fluent becomes O = -v x — h.l. 

(r- n + V (^ - «)* + 9*) + Q and Crrjxh.l. 

(r - n + -^ (r — n)« + j*) ; hence, t = -. '^ **• ^* 

■ 

the time of descent. 

On the same principle we may find the motion <rf 
a ring on a curve line revolving in like manner. 

Prop. CXLIV. 

Ill • 

To show when the series tit "*" 5; + oS + &P* •^ ^^^' 

nitum isjinite, and when infinite. 
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(204.) Let QR be an hyperbolic curve b«:ween the 
asymptotes AB, AC, which are perpendicular to each 
other ; take AP = ordinate PM^ 1 , and let Pq, qr, rs,kc. 




be each = 1, and draw the ordinates ja, rb, *c, &c. and 
complete the circumscribing paralletognrams qM^ ra, 
sb, &c. and the inscribed Pa, qby re, &c. and let the 
ordinate be equal to the inverse w**" power of the 

abscissa; then will PM::^—, qa = ^, r J « , sc^^, 
&c. and as the basis of these parallelograms are each 
= 1, the area of the parallelogram y^= r^j of ra = 

11 ; • . 

— , of ^6 = — , &c. therefore the sum of ail thfe cir- 

cumscribed parallelograms = ^^ + 5; + ^ + &c- od 

infinitum ; but it is manifest that the sum of all the 
inscribed parallelograms is less than the sum of all the 
circumscribed parallelograms, by the first parallelogram 
qM, that parallelogram being the sum of all the paral- 
lelograms Ma, ab, be, &c. each of which expresses the 
difierence between it's respective inscribed and cir* 
cumscribed parallelogram. But the whole curvilinear 
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area PMRC (being between the sum of the in- 
scribed and circumscribed parallelograms) is less than 
the sum of all the circumscribed parallelograms, by a 
quantity which is less than the parallelogram qM', 
these two therefore differing by a finite quantity, when 
one is finite the other is finite, and when one is infinite 
the other is infinite. But by Prop. 20. Ex. 3, when n 
is equal to or less than unity, the area of the curve is 
infinite, and when n is greater than unity, the area is 
finite. Hence, the sum of the given series is infinite 
when n is equal to or less than unity, and Jinite when 
n is greater than unity. 

Prop. CXLV. 

^^ \-tpx^-' +iiic. ^^ '*^ ^^"^^^ term of a 
series, and for x* we write 1, 2, 3, &c. in infinitum, then 
if n be greater than m + 1 , the sum of* the series is 
Jinite. 

Take each term in the numerator separately, and first 

assume — = r ; then as n-- m is greater than 1, 

by the last Prop, the sum of the series will be finite. 
Now if the sum be finite on this supposition, a fortiori^ 
it must be finite when you take in all the terms, of the 
denominator, as that must diminish the value of each 
term. This being the case when you take the first 
term of the numerator^ it must necessarily be the case 
when you take each of the other terms, they being less 
than the first. And as the sum of all the sums must 
give the sum for the general term, ths^t sum must be 
finite, 

For the same reason (referring to the last Prop.) 
if n be not greater than m + I, the sum must be 
ijTifinite* 
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v>, . (x + a)x(x+h) X &c. ...to m terms 

Cor. Assume ) { — 7 — ; — { r ^ 

(x-^-p) x{x + (i) X &c. ...to n terms 

the general term of a series, then the sum will be finite 
if w be greater than m by 2 ; for if these factors be mul- 
tiplied together, we shall have the same dimensions of 
a: in the numerator and denominator as before, and n is 
greater than m + 1 . If w be not greater than m by 2, 
the sum will be infinite. 

If for x we write 1, 3, 6, &c. successively, or any set 
of numbers at equal intervals from each other, the sum 
of the series will, under the same circumstances, be 
finite or infinite^ as is evident from the last Prop, by 
assuming the breadths Pq^ qVy rs, &c. accordingly, so 
as to give the series. 

Prop. CXLVI. 

To determine the law of centripetal farce tending to 
S, so that a body may describe any given curve AP. 

(205.) Let SV be perpendicular to the tangent PY, 
and P the place of the body. Put x= SP, u = SF, jP= 
force in the direction PS, / = that part of F which acts 
in the direction PV, «; = the velocity at P, and %^AP. 
Now (Art. 81. Cor) vv^f%\ but F:f::SPx 
PY :; (Art. 32.) % \ i, therefore f% = Fx ; hence. 




vv = Fxy or rather v 'i;= - jRr *, because (Art. 16.) when 



* If the force of gravity be represented by 2 m, then 'ov 
- 2,mFx, and F = ij^. 
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V increases x decreases ; therefore F = — : — . Sul 

* X 

{Newton's Prin. L. 1. Pr. 1. Con 1.) voc -; therefore 
v'yoc-— -; hence. Foe——-. 

IT wx 

(206.) Cor. Hence, whatever be the angle SPY^ if 
t; remain the same, then if 'z; be given, x will be given ; 
and if we suppose the angle SPY to vanish, it follows, 
that if the velocity (v) of a body in the curve at P 
be equal to the velocity of a body in the right line 
SP at P, they will be equal at all other equal 
distances from S. 

Ex. 1 . Let AP be the logarithmic spiral, iS it's centre. 

u • 
Then x \ u \\ a : b some constant ratio^ .% x = rU\ 

hence, F oc -^ x -^ oc — . 

' Ex. 2. Let AP be the hyperbolic spiral. Draw SH^ 
perpendicular to SP, meeting the tangent at fF'; then 
by the property of the curve, Sff^ = a a constant quan- 
tity; and fFP = A^a'+x*; hence, by similar triangles, 

y~— - — 5 ax ^ J 1 1,1 

mJo^ + or I X :: a iu = -7===, and 'z—zs+~%y 

therefore - = — ; hence, F <x —^ oc — . 

Ex. 3. Let APB be an elli'pse whose focus is S\ 
let H be the other focus, C the centre, CD the semi- 
axis minor, and HZ perpendicular to PY. Put a = 
AC^ b=zCD; then 2a—x=PH, and by sim. tri. a? ^ ii 

:: 2a^x: HZ J^^LlAjLIi ^ and {Con. Sect. p. 6.) 

X 
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(2a-x)xti' _,,^ . J._2a_i and «= . 




^,; therefore Foc-i^oc^ocl. 

For an hyperbola, 2 a + a? = PZT, and the same con- 
clusion follows. 

For ^ parabola, x^u!* {Con. Sect. p. 8. Cor, 2,), there- 
fore -T ^ '^ > and — : ^ -• ; hence, F oc—^ oc —-. 

Hence, a force tending to the focus of any of the 
conic sections, varies in'the inverse duplicate ratio of the 

distance. And vice versa, if the force <x ^ the body 

will describe an ellipse about the focus; for if there be 
given the force at P, velocity and direction, we can 
thence construct an ellipse (see my Conic Sections) ; 
hence, an ellipse may be constructed in which a body 
may move, and therefore a body must move in it ; for 
with the same data, a body cannot describe two different 
curves. 

Ex. 4. L«et the force tend to the centre C of th^ 
ellipse. Let CK be the semi-conjugate to CP, and Ci/ 
perpendicular to Py ; CP^^x, C^=u ; then {Con, Sect. 
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p. 13.) a* + i» = x» + CK\ and CK =Je^+b*- x' ; 
also, (Cow. Sect. p. 11.) ab = ux V*+^— ^'» *"•* 

** = a» + &'-;r" ^^^'^^^^ «» = P + ^ ~ a^' *^ 
J = Tt?; hence, F oc ^-r oc -^-j- oc ar. 

Hence, vice versa^ as before. 

For an hyperbola, Foe - x, which shows the force 
to be repulsive. 

Ex. 5. Let it be the spiVfl/ in Article 32. Here SY* 

and -^rrnOT -i = .^„^^ + :3. therefore 



» (»H-l)xf'-i . i . „ » ^(to+i)x/»" , 

«..^^ i —-4- • hpnre roc ocr 4* 

M* m»j*»+3 ^x»' ' «^i m*x''»+3 T 



1 



If m = 1, it is the spiral of Archimedes, and F 



3/» 



1 

If m = — 1, it is the reciprocal spiral, and F ^c-^. 

^ 1 

If m =: - 2, it is the Litutis, and -F <^ — t-h + -^ • 

When the negative part is greater than the positive, 
the force is repulsive^ and the curve is convex to the 
centre ; when it is less^ the force is attractive, and the 
curve is concave to the centre; but at the point of 

J» 1 -r- 

contrary flexure F=0, or -774+-? = 0, and x ==t a/2> 

as found in Art. 80. And like circumstances miist 
take place in all cases where 7n+l is negative. 
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Prop. CXLVII. 

The velocity of a body revolving in any curve about a 
centre of force : velocity of a body revolving in a circle 
at the same distance^ in the sub-duplicate ratio of the 

chord of curvature :: twice the distance y or in the sub- 

• • 

duplicate ratio of - i -- . 

^ X u 

(207.) For (Art. Q'J.) let sr be a sagitta of a circle of 
curvature to any curve, parallel to the chord Cf^ which 
passes through the centre of force ; then by sim. tri. 
sr I Cr i: Cr : CF, but Cr : the arc Cr ultimately in a 
ratio of equality } therefore ultimately, sr : arc Cr :: 

arc Cr : CV\ hence, arc Cr^^srxCF\ but ^r, 
dato tempore, is as the force ^ and Cr is as the velocity ; 

therefore the velocity oc ^/ force x chord curvature | ; 
but at the same distance, the force is the same in the 
circle and in the curve, and the chord of curvature of the 
qircle is it's diameter, or twice the distance ; therefore 
th e velocity in the curv e : velocity in the circle :: 

^Jch. curv. of the curve : ^ twice dist.j. But tha 
chord of curvature (Art. 101.) is — ? — ; hence, the 

velocity in the curve : velocity in the circle :: \/ ---*-. 




^,V/?:X/?. 



u 



X u 

Ex. 1. Let the curve be the logarithmic spiral. 
Here, the velocities are equal, because the chord of 
curvature = twice the distance ; or, as ti oc j?^ therefore 
X _u 

or "" «i' 

Ex. 2. Let the curve be an ellipse with the force 
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U 



tending to the focus. Here, (Art 206. Ex.3.) -^=s 

ax . X ii I a / \ 2a — ar\ 

o'ar X u V? t^x V j^^ A*j? / 

2 a — X : a ; therefore the velocity in the ellipse : 

, velocity in the circle :: ij2a^ x : \/a^ :: \/ PH : 

s/ AC. Hence, the velocities are equal at the extremity 
of the minor axis. 

Ex. 3. Let the force tend to the centre of the 

• • 

ti XX 

ellipse. Here, (Art. 206. Ex. 4.) — = -^ ; hence, 

? : ? :: i : 4L :: (as a*6» = m^ x CA:*) CK' : x«; 

therefore the velocity in the ellipse : velocity in the 
circle :: CK : a?, or CP. Hence, the velocities are 
e(|ual when CK=> CP. 

Ex. 4. Let the curve be the hyperhoUc^pmX. Here, 

• A i^-n \ X ^1 X ii 11 

(Art. 200. Ex. 2.) -T ac ^ • hence, - : - :: -: : -^ 
^ ' x^ u^ X u u* X* 

:: X* : u^ ; therefore the velocity in the curve : velocity 

in the circle :: x : u. 

Prop. CXLVHL 

Let PR be any curve^ S any point in ifs plane, join 
SP, and draw the perpendicular SY on the tangent 
PY ; then if P mofve ahng the curve, to Jind the 
angular velocity of SP to that of SY. 

Take PQ indefinitely small, and draw the tangent 
Qy, and Sy perpendicular to it ; to the curve at P, Q^ 
draw POj QO, perpendicular, and O is the centre of 
curvature; produce (if necessary) PO, and draw Sf^ 
perpendicular to SP meeting PO in iP^ ^nd^K to 
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Now u POi QO are respectiTely parallel to SF, Stf, 




the angle POQ = VSy ; we have therefore to compare 
the angle PSQ with POCl. Now PSi^ : POQ. :: 

SP' po- i^^^^^ ^^ '■ ^^ " ^^'- ^^^ ^ 
SVxPO : SP" :: PKxPO : PKxPV ; 



.V* 



PF :: (if SP = y,PK = v) U- (Art. 101.) : -l- :: 

- : - :: (Prop. 147.) the square of the velocity of a body- 
revolving in a circle at P about 5 : square of the velocity 
of a body in the curve at P. 

Cor. 1 . Hence, when these velocities are equal, the 
angular velocities >of SP, SY are equal. They are 
therefore always equal in the Ic^rithmic spiral. In an 
ellipse about the focus, they are equal at the extremity 
of the minor axis ; about the centre, they are equal at 
the points where the two diameters are equal ; in the 
parabola, PF= 2PO; therefore the angular velocity 
of SY is double that of SP. 

Cor. 3. Let the body set out from an apside, and 
the andes described by SP, SY, be x and y ; then the 
angle FSY=y — x, and when this is a max. if~x=Q, 
and x=y, or when POQ = YSy, or when the velocity 
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in the curve is equal to the velocity in a circle at the same 
distance ; or when PF = 2 PS. Hence, in an ellipse 
about the focus, the angle PSY is a max. at .the ex- 
tremity of the minor axis ; about the centre, when the 
distance is equal to it's semi-conjugate diameter. In the 
parabloa and hyperbola, the angle never becomes a 
maximum. 

Prop. CXLIX. 

If a body revolve in any curve^ the velocity (V) at 
any point, is equal to the velocity which a body would 
acquire in falling down one-Jburth of the chord of the 
circle of curvatwe passing through the centre of force^ 
supposing the force to remain constant. 

(208.) By Prop. 45. in the limiting state of the are 

PQ, BQ : QP :: QP : P^=^^ Now whilst PQ 

is described by the velocity /^, the body is drawn by the 
force through jRQ, and acquires a velocity (v) which^ 




in the same time, would, if continued uniform, make 
it pass over 2 JRQ; and let PL be the space fallen 
through with the constant force at P, to acquire the 
velocity F. Then 
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^:t;« ::PQ*:4BQ» 

t;» : V*:: RQ : PL, by MechamcSy 



• • 



: 1 :: PQ?:4RQxPLi 

h«^Pt = .^ = iPr. 

(209.) Cor. 1. Hence (by Mechanics), V = 
VsFx \PV=JFX IPV', therefore TcxrV i'x PF. 

Cor. 2. Hence, if the curve be a circle, and the 
centre of force in the centre, a body must fall down half 
the ra dius. If r = the radius of the earth, m = 1 6^^ feet, 

V^^2mr the velocity necessary to carry a body round 
the earth. 

Prop. CL. 

If a body revolve in a circle about the centre^ tojind 
ifs velocity. 

(210.) Let the force of gravity on the earth*s surface 
be denoted by unity, the radius of the earth by unity, 
and the velocity of a body revolving about the earth 
at it*s surface by unity ; and in proportion to these, let 
ar=: the radius of any circle, v = the velocity of a body 
revolving in that circle, and the force = af^ ; then as a 
body must fall down j of the radius to acquire the ve- 
locity in the circle, the force remaining constant, and 
by Mechanics^ the velocity varies as the square root of 

the force and space conjointly, we have 1 : s/lx^ :: v : 

^w^x^x ; hence, t; = ar « . 

(211.) CoR. As the periodic time (P) varies as the 
circumference of the circle directly and velocity (v) 
inversely, and therefore as the radius (x) directly and 

V inversely, we have P oc oc ^ * • 



2+1 

t 
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If w = 0, P ocx'. Ifn= 1, Poc a:°=l, or Pis con- 
stant. If n = — 2, P <xx^. 

Prop. CLI. 

Given the law of force as any power of the distance^ 
to find the curve which the body describes. 

(212.) Let S be the centre of force, and let the body 
be projected in the direction AD, and describe the 




curve APW\ describe the circular arc AZ with the 
centre S ; draw the tangent PE^ on which let fall the 
perpendicular SY^ and SH on AD\ also draw Sn 
indefinitely near to SP^ and nm perpendicular to iSP, 
and produce SP^ Sn, to r and s. Put SA:=za, SH^^p, 
Ar = «, SP = 0?, 6 = the velocity at ^, t; = the velocity 
at P, Pm = x^ r ^ = i. Now the velocity being 

inversely as the perpendicular, v : b :: p : SV s=^ ; 



V 



therefore PV = \/x» -^L ^ ^'^' ^ gl^ ; and by 

^ V V 



sim. trian. 



fs/xv^-p^b^ pb 

V V 



pbi 



sjx^v" ^pH'' 
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^ pbi pabi 

hence, x : a :: /- f ^ , , ^ : i = /\^ % ^^1% ^' 

pressing the fiuxional equation of the curve in terms of 
the angle described and distance. But (Art. 82. Ex. 7.) «* 

= 6* -I — _. X (0**+ ^ - 0?"+ ^) ; or if J (the vel. of proj.) : 

cT^j in a circle at the same distance (Art 310.) 

:: m : 1, then h^=^m^a^^^ ; hence, t;*= (m^ -f ) X 

2 

fl^+^ — xaf*"*"^ ; therefore i = 

n + 1 

pahx 

x\/ (m^-i ^ X a^^^xa? xj?"^^-»Wa^+* 

the fluent of which can only be found in particular 
cases. 

(213.) At the apsides, aSP = *SF, or a? = ^ = 

V 

pb 
— y ■ I ; hence, 

V n + l/ n+l 

xS/ Cm*+ -^t") X «"^ '--4-r>^ :r^+M- i?i = O the 

V W + l/ 71+1 ^ 

•equation to the apsides. Now to find the number of 
apsides, by squaring the first equation, we get Tm'^H — r-j 1 

2 

X a"^^ X or* — - X 0)^+3- »* J* = 0, which equation 

(^^eJra, Art. 361.) may have 4 possible roots when 
n is an even number, and 3 when n is an odd number ; 
but this being the square of the original equation, 

X 2 
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some of the roots are introduced by that operation^ and 
the equation to the apsides can never have more than 
2 possible roots, so that no orbit under this general law 
of force, can have more than 2 apsides, that is, there 
are only two different distances of the apsides ; but there 
is no limit to the number of repetitions of these, without 
their falling upon the same points. If n be — 3, or a 
greater negative number, the equation can have only 
1 possible root, and the orbit but one apside. 

Prop. CLII. 

Given the law of force as before, tojind at what 
point of the curve the motion towards the centre is a 
maximum. 

phx 
B V the last Prop. mn= ; f == : now when the 

2A 
time is given, the area {A) is given, and mn = ; 

X 

hence, x = — r x V v* — ©*6*j:"* = — - x 

pb ^ ^ pb 

y (m'+ ^ X a"+^ — - X a;*+' — »*i»4:-»= 

V n+ 1/ w + 1 -r •* 

maximum, or x o^*^* + ©^ J'a?""* = minimum, and 

n+1 . ' ' 



2a;^i-2p*J*j?"3i = 0; hence, a?=jp6]'*+3 the distance 
required. 



Because v : b •• -np- -^ wehave/iftssiSJTx v; hence, 

.X'=SrxvY+^ and v = -^. But if c= chord of cur* 
vatare passing through S, as (Prop^ 150.) the velocitj 
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2 



in a circle at P=a? * , we have (Prop. l47«) ^ • ^ 






n+3 



.^c : ^2a? and J? * x V — = t? = -^-pr^ ; hence, 

2V =c aSJT* X c; but (Prop. 138.) this gives the point 
where the centrifugal force = centrifugal. Hence, the 
motion towards the centre is a maximum at the point 
where these forces are equal. 

Referring to Fig. Art. 206. Ex 3. let the force tend 
to the focus S; then c = ^^ , and SF^ = DC^x 

jjp; hence, !2SP^ = Z>C* X Jjp^^—JFrl and as 

-SPx jyP = Ciy, we have *SP x AC^ CD" ; therefore 
P is at the extremity of the ordinate to the major axis, 
passing through S. 

2 CK* 

If the force be in the centre C, c = ^^ ; and 

2 CK^ 
2 CP'=Cr' X "jfT- ; hence, CP^:^ CV^x CK' = 

AOxBO, and AC : CP :: CP : BC. 

Prop. CLIII. 

If two bodies revolve in an ellipse^ one about the 
centre and the other about the focuSj in the same 
periodic time ; to compare the forces towards these 
centres. 

Let ABDE be an ellipse, S the focus, C the centre, 
AD the major, BE the minor axis. Now when the 
forces of central bodies vary in diflferent ratios, we must 
get the relative effects at some one distance, in order to 
compare them at all other distances. Let SA =. Sy 
CA = a, and let the indefinitely small arcs Am^ An, be 
described in the same time about C and S respectively i 
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and at the distance d let the effects of the two forces be 




equal and represented by unity ; then -^i -j :* 1 • "^ 



a 



the force at A about S, and d i a :: I : -^ the force 

at J about C. Now (Prop. 147.) the velocities vary as 
the square root of the forces and chords of curvature j 
but the velocities are as An, Am, and the chord of 
curvature at A is the same for each force ; hence, 

An : Am :: V-j- : V j; but as the periodic times 
are equals equal areas are described in equal times; 
therefore An x AS = Am x AC, or \/£ x « = 



v/ 



- X rf ; hence, d^z a, and the forces are equal at the 
a 

extremity of the semi-axis major. 

In B. I. Ch. 2. Prop. 11. of Newton's Principia, 
the second demonstration goes upon supposition that 
the periodic times about S and C are equal ; this Prop, 
therefore shows how the forces must be here adjusted. 

Prop. CLIV. 

ff^en a Satellite is in conjunction with the Sun, to 
Jlnd when ifs orbit in Jixed space is concave and when 
convex to the Sun. 
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811 



Let P be the planet in it's orbit LM, S the satellite 
in conjunction with the sun at O ; draw Sx* a tangent 



r_Q/j 


p > 


— bL 


J 


X f ■ 





M 



lO 

to the satellite's orbit at S^ Pj/f a tangent to LM; PR, 
Svy two indefinitely small arcs described in the same 
time, and draw QJR, vt perpendicular to Py, Sx. 
Now if the curve described by S lie below Sx, the curve 
will be concave to O; if it lie above Sx, it will be 
convex. But as the planet passes through. PR, it 
approacbJis Sx by QR ; and carrying the orbit of the 
satellite Ifith it, it carries the satellite with it in the 
same direction through the same space, or it tends to 
carry it so much on the side of Sx towards O; but the 
satellite by the motion in it's orbit, tends to carry 
itself through tv on the other side of Sx. Hence, the 
path of the satellite at S will be concave or convex, as 
QR is greater or less than tv. Let P = periodic time 
of the planet, p that of the satellite, D = PO, d = PS\ 

then (Prop. ISQ. Cor. 2.) QR : ^t^ :: pj : — :: -7 • — r » 

hence, the orbit will be convex of concave toward the 

D. P* 

sun, as --J is less or greater than —7 . 



* ^ is where xt touches the circle, 
t Py should be a straight line. 
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For the moon -r= 392, -7 =3 178 ; hence, the * 

a p 

moon's orbit is concave to the sun. 

D P* 

For the first satellite of Jupiter -j = 1844, — ; =* 

5992704 ; hence, it's orbit is convex to the sun. The 
same is true for the other satelHtes. 

Prop. CLV. 

TTiere is afield in the form of a parabola whose ab- 
scissa is X and parameter p; now corresponding to 
the abscissa e, the land is worth m pounds an acre, 
and upon evert/ other ordinate the value varies as 
the n^^ power of the abscissa ; what is the value of 
the whole field ? 

Put X = any abscissa, y it's whole ordinate, c = 160 
square rods = 1 acre ; then a* : jf :: m : —^ the value 

of an acre at the ordinate y\ hence, c : yi :: 

^'^'' ^ -^. / ^ i iv^mo* ~i . . 
: — X va:"j?=(as v = 2»«a?2) — ~-x x * x^ the 

fluxion of the value, whose fluent is — r\ ^ 

cflf X (2« + 3) 

0? * , the whole value. 

Prop. CLVI. 

het ABD represent an hemisphere whose pole is P, 
and let a meridian P r v set outfirom PA and move uni- 
Jbrmly about P, whilst a point r sets out from P and 
move uniformly along Pv with a velocity which is to 
the velocity of the point v as 1 : n ; and let PnrB ie 
the curve described by the point r; to find the area 
PABrnP. 
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Draw the meridian P w indefinitely near P v, and r s 
parallel to i; u; ; let O be the centre of the sphere, and per. 




r tu 



pendicular to PO draw r m ; then the limit of the area 
vrtw is vrsw which is the fluxion of the zone cor* 
responding to Av, vr. Let r = rO = PO, p= 3, 141 59. &c. 
Pnr=:z^ rm=iX, Om =y, a = area of the surface of the 
hemisphere ; then Av=nz,vw=nz. Now (Prop, 26. 
Ex. 1.) the surface corresponding to Om is as Om; 

hence, r i y :: a : ~ the area of the zone whose 

r 

breadth is rv^ rv corresponding to Om or y ; and 2pr 
(the circumference ABDA) : n% :: — : - — i x yz ^ 

(Art. 46. as yz = ri, and a=2]»r*) nri the area vsrw^ 
whose fluent when x = r is « r* the whole area 
PABrnP. 

As w : 1 :: AB : AP^ if « = 4, when r comes to B^ 
B will have described the circumference and come to A^ 
and the area = 4 r* the square of the diameter. 

These curious properties were discovered by Pappus. 
But the Problem may be extended by making the velo- 
cities of the points r, v, follow different laws. 

For example^ let rt (i) : vw :: y : or, then vw » 
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y; hence, 2pr:Y •• -7 • 5^x^« = (^^/^=«» 

J? i = — ry) — rifj whose fluent is — ry + C the area 
PABrnP; but when that area = 0, y = r, and 
— r* + C = O, and C = r* ; hence, the whole area (y 
being then = 0) = r*. 

Let us suppose the point r to move just above the 
surface of the earth, from the pole to the equator with 
the velocity as in the Proposition, to find the curve on 
the surface, over which r passes. Whilst the point r 
moves from r to e, let the point of the earth under r 
move from r to s, then as the point was vertical to *, it 
18 now vertical to e, and se will be the path on the 
surface over which the point moves ; and the curve 
Pseg so described will be the curve required ; wbidi 
is manifestly like to PntB^ only lying the contrary 
way. Now re : vw :: 1 : n, and vw : rs :: 1 (rad.) : 
c (cos. lat.) ; therefore 1 : en :: re : rs :: rad. : tan. rse 
which the curve makes with the meridian. This ex- 
plains the cause of the Trade Winds. The cold air 
sets in from the north towards the equator, moving 
over the surface D of the earth in the manner here 
described ; and the earth moving from .4 to B, or from 
west to east, the current of the air over the surface 
in the direction Pseg makes a north-easterly wind 00 
the north side of the equator ; and for the like reason, 
a south-easterly on the south side. If the greatest velo- 
city of wind towards the equator be 60 miles in an hour, 
1 : w :: 1 : 17,4 the tangent of r^e = 85°. 45' at the 
equator^ the least angle the wind can there make with 
the equator. 

Prop. CLVII. 

If ttco equal bodies B, C, move umformh/ in the 
circumference ACLGA of a circle^ setting out from A 
at the same time ; to find the nature and area of the • 
curve described by their centre of gravity. 
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Draw the diameter JOL, O the centre, OG perpen- 
dicular to AL; let B, C, be two cotemporary positions 




of the bodies ; join BC and bisect it in P a point in the 
curve APROi join OB, take OE^OP, draw JEFper- 
pendicular to AO, and FH to GO^ and join FO. Put 
AO^^r, OP = OE=Xy AQ = v, and arc AB : AC :: 
1 : w ; then n + l : n - 1 :: -^Q : BQ :: v : BQ = 

7 X V. Now the area OFG = ^ r x FG, and 

n+l ^ 



OFH= ^x X A^r^ — .r*; hence, ^a^x/r*— ]?— |rx 



n-1 



FG= - HFG. Now (Art. 46.) ^ x -i; (5Q) : - 



+ 
n+l 



— rx 



X ::r : Vr* — a?% therefore ^ = x . . ex- 

^ n-1 ^r*-a?* 

pressing the equation of the curve. Now (Art. 51.) the 
fluxion of die area AOP == 



x^v 






1 • 

— X X 



n+l 



. , whose fluent (Prop. 63.) is * x r x 



n+l 



(i^V*- a;' — fr X .PG? + C) = } x -x(-area 

ifGfl^+ C) ; but when AOP=o, FGH=AOG; hence, 
- ^OG -i- C=: Of and C = ^OG ; therefore area 
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AOP = i x^ X {AOG - FGH) = i x ^ x 
AOHF-y and when x=0, the whole area APRO=\^ 

^ X AOO. 

n— 1 

If n = 3, the whole area = AOG. 

If the bodies move in opposite directions, BQ = 

, and the whole area = ^ x "~ . x AOG. 



n-1 



n+1 



Prop. CLVIII. 



Let ABCD he a luminous globe; to Jind the 
quantity of light received at P. 

Draw P-40C through the centre O, and Bt D per- 
pendicular to it, PB being a tangent at £ ^ take z w 




indefinitely small, and draw zv perpendicular to AO, 
and join OB, Oz. Put OB — r, Ovssa?, t;« = y, 
B« = z, zw = i, PO — d, Ot =i a; then ad = r*, 
Pz* =i d* + r'-'2dx. Now as every point is here sop- 
posed to give out light equally in all directions, the 
quantity of light received at P from the apnulus gene- 
rated by zw revolving about AO, varies as that annulus 

divided by Pz% it varies as ^^^l^a^ ' ^+^la^ . 

4 

whose fluent is ~i X -h. I. (rf* +r*-2rfj:) + C; but 
this vanishes when x = a, and the correct fluent is 
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h ^ ^- ^- tV^Zlt: > and when X = r, we get the 
whole quantity of light received at P» ^ ^ ^ h. 1. 

X h, 1. 



(t+r*-2dr 2PO " PA'' 

. PB* PO'-BO' , . 3P0 , . 

^' TJ' = PQ-^Qi- = * + ^Fo" "^'^y' ^^^'^ 

PO is very great in respect to BO, the quantity of light 

. , . 1 ^0 . , / , 2B0\ 

in this case varies nearly as r-pTj x h. 1. ( 1 + "pTT) ~ 

(Art. 103.) jp^ X -p^, or as -p^. 

« 

Prop. CLIX. 

Let a small glass tube CB he partly filled with mer^ 
cury up to A ; to find whether it can be filled to such cm 
height, that upon the expansion or contraction of the 
glass and mercury by an alteration of the temperature 
of the air, the distance CO from the point of suspen- 
sion at C to the centre O of occillation may remain the 
same. 

At any given temperature, let m = the weight of 1 
inch in length of the tube, M = that of 1 inch of 
mercury; and put a^^CB^ b = AB in inches, x = any 
length CL from C. Then 1 : in m : mx the weight 
or quantity of matter in x of the tube, and 1 : i :: M: 
Mi the weight or quantity of matter in ± of the 
mercury. Hence (Art. 65.), we proceed thus: the 

m 0^ 
fluent oimx^x = (when ^ = a) —r--, and the fluent 

Mx^ 
of Mx^x = — — - , but this must vanish whep x = CL =s 
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a — 6 ; hence, tr e fluent corrected is ^ 



A 
L 
O 



BH 



Again^ the fluent of mxx = (when x = a) 



IT 



and 



the fluent of Mxx corrected as before^ becomes 

Ma" -- Mx {a-by , ^^ 2 
— -^ ^ ; hence. CO =^ :; X 

2 ' , ^ 3 

• — . , ,^ ^, — s#— 7 m • Now if II? = weight of the 

w 1V^ 

tube^ flr= that of the mercury ; then m = — , ilf c=-^; 

and if -77^= a, we have, CO=:i x ^tt -r — 7 rr.* 

W ^ ' 3 afta 4- fl* — (a— J) 

But a change of a and b fi*om a change of temperature, 
will not change the numerator and denominator in the 
same ratio; hence, CO will vary with a variation of 
temperature. There is also another objection to a 
pendulum thus constructed, that is, that the expansion 
of the glass and mercury do not take place propor- 
lionably in the same time. This compensation pen- 
dulum was invented by Mr. Graham ; and although 
it is not perfect,' yet a clock with such a pendulum will 
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go about 7 times better, that is, will vary about 7 times 
less than the same clock with a common pendulum. 

LEMMA. 

Let AV, AW be two straight lineSy M a given point 
in the straight line DE, moveable so^as to keep D, E 
in AW, A V ; tojind the curve FMG described by M. 

Draw MP parallel to AV^ and MH perpendicular to 
AfV^ and these being given in position, let MP ; 




e* -• 



A P GH D W 

PH :: a : e a constant ratio. Put AP = a?, PM = y, 

ME = a, MD=zb'y then Pfi^= -^, and a : b i: x : 

a' 

PD=^;heace,HD = tlZM.; aisoMfl^ = y*- 
a ' a "^ 

¥, and 6»-y* + ^' = HD' = .^Z^ ^ and b'x" + 
a* * ^ a^ a 

a*y*— 26e^y = a'i* an equation to an ellipse or circle 

(see Wood's Algebra.) The same if M lies without 

ED. 

Cor. Hence, the construction of an elliptical com- 
pass, by making the angle A a right angle, and the 
points 2), E to move in two grooves cut in AfF^ AVy a 
pencil being fixed at M as the ruler DE turns about. 

Prop. CLX. 

Let A V, AW, be two perfectly smooth planes given 
in position^ and the plane VAW perpendicular to the 
horizon x Ay ; ED a rod perfectly smooth at each end^ 
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b/ing on the said planes ; to find the position of the 
rod when it will rest. 

By making the rod move, any point M, here supposed 
the centre of gravity, will (by the Lemma) describe an 




ellipse FMG. Let M be the highest point of the 
ellipse, then the centre of gravity of the rod being 
there, the rod will remain at rest ; for as EMD is a 
tangent to the curve at M, and parallel to the horizon, 
gravity cannot urge the point M of the rod to move 
either way. Draw MP parallel to AV^ MQ, PN per- 
pendicular to xy, MH to AlVy and PR to MQ. Put 
EM^a, MD=:b, AP = x, PM = y, and let PM i 
PH :: a : e; then by the Lemma, b^x^ + a*y* — 
2hexy ^ a'b\ Let ^ = sin. PAN, t = sin. l\iPR, 
rad. = 1, and these are given from the given position of 
the planes ; then Q/J = PN = sx, MR = ty \ hence, 

sx+ty = MQ a maximum, but y =z ex + ^Jh^^d^a? 

(he b^ c^\ 
puttingc=— , ^ = ft' ^j; hence, ^a? + *ci? + 

t^b*'^d^x^= {\(s + tc:=m) mx + ts^b*-c^x^ = max. 

and putting it s fluxion = 0, we get x = .. ^ . 

^^ t (* "1" tn Qt 



therefore by sim. tri. a : a + 6 :: j? : AD = 
is known. 



a^b 



a 
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Prop. CLXI. 

• 

Let a pendulum consist of a rod CA, and two balls 
P, Q, 0/ which P the larger is Jixed at A, and the 
smaller Q moveable ; given the time tofa vibration, 
to find variation of the place of Q corresponding to a 
small variation oft. 

Let C be the point of suspension ; then as we want 
only to deduce a practical rule, we neglect the weight 

rC 



c> 



of the rod, and suppose each ball to be concentrated in 
it's centre. Let CQ = a:, CA^=:h\ then (Art. 65.) the 

Qx^ + Pb^ 

length of the pendulum = -g pr- ; and by Mecha- 

Qx'+Pb' .^ ... 1 



nics, d9f2 inches : 



Qx+ Pb 



t'^ = 



39,2 



Q I hh ' Now as the increments of t and x are 

supposed to be very small, they will be nearly as their 

«„^; u «w Q'x'x + iPQbxx^PQb^x 
fluxions; hence, 2f/ = , _ ,.^ . 

3 9y2xQx+Pb\* 7 
. _ 39,2x2txQx+ Pbf . 
and X - Qt^^^^PQbx^PQb' "" " 

Let J=158 inches, j?= 126,9, P = 20lbs,; Qsllb., 
then # = 2'' ; and suppose the clock by the variation of ' 

y 



SBS 
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to lose 15" in 24 hours, or 86400"; then 86400^ : 2* :: 
16" : 0",000347 the time lort in 2", or /; hence, 
i ^ 1»84 inches^ the correspamliog variation of Xj or of 
the place of Q. 

Clocks whose pendulums have large bohs, are cor* 
reeled ia this manner, as it can be done amre accurately, 
the scale of variation being longer. 

LEMMA. 

If / as the length of a pendtttum descrilMfig a ejrdbid 
whose axis is perpendicular to the horizon ; then by 
the property of the cycloid, the accelerative force at the 
arc X of distance from the lowest point : force of gra- 
vity :: X : I; and this we may apply in all oscillations 
and vibrations when the acceleration varies as the 

rce to be described from the point at rest, that being 
law in the cycloid. 

Prop. CLXII. 

Let a tube xdcy of uniform size, the parts xd, yc 
heir^ upright, and filled with a fluid up to a b, and 
then depressed from a to \n so as to force the fluid to 
rise on the other side to n ; then on removing the force, 
to find the time in tohich the fluid will oscillate. 

Put x:s:amstbn, I =± length of the canal adeh; then 
the fluid at n standing at the altitude 2x above m^ 2 jp = 

y 

n 




ix 



moving force ; hence -j- s accelerating foroe \ and by 

2j7 I 

the iicmma, -y- : gra¥ity (l) :: a? : -the re(|uired length 
of the peodukm. 
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Hence^ if this oscillation be analogous to the motion 
of the waves of the sea, Nbwtok concludes that the 
waves move through a space equal to their breadth^ 
nearly in the time in which a pendulum whose 
length is half the breadth of the wave, makes a 
vibration. 

Prop. CLXIII. 

Let OHLM be a body (B) at rest in a vessel of 
water whose surface is EHMK; depress tJte body 
through a very small space £P so that the water way 
rise to N, and then let the body go ; tojind the time of 
an oscillation. 



LfOt a s section HM of the body, b 
M sc the magnitude of the body, V 



section EK^ 
part HLMt 




EP = X ; then as the part of the body depressed = tbe 
water elevated, EN x (b-a) = ax, and EN = 



therefore NP = 



ax 



+ X = 



ax 

b^' 

hx , abx , 
, and T = the 



A — a ' *" b—a' ^ b^^a 
water displaced, or the moving force to drive up the 
body. But a quantity of water F acting upwards 
a^inst the body, keeps B at rest, or is equivalent in 
OT0Ct to 2J; to find therefore the equivalent effect of 

ahx j^ abx ^ B abx i.- i_.. o 

__, we say F: j-^:: 5 : -j^x— ^whichthwl^ 

represents the moving force acting upwards against B; 

va 
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1 duX 

hence, the accelerating force = ^^ x ,^ ; and this 
varying as x the space from the equilibrium point, we 
have (by Lem.) p >c j- ^ : 1 (Gr.) :: x : Fx -;^ = 

F V 

-r-, the length (/) of the pendulum required. 

V 

If & be indefinitely great in respect to a, /= — . Let 

f^ =3 a cylinder whose base is a, and altitude A, then 

a 

To find the weight of a ship*s loading^^ observe the 
length / of a pendulum which vibrates in the time 
a snip is found to make one oscillation, and a = the 
area of the section of the ship at the surface of the 
water, and we get V (la) the content of the part im- 
mersed. Hence, knowing the weight of a cubic foot of 
water, we get the weight of the whole ship including the 
loading ; from which subtract the weight of the ship, 
and we get the weight of the loading. 

If the body be a cylinder whose axis is perpendicular 
to the surface of the fluid, the proposition is true^ to 
whatever depth we depress the body, for then a remains 
constant. Now if As the length of the part immersed, 

F=z h X a; hence, h^ ^ = 1^ when b is indefinitely 

great. 

Prop. CLXIV. 

The line AB having a weight M upon it, is wjh 
ported by two strings AD, BE, and made to vibrate 
through a very small arc; to find the length of the 
pendulum. 
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Put A a =i Bb :sx the arc described^ AB = c, 
AJU^ a, BM^ b, AD= m, BE=zn; then the weight 




M 




of -Mat J=z M X -, and at 5 it = Mx -. Now the 

c c 

accelerative force of a pendulum varies as the arc 

divided by radius^ the arc being very small ; apply this 

to M X " and M x -9 and we get the motions gene- 
c c 

b X CL X 

rated as J!/ x - x — and AT x - x - and the whole 

cm en 

moving force = ilf (- x — h - x -^ ; divide this by M, 
and we get the accelerative force = - x ^— + " /» 
which varying as a?, we have - X (— +-) : 1 (Gr.) :: x : 



tnnc 



-T — r-i the length of the pendulum required. 

bn-^atn 

Prop. CLXV. 

Let a body MN rest on an horizontal plane xy at A, 
and rolling it through a very small arc Ab^ let ii 
return back and oscillate ; to find the length of a pen^ 
dulum which shall oscillate in the same time. 

Draw AL perpendicular to xy, and let G be the 
centre of gravity, C the centre of a circle of curvature 
to the arc Ab ; take AB^sAb, so that the body rolling 



^ 
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t'ruui A to Bs G may move to g and C to jE in lines 
piAndM W AM^ the two points tnrning about A. N%»r 

L 




A.DB 



when a circle rolls in a straight line, it's centre must 
continue in a perpendicular to that line from the point 
of contact ; C therefore may be considered as the centre 
ol'a circle coinciding with jib^ and which comes to E 
when b coincides with B, BE being perpendicular to 
Xjf ; hence, CE = AB ; also, E, gy A, must be in the 
same straight line, the velocities, Gg, CEj being as 
AOy AC; and the centre of gravity now at g not being 
supported, if ^Z> be perpendicular to AB, the body 
will (by Mechanics), oscillate back by a force which is 
to gravity as sin. DgB to rad. or as DB : Bg or AG. 

Piit AG =3 fl, AC= 6, AB = x ; then b :a :: x : 



ax 



Gg^AD\ hence, J?D=a:— -T-=— T— X -2? 



also, let 



_ilf= quantity of matter in the body, r = the distance of 
any particle p from A, the body being supposed to be 
orthographically projected on the plane AMLN pass- 
ing through the centre of gi'avity, and in which the 
body oscillates. Now gB : DB :: M : that part of 

Mx DB 

gravity which tends to bring the body back = j^ — = 

M X _ — X X the moving fgrce. But (Art. 6o.) J*r*p 

represents the inertia of the whole body ; and to find 
the qaaiitity of matter rn which placed at G shall have 



the sanfie inertia, we hfOYe by tlie <tme Art.yr*^= tfm, 
and m ^ -^ Hciooe, we may conceive the m^ing 

force M x — r— x « as having to move a body ■ ^ ; 

therefore the accelerating force = 3f x —^ — x Jt x -r-r-S 

which varies as a:; hence, by the Lemma M x — 7- x 



a6 



«^ _ .^ V .r^ ax 



JP X YT • 1 (Gr.) :: Gg « — (the indefinitely small 
space through which the body has oscillated) : the 

length of the pendulum =: j..^' ■ . ■ — \. 

Ex. Let LAN be the arc of a semicinile whose 
centre is C ; from any point B draw BFb perpendicular 




to CA; put CB^r, AF=x, hvcAFsziz, arc AL=c^ 
tiien chordAB=^,JTrx, and BF^^ 2rx'^x*i also 

(Art 46.) g= /^ ' ■ a > hence,yr*j9==/3ra?x fljiat 
/— -==J== = 4 r' X (« — Vsrx-x') = Pr. 69. (when 



r« 



x=r) 4r»x (c-r). Also (Art. 58. Ex. 5.) ^G=r-^; 

and ilf s 2 c ; hence^ the length of the pendulum ss 
4r* X (c— r) 



^2 =2r. 
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Prop. CLXVI. 

To find the time H' in wMch a pendubitn wilt describe 
a conical surface CABEF. 

Let AD be the altitude of the cone, v the velocity of 
the body B in the circumference BECF; then (Art. 

A 




V 



202.) -yj^ = centrifugal force of 5, the force of gravity 

being 32j.=wi ; and these two forces acting on B in the 
directions DB and parallel to AD, if we consider DjB, 
AD as two levers, the eflfect of the former to urge 

B upwards is -jj^ x AD^ and of the latter to urge B 
downwards is m x BD ; make these equal and 
v= BDx V-^. If therefore p = 6,2838, then 



AD 



p X BD = circumference BEC FB ; hence, BD x 
\/^ :pxBD:: l" : r=p\/^. 



} 



AD 



Cor. The time T" down 2 AD 



= v/ 



4 AD 



m 



hence. 



f : J^' :: p V : p V/ :: p : 2 :: circumfer- 

■ ^ m ^ ^ m ^ 

ence : diameter of a circle. 

Prop.CLXVII. 

Let A, B, be two indefinitely small bodies^ attached to 



/ 
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the point O, so as to describe in the same time their 
respective conical surfaces; tojindthat time; O^A, B 
lying in the same vertical plane. 

Draw OZ perpendicular to the horizon, AF^ BG 
perpendicular to it ; and let c = the velocity about OZ 
at the distance unity; then 1 : AF :: c : c y. AF =i the 




z 



velocity of A; therefore (Art. 202.) c^x FAx ^ = the 
centrifugal force of A, and it's efficacy as before to urge 
the system upwards is c* x FA x FO x A\ for the like 
reason^ the efficacy of -B is c* x GB x GO x 5 is the 
efficacy of B ; also the efficacy of gravity to turn A and 
B in the opposite direction is mx{Ax FA + Bx GB) ; 
hence, c^xFAxFOxA + c^xGBxGOxB^mx 
(A xFA + BxGB), and c = 

\/ n.x(AxFA+Bx GB) cv'^' 

^ FAxFOxA + GBxGOxB] "^''''^' c , p .. i , 

^,_P__P_ ^ / FAx FO x a + GB X GOx B 

c' J^""^ Ax FA+BxGB 

the time of a revolution. 

In general under the condition stated in the proposi- 
tion, if z represent any plane body, z any particle whose 
perpendicular distance from OZ is x, and from in the 

direction ZO is y, then t = -7=- ^ y .,' ■ . -^ where 

i^ VI iiu. xz 

the part on the opposite side of OZ must be considered 
as negative. 

To find the height h of a cone described by a simple 



sso 
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pendulum in the same time, by the last Prop, -y^ x 



Va = 




m 



^ flu. XZ .«.!•.• 



flu.xi 



Ex. 1 . Let OM be a uniform slender rod describing 
a conical sur&ce; draw MB, wn perpendicular to 0Z\ 



N 



ft 



B 



Z' 



\ 



\ 



■\io 

\ 



M 



put Ow — Zy x^nwj yznOn^ g =r sin. c =* cos. of angle 
ZOM; then x^sz^y =s cz, and the fltient of xyz cs 
fluent of scz'^z = ^scx^, and fluent xz = fluent szz = 
i * a* ; hence, /t = |.cij= I OB. And when the angle 
O is indefinitely small, 'A =: the length of a simple pen* 
dulum describing a circular arc. 

Ex. 2. Let OMQ be a quadrantal arc, whose centre 
C lies in OZ, draw MP perpendicular to OZ\ put 




T^CM, 0?= PM, y ^ PO,Z=: OM; then (Art. 46.) 
xz-rriry \ hence, fluent xyz = fluent ryy tsz Jry*, 
and fluent xz = fluent ry^ry\ and A = |y. 

Hence, whatever r may be, whilst OP continues the 
same, the time of revolution is the same ; which is the 
case of a simple pendulum when the height of the cone 
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remains the same. And the two revolutions are equal 
when the altitude of the cone ss f OP. 

Prop. CLXVIII. 

If a candle be elevated above the centre of a circular 
table ; tojind the light received upon it. . 

Let ABCD be the table, O the centre, OH perpen- 
dicular to the table, jtfthe place of the candle, rsvw a 




concentric annulus, and rt perpendicular to sH. Put 
p = 6,283 &c. X = Hr, a=HO, then Or^ = x'-a^ 
and xi = Or x Or = Or x rs. Now no more licfht 
falls on rs than what falls on tr, and therefore it varies 

tr 
as •77— I ; hence, the quantity of light fallen on the 

annulus varies as - — jr-^ = (as Hr : HO :: rs : 

, V » K HO X Or X sr paxx pax , « 
*^) ' S>3 = ^^ = ^ whose auent 

is h C the light fallen on the area whose radius is 

X 

r O, which vanishes when x = a, and tiie correct fluent 
. ^ a ^ HO 
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If rs be indefiDitelv small and given, and Or be 
given ; then the quantity of light on the annulus is as 

HO 

-rnj ; and to find the height OH when the light re- 

ceived on the annulus is a maximum ; put Or = a^ 

OH^x\ then — r= niax. whose fluxion made 

a 
= 0, we get X = ^. 

Prop. CLXIX. 

If a body revolve about an axis x O, the centri- 
Jusal force is the same as if all the matter were 
collected into the centre of gravity C. 

Let a plane of the body pass through C and x ; 
p a particle of the body, pv perpendicular to that plane, 




and CHy pZj vz to xO. Then as the centrifugal force 
or p oc pz^ resolve this force into p x vp, p x zvx 
then by Mechanics, the sum of all the p x t;/7=0, and 
the sum of all the pxzv =i body x HC\ that is, the 
whole effect of the centrifugal force ss the centrifugal 
force of the whole body placed at C. 

Prop. CLXX. 

Let BD be an horizontal table moveable about the 
centre A ; P a body lying on it and connected with a 
body ^by a string going from ifs centre of gravity 
parallel to the table, passing under a pulley at A and 
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ever another af m vertical to A, Q hanging freely 
down ; and let the table be turned about A and carry 
P with it J so that the centrifugal force of P may draw 
Q up^ P being constrained to move in the line ACP ; 
to find the time of describing CP, P setting out 
from C, 

At the distance 1, let c =. circular velocity of the 
table^ ass AC, x=JPy 1;= velocity of P, the matter in 




P being conceived to be concentrated in it*s centre of 
gravity, ^=time of describing CP, m=32^feet. Then 
(Art. 202.) gravity being represented by m, the cen- 



c'x* 



trifugal force of P = x P =z(^x P ; therefore the 

moving force = (r*a?P— md, and the accelerative force 
= — P^:q 5 and (Art. 82.) vv ^ p^Q x x; 

whose fluent IS -• = 55 — 77 x .^ — r^>^^ + C^; but 

2 p+Q 2 p+a 

c*P 

when t; = 0, x = a, and putting c* — >^ q x a' + 

2mQ , c*P , 2mQ . ,^ ^ 

^PTQ^^^ 'jP+U "^ ' 3^TQ "^ ^' the correct fluent 

X 

is r* = dfj?* - ea? + J ; hence, / = 



hjdx"^ — ea? + 6 
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d d 



and (putting -, — -= =n*), we get / = — =. v . . 

^*^ ^ d 4d^ '; ^ v^rf\/y+«' 

1 

and # = -7- X h. 1. (y 4. ^y* + «*) + C; but when 

/ = 0, a? = a, and therefore y^ a = g- ; hence. 



1 1/4" /t/* -I- fi* 
the correct fluent is * = —7=j x h. 1. ^5l v ^_^_^ ^ 

991 Q 

When c*j? P— w Q = O, or jp = -r-^, the accelerative 

force vanishes ; if therefore P were to be set off at 
that distance, it would remain at rest. 

On this principle the whirling table is constructed. 
Instead of a complete table, difierent arms are put on, 
and by means of different wheels, P is made to revolve 
at different distances in difierent times, and difierent 
weights Q may represent different attractive forces. 
Thus the periodic times, distances and forces may be 
adjusted as we {dease. If they be adjusted to the case 
of the planets, the experiment proves the law of gravity 
to be in the inverse square of the distance. 

Prop, CLXXI. 

To jvnd the altitude of the highest cylinder that can 
be raised on any part of the eartKs swrface. 

Let C be the centre of the earth, P, p it's poles, 
EQ the equator, CL the cylinder in the direction CI 
of the radius. Draw IM, LA perpendicular to CPA^ 
and AB to CL. Now when the centrifugal force at L 
in opposition to gravity be equal to gravity at that 
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point, the cylinder can be raised no higher, since at any 
greater altitude, the centrifugal force would be greater 




than gravity, and therefore the parts would be thrown 
off. Put r = CJS;=C/, i=/M, d^CM,x^CL,c^ 

— — the centrifugal force at -B, gravity being unity ; 

hx 
then by sim. tri. r ih v. xi AL = — ; hence (Art. 



. hx 
202.) r : — .. 



chx 



•• c 



the centrifugal force at L in 
the direction AL^ L revolving about A ; and AL : BL^ 

C b X C h^ 'T 

or r : b :: — ^ : " ' the centrifugal force in the direc- 

11 , r* 

tion IL. AIso» r- : -- :: 1 (gravity) : -j the gravity 



at L ; hence, 



ch^x 



= -T , and X = 



5 
TIT 



X 



A 



1 , « 



and r 



__.^ '^r:si IL the aftitude of the cylinder required. 

To find the weight w of this cylinder, put x = Cm, 
r2:«*the weight of a cubic foot at the surface ; then the 

ivbole force at m towards C = —• — — r— , which at / 



X' 



liecoiiies I - -- ; hence, 1 -^ — 






r 



• x» 



cb^x 



n : 
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er* ch*ex / . nr* \ 

If ~ -1^— (putting e = p-r^; the weight of , 

cubic foot at m ; hence, 'j:^.il^ ^ ^^ ,„j ^^ 

€ ?** C b^ 6 X^ 

— X 2r»~ "^ ^'' **"* '****" w = 0, a? = r, and the 

correct fluent is w = er + ^ - t^l ~ l£*ll\ 

2r X 2r3 ' 



r^ 



and putting— — for x, we get u? « er + ^ ■£ - 

At the pole, 6 = 0, w =^ er z:= nr, and j? becomes 
infinite. At the equator, b =sr, and w = 



/2 + C. 3 +\ 



Prop. CLXXII. 

If a "perfectly flexible horizontal rod AB be bent 
through a very small space into the curve AC by a 
weight P hanging from ifs extremity ; to find the 
nature of the curve AC. 

Draw AF perpendicular to AB^ and CG to AF\ take 
Acj /J^two equal indefinitely small parts of the curve, 
Fj O, the centers of curvature to Ac, Rs, and join cF^ 
RO, s O, and draw cb |[jerpendicular to A By and sr 
to the tangent R r, and R M perpendicular* to CG. 
Put CM = X, MR = y, then by the property of the 
lever, the effect of P at ^ : effect at R :: CG : CM\ 
but these effects are as Jc, rs, hence, CG : CM:: be: 

rs :: ^ : ^ .: RO : AF, and CMxRO ^ CG X 
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rn4 



^;F'= a* a constant quanti^ ; hence, . „" ' • 



i ^ 




«(•, and «i = ■ ^ . Put y =t: ;t, then>=-jr- J 

****** «'*^*, whose fluent i. 



hence^ xi ^ 



i*^* + ii"^ ^+^ 



•514- 



1^^ ' /'g t ig > but-i;*=--; hence, f x* = -7===3if 



and y as 



a?*i 




X3=S 



4a' —a? 



= the equation of the curvci 



Prop. CLXXIII. 

If two equal weights P^ P^ he connected hy a string 
ffssing over any number (^tacksj a^ b, c, d ; to find the 
pressure against each tack. 

As the tension of the string is every where the same, 
Vetbm = bn represent that tension^ or P, and complete 
the parallelogram mbnr, and let the diagonals intersect 
at V, then ir is the compound force arising from the 
tension, or the pressure on b ; hence, the pressure on 

z 
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the tack * t P :: Jr, or Sftt;, : bm :: twice cot. of half 




the angte mBn : raditis. 

If the number of tacks be increased and their 
distances diminished, so that they may approach a 
eurve as their limit, hv becomes itTs sagitta, which, as 
the increment of the curve is given^ varies inversely as 
the radius of curvature. Hence, a rtring going over a 
pulley, presses equally on every point. 

Hence, a musical string during it*s xrurvilfnear form, 
endeavours to restore itself in a directiM perpendicular 
to every point, by a force whicli is inversely as the 
tadius df curvature. - 

Prop. CLXXIV. 
Tojind the^ motion of a mtmo^ s t r in g AM NL. 

Let the string be fixed at Ay L, AQL it's quiescent 
position, AMNM^ if s extreme position, ACPL any 




•th^r |)08ition ; bisect AL in Q, and draw 41PJ^, 
BCM perpendicular to AL. Put ^Q£=r«, ]!Kt=^% 
AB=x, nC^jfy AC=:z, Jf{=radius of curvature at C^ 
rs=that at Ny 11;= Weight of the string, /=:it*s tension, 
m s= t€^ feet, c = 3,14159 &c* Now as every part of 
the iitring comes into die position AQL at the same 
time, every point C must be urged toVirards J^ by a 
force which is asthfe distance Cfl {Art. 83i Ex. 2.); 
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apd by the last PropositioB^ it is urged by a force in a 
direction perpendicular to the curve, or, as the vibra- 
tions are supposed very small, in the direction CB, 

and is inversely as JR, or inversely as ^ , i; being con- 



• • 



ttant^ we have therefore y :b :: r : «— , and yifx^hrSi^ 

and the fluent is &ri = ly^i+C; but at N,y ss h, 
i SB i; hence, the correct fluent is iri— iris^- 

OT OP 

V^f*+^; hence, i= /..I .l . J i^\.i^ jT " 
nearly (as r is very great in respect to y and h) ^hr x 

M\l ^ «» and X = {A) a circular arc whose sine is 
^ and radius = 1, and when y ^h^ x^\a\ hence^ 

|- a = \/rh% -, and r = -5-^. Now let us putx^PQ, 

V = velocity at P, then the radius of curvature at P = 

a* 

-^— by our last step ; and by the last Prop, the motive 

force of P : / :: i; : -^, and that force = — 5—; but 

c*« or 

fi}% 
a I w ti i : — the weight of z ; hence, the accelera- 

hve force of P = , and (An.82.)vv:^ X 

wa wa 

xi. therefore v* == — x (x^ + C) ; but when 

22 



SiO 
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« = 0, * = 6, and «• =ii!^ X (i*-«»), and' tre 

V ~:x c X v^"Fr^, and when x=0, t;=6c\/£^ 
the velocity at Q. 

Lastly, if t = time through iVP, ^ s= ""* 



V 




r -i , 1 

^ /i, . > "™° '" y — "r *^ (-circ. 

wa ^ "tea" 

arc (^ whose sine is f , rad. » i + C); but when 
farO, x=6, and # = 1== x ( - ^ + qoadrantai 



2<>a 



arc) — ■ , - X o, a being an arc whose cosine is 



wa 



r , and when at = 0,o=ic, and t == i- \/J^JL^ 

Piop. CLXXV. 

To find the equation of the elastic curve^ 

^ ■ ■ 

The property of this curve, is, that the ordinafe 
varies as the curvature. Put 3^ = abscissayj^ = ordinate, 
% s= curve ; then if i be constant, the radius of cHrva-' 

ture = ^ ; but the curvature varies inversely as the 

radius ; hence^ y oc -r-r, or --^ == t^, and 2yifz^ 

* ^ yz or yz ^^ 

a^a^ and z being constant^ the fluent is y'^z^a^i+w^if 
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m* » being a constant quanti^ to correct the flu ent • 
hence, a»i = (y»- m*) x a = (y^-w*) x ^i» +y*, and 
. (y*-»»*)xy . ±y'.y 



~ 'Ja^~y*-m'^' 



-v/o^-F" 



By the last Prop, it appears that the musical string 
approaches to the elastic curve as it*s limit. 



y.y ' 



The curve • . ' ' . may be coastructed by the rec- 
tification of the equilateral hyperbola. Let C be the 
centre of an equilateral hyperbola PA^ A the vertex, 
CV j^eiyendicular to the tangent P Y\ and tafce 




C0. x=* Cr, the ordinate QD = PY = PA, and D 

is a point in the curve. Put x = QD, y = CQ, 



a' 



A— CA, AP = z, PF= m;, CP = r, then t; = -, 

y 

«im. tri. Pmp, PCYy Pp being indefinitely emails 
: V w V I w V. c^ I hja^ -^y*, and as r = — , ^ = 



2{ 



-a*.y „ 1 I.' -^.^ 



y 



— -i, we have % 5= ^ .' . ; but a? = to-^z, and 

y' y\J^^}t 

i? = w - ;s = y ^^ ' ji the equation to be constructed. 

In general the ciirv^ may be constructed by the hyper* 
jbola and ellipse ; see Madamitis Fluxions^ Art. 928, 
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Prop. CLXXVI. 



ySy 



Tojind thejluent of y i ■ -^ . 
The cobstruction of the last figure remaining, let 



t^ 



V » »na by sim. tn. z '.v iiv : , and 

z = J." i the required fluent is therefore the arc 
^P generated whilst v flows from AC or 1 . 

Prop. CLXXVII. 

Let ACB be a curve suppoftrting ajhtid; to find it*s 
nature. 

Let DB = h,DP ^ x, PMj^y, CM ^ «; then as 
the pressure of the flui4 is as it*s depth, and equ|d in 

B_P 1) A 




til diredioni^ the pressure perpendicular to the curve at 
M varies as y ; this therefore is as the curvature, or 

inversiely as the radius '^^^ % being constant ; assume 

therefore — f = -7-7 ; hence, this is the same equation 
a^ y% ^ ^ 

as \Xk Prop, 175. and x = y u-==*^ ^ . 




AfiaCBLLANEOUS PftOPOSITIOKR 



Prop. CLXXVIII. 

Let PQRm he a great circle of a sphere pep ^ 
dicular to its ams of rotation^ pas^wg through v. 
centre C ; o m a slender cylindrical part of the radius 
Cm in a directum parsing through C ; and whilst the 
globe is revolving y let om be moved in the direction of 
the raditis into the position m n ; to Jind hoio muck the 
time of rotation will be altered. 

Let M be the quantity of matter in the sphere, sup- 
posed of uniforpi density, m the quantity in the cylinder 




om or m», G the centre of gyration of the globe, ^, g^ 
those of the cylinders om, ww^ then (Art. 6l. Ex. 1.) 



Cy 



= n/ 



Cm' ^ C« 



3 



3mo 



-, Cg 



3mn 



Now 



the taking away of the cyhnder mo, is, in respect to its 
inertia, the same as taking away a quantity of matter m 
placed at y ; and adding the cylinder mn, is the same 
as placing m at g. Now to find the quantity of matter 
(q) at Cr which is equivalent in its inertia to m at y, 
we hfive (Art 6o.) q x CG^ = m x Cy*, and q = 

y^A^f 9 in like manner, the quantity of (natter at G 



equivalent in its inertia to m at g^ is pri% 



The 



whole quantity of matter therefore tP be added to M 
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placed at G, which shall be equal in its inertia to the 
removal of the cylinder om into the position mn^ is 

-^fy^ X (Cg^ - Cj^). Hence the inertia of the globe at 



m 



first : inertia afterwards y.M i M+ jt?^ X {Cg* — C^) ; 

and as the velocity must be diminished in the ratio of 
this increase of inertia, the periodical time must be 
increased in that ratio. 

Hence, such an alteration of the Earth from sub- 
terraneous forces, may cause an alteration in its time of 
rotation, though probably too small to be sensible* 

Prop. CLXXIX. 

Let a body descend down, any curve NA ; tojind the 
pressure at any point P. 

Let BNIV, PMR^ be perpendicular to the horizon, 
PDQy AMlVy parallel to it, -rO the radius of curvature 
3t P, and let PR = 1 represent the force of gravity, 




which resolve into RS perpendicular to PO^ and PS. 
V\xtMA-x,PlH^y. AP^z, NW—a the diameter 
of the semi-circle NDWy PO^^r, -BA^=n the space 
through which a body nmst fall to acquire the velocity 
at Nin the curve, m= l6 -nr feet, t;= velocity of a body 
revolving in a circle at N about the center fF, V^ the 
velocity of the body in the circle of curvature at P, or 
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m tiie curve at P. Now (Art 210.) a body must TaH^, 
down § a to acquire the velocity v at N^ hence v* = 2 m a ; 

and by sim. tri. x : i* :: 1 {PR) : ■: that part of gra- W 

vity which acts in the direction PO ; but (Art. 202.) 
the forces of bodies revolving in circles, vary as the 
squares of the velocities divided by the radii ; hence, 

^ ^ ^* • ^ J F^a 2mri / , ,, 

— , or 2m : — :: 1 : - , and f^* = — : — ; but the 
a r % z 

square of the velocity at Q^ or at P, is equal 4m x 
BQ:^AinK (n+a— y); but to the same radius/jthe cen- 
trifugal force is as the square of the velocity, and the 

• ■ 

centrifugal force at P corresponding to /^, is - , it being 

equal to its centripetal force; hence, — : — : 4m x 

X 2 
(w+fl— y)::-: : ;: X (n + a— y) the centrifugal force? at 

P in the curve ; this therefore taken from - the force 

x 2 
of gravity in the direction POy gives - - - x (n + a - y ) 

the pressure at P. If the body begin to descend from E, 

and EPl be parallel to AW^ and BfV^^Uj the pressure 

i 2 , . 
= - - - X (a-y). 

% r ^ ^ 

Ex. 1 . Let NA be the quadrant of a circle whose 
centre is Wy then O coincides with ^ and r:=za\ also, 

X I i V. a \ y, and - = ^ ; hence, the pressure = ^ — 

X {n + a-y) = -^^ — — , the weight of the body 

a Of 

being unity* If the body begin its motion indefinitely 
near iV, n = 0, and the pressure = -^- . 
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If NA M eonvex to AW, the whole pressure at P ,= 
J + - X (»+a-y); or when »=0, it becomes r + - 

J} 



z 




Ti 18^ 

Ex. Let NA ht the quadrant rf a circh. Then 

a '^ V 2 
the pressure at P s — - +- x (n+a— y). When the 

body conies to A, if 12=0, the pressure =3^ the weight 
of the body being unity. 

Prop. CLXXX. 

Let the hody descend down the curve NA (Fig. last 
but one) ; to find the point where it will quit the curve. 

The body quits the curve at the point where the 

pressure 3s ; or when - — - x {n+a'^y)^0. 

z r 

Ex. Let NA be the quadrant of a circle. Then 

r^a. and - = -; hence - - - x (n + a— y) = O. If 
z a a a ^ ^' 

M = 0, y^\a. If w be not = 0, thenSy- 3a — SnacO, 

tn yvcz\ (e.-f It).. A? y cannot be greater than a^ the 

limit of 9| .i# |a ; if M be gri^ater than that^ the body will 

leave the curve at JV. 

There is another rule given to solve this problem : 

that is, to make the fluxion of the velocity in the direo*- 

tion of the ordinate, a maximum. But to establish this 

principle, it must first be proved, that when a body 

descends along any curve, the fluxion of the velocity in 

the direction of the ordinate, cannot first increase and 

then decrease. 



/ 



As the body quits the curve where the pressure =sO, 
or when x (»+a-y) =; 0; it is manifest, that 

when this quantity can never become = 0, the body 
will never quit the curve. 



Prop. CLXXXI. 

If the earth were a perfect sphere^ how much would 
afmmb4ine deviatejirom a perpendicular to the surface f 

Let C be the centre of the earth, E the equator, P, p^ 
the poles, draw L3f perpendicular to PC, produce it to 
w, let Lw represent tiie centrifugal force at L, and draw 




wv perpendicular to the tangent vL. Let CP =r l, 

CM^Xj ML—jfy c = -^ the centrifugal force at Ey 

gravity being unity ; then (Art. 202. Cor. 2.) 1 : y :: 
c : at/ ss Lwy and 1 : x :: cj/ : Lv = cxy the force 
which draws the pendulum from the perpendicular. 
Now that the pendulum may rest, the force of gravity 
to bring it back must be = this force ; and that force 

i^*y) ' gi^vity :: (s) the sine of deviation : 1 rad. 
lence cxy=:^s\ but if is = sin. 2 EL, xy—^z'^ hence, 
9^icz. 

The deviation is" greatest when z is greatest, or in 
lat 45^ 
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Prop. CLXXXII. 

If a body he laid at any point K on the earth*s sur- 
faccj supposed a sphere ; tojmd the velocity with which 
it would arrive a/ E. 

Put % = EL, h = KNy d = CN, t; = velocity at L; 
then from last Prop« cxy = Lv the aecelerative force 
towards E; hence (Art. 82.) vo; = — 2mcxyz = 

V* 

(as ~ i : y :: 1 : x) imcyy, and ^ zi: mc (^ + C*) ; 

but when v = o^ y z=z b; hence^ v = (when y =: l) 
d%/2mcy the velocity at E. 



Prop. CLXXXIII. 

Let a uniform straight rod ABC revolve about a rer- 
tical axis BO, G its center of gravity on the lower sidfi 
AB ; to ^nd the velocity of the rod about BO^ to pre^ 
serve the axis vertical. 

Join OGj assume any point Xy and draw An, 
Cm, Xyy Gv perpendicular to OB j put AB = a, 




An 
Bm 
Brz 



= by Bn = e, Gv z=z c, BC=za, Cm = j3, 
= 7, AC-py vO — qy OBzrzdy m= 32^ feet, 
=^, w = velocity at the distance 1. Then a \ b i: 
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bx C^ n J.V. r\ 7 CX 

^ : - — = xy, a : c :: X : — = fiy, then Uy = d ; 

Hence/ the velocity of the point x = ; and (Art. 303.) 

uV X 

the centrifngal force of x = ; and the efl^t of this 

force on x to turn the axis about O = — x 3tx x 

a 

(d J = X XX — »-~xar*i. the fluent of which, 
a/ a a* 

when x=a, is |a6rfi;*--J-flict;* the efficacy o(AB to 
turn -BO about O. By the same process we get ^aftdv* 
-^ iai37t?* the efficacy of BCio turn BO about O in 
the opposite direction to that of JB. Now to find tfie 
force (/) acting parallel to the horizon to support the rod, 
draw Crto perpendicular to GrO, Gvr to BO^ axidrw 
to Gw. Then as the tendency of G is to move in the 
direction w G, we have, ac .f : Gra, :: vw : Gwy and 

ac.f .^ 6ra. X — ^ =3 Gra. x 7^; but a force (/) 
acting parallel to the horizon to support the rod : ac .f. 
( =s Gra. X Tyj) :•. Gr : Gw :: GO : vO, therefore 

•^ vO , vO q 

mpe • 11 
^- ; in all cases 

ldqx{afi- ab)'\^^qx{abc-\'afiy) 

therefore where v is possible, the axis will remain at rest. 

If the efficacy on the right of BO be greater than 
that on the left, the rod will ascend. 

Instead of a line we might have supposed a plane 
body, and the calculation would have gone on, on the 
same ground. 
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Prop. CLXXXIV. 

A candle 12 inches long bums dawn 1 inch the first 
hour ; and it bums down with a velocity U>hich is o^ the 
distance of two inches from the top at first ; in what 
ti$ne will the whole candle be burnt out f 

Put X 9 any distance burnt down, v = correspond]^ 
velocity of buming^down, f s time, and let the Telodty 

be represented by wx (2 +a?) ; then t = ——7 , and 

MX (2+^} 
1 • 

/ == — X h, 1. i^+Jc) ; but when a?=0, /s=o, and t =s 

1 2 "f" iT 

— X h, 1. — - — ; now when t = 3600", x — l inch ; 
m 2 

hence, 3600 = — x h. L 4, and — s= s-t — ; hence. 

m * m h. 1. 4" 

, 3600 • , 2+x J • ,^ ^ s6oo 

*=^ i ■ w ' '. X h.l. --r— J and when a? = 12, ^= ■■■ ■'■> 

h. 1. 4 2 ' * b. 1. 4 

X h. K 7 =t 17277'' = 4\ Af.bf. 

Paop. CLXXXV. : 

\ 

If a small cylindrical rod AB pas9 fieely through 
a nole at C, about which point it has a rofatory motion^ 
and the rod be unequally divided at C ; tofinkaihff time 
in which the rod will quit the hole. 

Bisect the rod in D, put JD=^DB-a, CD—x after 
any time /, d the first value of x, r = velocity of D in 






the direction of the rod at the time #, and at the 
distance 1 let c ss velocity about C, and y =s dista^nce of 
any point of the rod from C; then I : y :: c : cy the 
velocity about C at the distance y ; and (Art. 20i2w)c*jf sa 
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ceotrifugal force at that distance, the foix^e of gnmty 
being 32-f feet ; hence, cy'y is the fluxion of the force, 
aad-the fluent is ^ c^j/^ ; and making jf = CA^ CBj or 
« 4- «, a — ar, the centrifugal forces of CA, CB, are 
I c* X (a +x)\ f c^ X (a - j:)*, and their difference is 3c^ a:p 
Uie motive force by which the rod is urged in the direc- 
tion CAy and this divided by. 2 a the quantity of matter 
in the rod^ gives c*x the accelerative force m the same 
Erection. Hence (Art. 82. Cor.) vv = c^xi, and tht 



X 



correct fluent is » = cJx^-d^ ; and / = — . ^" ^ ; 

Cy/X — Ir 

hence (Art. 45. Ex. 4 J the correct fluent is (when a? = a) 

t = —^ X h. 1. «-»-n/^'-^^ the time required. 
cV2 a 



Prop. CLXXXVI. 

Le# tm) weights P, Q, ie wnnected by a string passing 
aver a pulley {supposed without weight), and begin their 
motions from a, b, in the. same Mrizontal line xy^ 
and at the same time to b^n to vibrate ; to find the 
number of vibrations whilst they describe any given 

Put iialf the length of the string axz a, J? » aP^bQ^ 
then a± a:K the ki^tiis of the two pendulums, the upper 






QQ 



a 6 



OP 



sign belonging to P and the lower to Q» ^=l&;VfSeet 
=± 19s inches, r = 3^,2 iirches, m = p^Q ^^ accele- 
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rating force ; then ms s space described in the firstsecontf; 
hence, ms : x :: V^ : T* a= ,and* 



ms s/ ^^ 

the time of describing x ; hence^ / = — 7= . Now 

2f^ms 

sfr : aJoTx :: 1" : p the titnes of vibrations 

JoTx x-ii 
of P and Q respectively; hence, -^^ — j^^— : — 7«^ 

*^T 3 ^ms 

kJ y* x"»x 
:: 1 oscillation : ^ x ■ . the fluxion of an 

2js/ms ^a±x 
oscillation corresponding to /, or x of descent or ascent. 

. x^^x 2y 

Now for P, put A/a +x=:y, then . ' i = i '^ ' ^ 

and the fluent of - '^^— := . x >- is ;^ ' y — x ["2 b. f. 

2iJms \/a+x 2^ms 




2y/ms 

the nujnnber of vibrations whilst P descends down 4r ; 
but when orssO, the number of oscillations =0.; and the 

correct fluent when a; s a is -; ^ x h. 1. (*s/2 + l) 

which is always the same whatever the length of the 
string may be. 

For Q, put ^/a — a? = y, then . = —7=- x 

i , and the fluent of . — x — p x ■ ^ ^. 



MISCELLANEOUS PROPOSITIONS. 353 

is ■ Z— X (cir. arc {A) whose rad. = ^/ a, sin. = y or 

iJa — x + C) and the correct fluent is — j= x -7s x 

(A^q) q being a quadrantal arc ; and when or = a, the 
number of vibratfons through the whole of Q's ascent = 

— f» X — 7« X 5 = (as/i : J :: 1 : va, putting p tor 

the quadrantal arc whose radius = l) -. x p, which 

is therefore the same, whatever be the length of the 
string. 

Prop. CLXXXVIL 

m 

1 

If a pendulum vibrating seconds at the eartJCs sur- 
Jace be carried uniformly upwards at the rate of a 
radius of the earth in 24 hours ; how much will the 
pendulum lose ? 

Put r = radius of the earth, x = any distance of the 
pendulum from the center, b = 86400'' in 24 hours^ 
t = time of ascent to the distance x ; then (as the time 
of vibration varies inversely as the square root of the 

force) tjr^ : v x*, or r : a? :: l" : -; the time of a vi- 
bration at the distance x ; also r \ x-r wb : / = - x 

r 



fx— r), and/=-i; hence, - : - x i :: 1 oscillation : 



X 

b X " the fluxion of an oscillation during x of ascent, 

X 

whose fluent is i x h. 1. ^+C; but when x = r, the 

AA 
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number of oscillations = ; hence, the correct iBiuent is 
ix h. 1. - the number of oscillations in ascending x — r^ 

But the number of seconds in ascending x — r = - x 

T 

(ar - r) s= number of oscillations at the earth's surface ; 

b js 

hence, the time lost = - x (a?— r)— i x h. 1. - ; and when 
' r r 

X =s 3r, the time lost = J x (1 -h* I. 2) = 86400 x 
0,30685386 =:7\ 21'. 52^ 



Prop. CLXXXVIII. 

If the same pendulum he carried uniformly doum to 
the center of the earth, tojind the time lost. 

The same notation remaining, we have (as gravity 
varies within the earth as the distance from the center) 

11 r* 

•"T*" : -7=- :: l" : T the time of one vibration at the 
^r ^x X* 

distance x from the center; also r:r-j?::4:/ = - 

T 



»Xi;he„ce,4:--' 



X (r-^), and / = — - X i; hence, ~. : x jp :: 

X 



1 oscillation : — X -x^x the fluxion of an oscillation 

during the descent i^ whose correct fluent is — j x 

(r "t — x^) the number of oscillations in descending r — ^ ; 
and when or = 0, the number = •§• & ; hence the time lost 
= J— ^6=-j^6 = 8hours, 
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Prop. CLXXXIX. 

A pendulum 39^2 inches longy increased unifvrmly 
cne-tenth of an inch in 24 hours ; how much did the clock 
lose that day ' 



Put a — 39,2, m = 0,1 inch, h = 86400", x = the 
increase of the length in the time f \ then m : x :: 

, - fr - f — I sf a'\'X 

: t == — i; and va : va+x :: 1 : 7=^ the 

m -v ^ ^^ 

time of one vibration when the length is a+x ; hence, 

^ ' .^ ■ : —X :: 1 oscillation : ^ x .- the 

y/a ^ w s^a+x 

fluxioa of an oscillation corresponding to the increase x 

of the pendulum, the fluent of which is ^^ x 

(\/a+x + C) ; but when x = 0, the number of vibra- 
tions = 0, and the correct fluent is — ^s^ x (\/fl+a?— 

,^/a) = (when a? = w) — iL? x .J a+m + \/a the 
number of vibrations performed in one day. Hence the 

clock lost h i^ X (iv^a + m— >>/a) seconds. But 

m 

ssja+m — is/fl = — J ^, neglecting the other 

2a^ 8a^ 

terms on account of their smallness. Hence, the seconds 

lost in 24 hours is — - = 56", 1. 

Aa 

As the loss of time is in preparation to m, for any 
other increase ti?, we have m : w v. 56", 1 : 56", 1 x 

— the loss of time. 
m 

aa2 
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In genera], if the vibration of a pendulum continually 
vary, either from the variation of force or lengthy the 
computation is made on the same principle. 

Prop. CXC. 

To compare the force of gravity with the force (f ) 
hy which the surface of a fluid descends in a vessel 
emptying itself through a small hole at the bottom. 

Put z = area of the surface, n = area of the orifice, 
a? = depth of the fluid, /=time of emptying the depth j?, 

wi = i6Vt feet; then (Art. I93.) - x ^/mx is the 

velocity (v) with which the surface descends. Now if 
2 m represent the force of gravity, vv =/j&; but v = 

For a cylinder or prism standing on its base, z is con- 

T^m 
stant, and i = ; hence, f= — - a constant retarding 

2 z 

force. 

1 X z 

If — ■ «-7 = 0, then /*= 0, and the surface 

2z* z^x ^ 

• ^ • 

descends uniformly; hence - = — , and h. 1. x = 

X z 

2 h. 1. Zy and j? = ^^ ; but if y be the ordinate, cor- 
responding to the abscissa x^ z varies as y^^ hence x varies 
as y* the equation of the curve. 

Prop. CXCI. 
No oval figure can he squared, unless it cuts itself. 



hetPB = X, BM = y ; assume j?^— |?x+j|% whose 
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fl uxion is •§ • ^J x* — px + 5 x {2xx-pi)\ let y = 
hJ x^-pr+q X (2x ^p) ; then the square root of a quan- 
tity being + or — , the ordinate y has two equal values 
BM^ BM' lying on the opposite sides of the abscissa. 

lliowyxsz^x^'-'px + q x (^xx—px) ; and the quantity 




without the radical sign being the fluxion of the quantity 

under it, the fluent (Art. 40.) is 4-x x'^-px+qY^ and 
under no other circumstances can the fluent be found in 
finite terms ; this appears from Art. 39*. N ow make 

a?* — />j: + y = 0, and let the roots^ + V — — y, be m, n; 

take Pj4=m, PD^n, and then, as in each casey=0, 
the curve cuts the axis ?X A^ D\ but 2a?— /i = is the 
limiting equation to x'-^px+q^O, and therefore its 

root - lies between m and n; let PC=^ - , and then 
2 2 

as y = 0, the curve cuts the axis at C between A and D ; 

also AC=s CDy PC being an arithmetic mean between 

PAf PD. For X put - ± rf, that is, take an ordinate 



* If P be any fluent, it's fluxion must come from it as a basis; that 
is, the fluxional part, considered by itself> must depend on and be 

derived from P. If therefore P=i*--pH-9|^» t^® fluxional part 
must depend on x^—px-^q, and 4. Now we know by the above 
article, that the fluxional part must be 2j?i— pi, or some constant 
multiple of it, to preserve the same basis, or that the fluent may be 
found. If therefore the fluxional part were not of that form, two 
diflerent fluxions might have the same basis, or the same fluent might 
have two diflerent fluxions. 
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in each part equidistant from Cj and put this for x into 

the value of y, and wegetyx=vg— ^4-d*x ± 3rf; 

hence the two ordinates equidistant from C^ are equal ; 
and the two parts of the figure are similar and equal. 
To find the area of the two ovals^ the fluent oiyx = 



.\ 



X = 5 - V - - 9, 



\ X X* -^px+ q\ , make x = 2 - vT — ?> ^°^ 
^, or PA, PC, and the area AMCBA lies between those 

values of x : substitute therefore - — v t — fl ^^^ ? 
in the fluent and take the difference and we get •§- x 

q-— = AMCBA \ hence, ^ x q-^ = the whole 

area. 

CoR. Hence^ a circle cannot be squared. 

LEMMA. 

If N consist of functions of x and y, and you take 
it*s fluxion, and the fluxion of that fluxion^ first sup- 
posing X constant and then y ; secondly, supposing y 
constant and then x ; the two functions, omitting the 
fluxional factors, will be the same. 

For the fluxions of the functions of x and y being 
taken separately, it makes no difference which you take 
first. 

Prop. CXCII. 

Let Px+Qy be a Jliucion in which P and Q are 
Junctions of x and y ; to Jind when the fiuent can he 
found. 

Let the fluxion of P be px+qy^ and that of Q be 
rx+sy; then it r=:q the fluent can be found. For if 
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N be the fluent, then Q arises from taking the fluxion 
of iVand then again taking it's fluxion, first supposing 
X constant and then jf; and r arises from first supposing 
y constant and then x ; hence by the Lemma, if the 
fluent can be expressed by any quantity N, r must = j. 

Prop. CXCIII. 

Given two connected variable quantities x, y, in a 
jhuAon (F); to find when F can he found. 

Ex. 1. Let F=y^ys/cP+x^+ / f ^' ? then if 

X be constant; the fluent is - i-y^t^a ^+a?^, and if y be 
constant, the flue nt is -^ y ^/ a^ + x^, the same as before ; 
hence F = +y*^fl®+j?®. 

The reason is this ; when you take the fluxion of jP, 
you first make one of the quantities variable, and then 
the other ; therefore the fluent of each separately must 
be the same, if it can be found. 

Ex. 3. Let the quantity be 9x^y^x+20x^^^. If 
X only be variable, the fluent is 3 j^i^ ; if y be only 
variable, the fluent is 5 x^y^ ; and these quantities not 
being equal, the fluent cannot be found. 

Prop. CXCIV. 

Z#e/y=a+bz+cz'+dz^ + ^c. and when z=0, let v 
be the value of y, and v, v, v Sgc. the values of y, y, y, 

Sgc. z Aowing uniformly ; then y = v + -r H r^ 

• «• 

z' V z* v 

+ •;; — ^ o 3 + , ^ ^ rr + Sgc. where the law of 

1.2.3z^ 1.2.3.4z*^ ^ 

continuation is manifest.. 
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Asy=a+i«+c«*+rf«^+&c. if « = 0, a = y = rby 
supposition; take the fluxion and '^ ^^h+2c%-\'3dz^ 

+ &c. and when z^^ Oyb =^^. =-: ; take the fluxion 

z z 

of the last equation, and 4j = 2c + 2.3(i«+&c. and 

when « = O, 2c = 4t a^^d c = —^ ; take the fluxion 

' %• 22' 

of the last equation, and p- = 2.3. (2+&c. and (2 = 
^ = 373^' &C.&C.; hence, y=t; + ^ + ^-^,+ 



t - 



1.2.3i« 



To + &c. 



CoR. I. Let LM be a curve, the ordinate AP^Vy 
BC=y, AB=z, also let ^J5=:x; then BC=y^v+ 



M 




ft A B 



V 



V 



V 



V 



v + + - + &c.andv— t;='y + 1 

^1.2 1.2.3^ ^ 1.2^1.2.3 

+ &c. Nowy— ris the increment of y ; hence, this 
equation shows how the fluxion of y of each order con- 
tributes to produce the increment of y. 

CoR. 2. If the ordinate &c be taken on the other 
side of AP, so that z may be negative, then be, ory,= 

Zl) z *u 

a— 6«+c«*-rf«3+&c. and bc=i/=v — rr + .^ 

\ Z A m 2 Z 
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imp + ^^- '^^^^^ BC+bc = 2v + i3^ + 

TJ + &C. 



1.2.3.4Z' 



Cor. 3 . Let v = 0; then if v be positive the ordinate 
is a minimum ; if negative a maximum ; that is, y is less 
in the former and greater in the /a/^er case, than in the 



;s*i; 



adjoining parts. For if ^=0, BC^v + +&e 

1 • ^ ^ 



%^v 



and 6c = t; H rr- &c. therefore if v be positive, 

and 2 be taken very small, all the other terms may be 
neglected, and BCy bcj are each greater than ^P ; but 
if V be negative, then BC, he, are less than ^P. But 
if ^ = 0, v^O, and t;does not vanish, so that\BC=t; + 



1 n o .3 + &c. fcc = t;- , ^ o'3 +&^* In this case, 

-BC is greater than -^P, 60^ is /es5, so that AP is 
neither a maximum or minimum. In general, if the 
first and subsequent fluxions vanish, the ordinate is (for 
the same reason) a minimum or maximum when the 
number of fluxions which vanish is I, 3, 5, &c. or any 
odd number ; it is a minimum when the fluxion next to 
those which vanish, is positive ; but a maximum when 
negative. But if the number of fluxions which vanish 
be an even number, the ordinate is then neither a maxi- 
mum nor minimum. 

Cor. 4. The points of contrary flexure are generally 
determined by making j? = O, or infinity, x being con- 
stant (Art. 79*) ; but this does not always happen. Let 
C be the point of contrary flexure, and PMy pm, meet 
the tangent at C in F^v; then (Art. 23.) P/^= t; + 

-r, pv=v — r-; and when v = Oy PM:=v + 't- + 
% '^ z z 
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Z^V 



zv 



z^v 



+ &c« hence, 



1 .2.3»* • ^ « 1 .2.3i^ 

if ^ be positive, and BP, bp, be taken so small that all 
the other terms may be neglected, PM will be greater 
than Pf^y and pm less than pv; and whether v be 
positive or negative, the arcs CM, Cm, lie on different 




sides of vCf^, and therefore C is a point of contrary 
flexure. As v has regard to the tangent, it is the other 

fluxions V, Vj V, &c. which denote whether the curve 

• •• 

lies above or below the tangent. If v, Vy and v have 
a real value, PM, pm will be both greater or less than 
PF, po, and hence C will be no point of contrary flexure. 

Or in general, if v, v, v, &c. vanish, the number of these 
points being odd, and the fluxion of the next order has 
a real value, then C is a point of contrary flexure ; but 
if the number be even, C is not such a point. 

Ex. Let y = a^+ai*; then y = 4x^x, and (i being 

constant) j^ = 1 2 x*i *, jr = 24 a?i', y = 24 i*. Now if j^' = 0, 
it must be that x = 0, because x is constant ; on that 

account y^O, y = 0; but j? is a real quantity; hence, 
C is not a point of contrary flexure ; but it is a maxi- 
mum ; for as ^ = 0^ the tangent is parallel to the base, 
and the curve on each side lies above the tangent ; for 

PM^v + "^ -., and pm is the same quantity; 

1 .2.3.44^ 

hence, M, m, lie above the tangent. 

The further uses of this proposition, are as follows. 

V z 
Let z = log. y; then (Art. 45.) y = *1^; hence 
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{z <»»8tont),;f=-|p=='^;;^==^==^, &c. &c. 
but when « = 0, y=3l=t;; hence, v=^ = (y=i) -j^; 

9' 9*3 

* "-^ ~ W' ^ -y = ]^' ^*^- *^^- thereforey=l + 

f- J- _£_ — _fL- J. Xr 

Again, let % = arc of circle, rad. = a, cos. =y ; then, 
(Art. 46.) r = V_JL, ^= --^ ; hence, -^ = 

^^' and I = -|; therefore | = - |, and ^ 

•J '*z 

= - *-^ = ^— , &c. &c. but when « = 0, y = a=t;; 
substitute therefore a for 5^ in the above values, and v 

n . t V V IV if 

for y, and we get -=0;—= ; tt=— -^ = ; 

-y y 1 « *, ._ «» «* 

— = '-: = ";; &c. &c. hence, y =1 a -- ' — rr— r — 7-3 

— &c. 

Prop. CXCV. 

Let BC &e an horizontal plane^ AB a /)2an6 perpeu' 

dicular to it, PQ a slender cylindrical rody and let the 

planes and ends of the rod he perfectly smooth^ and the 

rod to hejirst in the position pq, and lefi to slide ; to 

Jind when the end P will quit the plane. 

Let G be the center of gravity of the rod PQ ; then 
whilst the end P keeps in the plane AB^ G will 
describe a circular arc gG, g being the center of gravity 
of the rod pq in ifs first position (Lem. page 3 1 9.). 
Draw Gm, gn perpendicular to AB. Now the planes 
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and ends of the rod being perfectly smooth, there is 
nothing to hinder the free descent of the center of gra- 
vity in that arc^ all the effect of the planes is to make 




QM 



th6 center describe the curve; G therefore descends 
down that curve as a heavy body would ; hence (Prop. 
180.) if mB = ^nB, G is the point of the center of 
gravity when P leaves the plane ; for if it continued in 
the plane it would describe the circular arc. 

If the center of giavity be not in the middle of the rod, 
G describes an'ellipse, and the point where the rod quits 
the plane is determined by the same Prop. 



Prop. CXCVI. 

To find the curve which a perfectly Jleaihle lineADF 
void of gravity, would form itself into by the force of 
the wind acting against it. 

Let DE be the axis, perpendicular to which draw 
BCj he, indefinitely near, and Cd parallel to Bh. Put 
DB=x, BC=y, DC^z, Cd=x, dc=y, Cc = z. 
Then the quantity of fluid acting on Cc is as cd or if, 

and its effect perpendicular to the curve, as •? ; hence, 

the whole effect on z perpendicular to the curve, is as 

^ ; let « be constant, then the radius of curvature at 

z 
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— iz 



C = —r- i hence (Pr. 173.) ^oc-J; 



'1 

z 



or as z is con- 



xz 



stant^ assume a a constant quantity so that'^= ^^< 

A 



2 
r 

z 



xz 




= ^ , and - = —t/- , whose fluent is - = 7 + C; 

X ' z f ' % y 

but at D, ^ = js, and a? = ; therefore the correct 

2r a OL 
fluent is -' = t - - , and ai = (a+a?) x y the equation to 

z y z o ^ 

the catenary. 

Prop. CXCVII. 

het A, E, ie two given points, tojind the loam of all 
the points C, to which a body may fall from A, E, in 
the seme time. 

Draw AD, BCm, parallel, and ED, AZ peroen- 
dicular to the horizon, and produce BC to meet Eu in 
m. Put AD=a, DE=b, AB^x, BC^y, then A C^ 

= «* H-y» Cm = a^x, Em = bty, EC* ="0^^* + 
{b+yY; and the squares of the times of descents being 
as the squares of the lengths divided by the heights, 

^±l^ = «H£t±5±2!; hence, bf-b^^2axy^ 
x b+x 

(a*+ft^) X a? = O, an equation to an hyperbola passing 
through A, for when a?=0, y =0. Take the fluxion of 
this equation, and we get i : y :: 2by + 2ax : 2ix— 
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2ay+a^+b^^ and making x, ^, evanescent, it appears 
that at Jly X is indefinitely less than y ; hence, DA is 
a tangent to the curve at A. 




If the parallelogram ACEC be completed, the point 

C will describe a like curve PC'EQ as C does, and 
will therefore be the opposite hyperbola, and has this 

property, that the times of descent from Cf Xo A and 
E are equal. 

As Ay Ey are opposite points in the o[q)osite hjrper- 
bolas ; a tangent to E is parallel to the horizon ; and if 
A, Ey be bisected in O, that point is the center of the 
hyperbola. 

If a = 0, the equation becomes ^^=j7* + i^ an equa- 
tion to an equilateral hyperholsLy of which, b, or AE^ is 
the axis. Hence, when EA is perpendicular to the 
horizon, the times of descent from the extremities of the 
axis to any point C in the curve, are equal; thus 
exhibiting some analogy between the equilateral hjrper- 
bola and the circle. 

Draw CF perpendicular to AC, and Cf to EC; then 

EC AC 

as the times down ACy EC are equal, ~7p=E = / ^t» 

= ^/ZF; hence, EB : EC :: EC : AF. Put 
a—AOy x=ABy then by the property of the hyperbola, 
2ax+x^^BC\ therefore 2ax+2x^^BC^'¥3i?^AO 
=:x + AF=:X)i(x + BF); hence 2a+x=BFy or BE sz 
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BF; ECF is therefore an isosceles triangle. Also, 

P\ /Q ■ 




AC 



EC 



^1B s/EB 



^ JlEf.^xiAAC^^ABxEf, thatis 



2ax + 2af=^xxEf=xx(EB+Bf)=:xx(2a+x + Bfy9 
h^nce, Bf=x^ BA; therefore ACf is an isosceles 
triangle. As Bf^BA, and BF^BE, therefore Ff^ 
AE a constant quantity. Hence, the times througd 
Cfj CF^re equal, CF beings CE, and equally inclined 
to the horizon ; also Cf= aC. Such are the properties' 
of the equilateral hyperbola. 

In like manner it appears, that if C be a fixed point, 
the loci of all the points in which the times of descent 
from E to A and from A to C, are the same, is in 
general a curve of three dimensions ; and when C is 
vertical to E, the locus of C is a circle, and a straight 
line bisecting EC and perpendicular to it. 

Prop. CXCVIII. 

Let C be the center of the Earth, A ifs surface, 
DB a slender, umform rod^ Ij/ing in the direction of the 
radius C A ; to Jmd the point O of the rod into which 
the whole quantity of matter in the rod must be coU 
lectedy that the attraction of the rod to the Earth may 
remain the same. This point O we mil call the center 
af attraction. 
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Let CA^r, gravity at ^=1, CD:=^c, CB=zb, 
DBssa representing the quantity of matter in the rod, 

I 




CE = X ; then the fluxion of the attraction s^ — r- ; whose 



r» 



fluent is h C ; but when x = CB the attraction = ; 

X 

(\ 1 -v T^x(c h\ 
7 1= 1^ i 
b c/ be 

= -1 — . Let z = CO ; then the attraction of a at O = 
be 

— --; hence, -r— = —5-, and z = AJbe. Hence, at 
«• ^ be z^ ' -v 3 

different distances of the rod from the earth, O is not 
a fixed point ; and in general, it will not be so. . 

Prop. CXCIX. 

Given as in the last proposition^ to find the velocity 
of the rod. 

When we use this theorem vv :=z ^2mFx the space 
and corresponding velocily are those of the point where 
the whole force acts. Now let c= CD the first value 
of CD, X = CD any other value ; then as the force is 
applied at O, v must correspond to the same point, and 

X must represent the value of dO. Now CO^x* — ax | , 
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^xx—ai _ r* 



CO = i ; also, 2^= -TZ^; hence, t;^ = 

2x J^' -aj?| 



_ 3 



— mr^ X of - ax\ "^ x (2 j?i - ai), and the correct fluent 
is t?' = 4 m r* X {x^—ax\ — c* — ac| ) ; hence, v = 



1 I — 1 

s/ Amr % ^ x^ '^ ax\ ^—c^—ca\ . If c be infinite, 

and a=0, so that the body becomes a point, then at the 

earth's surface v = sj 4mr as ia Art. 82. Ex. 5. 

Prop. CC. 

If a chain whose length = 1 he suspended at the tap, 
ifs lower end touching the earthy and then be let foil ; to 
Jind the velocity of the chain. 

Every point of the chain being attracted to the earth 
by a greater force than the parts above, the lower parts 
will accelerate the parts above them ; hence the chain 
will continue to be stretched, and the parts will con- 
tinue to act on each other, just as if they were con- 
nected as in a rod. Hence, if a?= CD at any time, then 

CO = ^71;, CO = ^rix~^x; also, F = -; hence, 

3 s ^ y \ I -v 

v'Usr - mr^j?'"'^i, and v^ = 4mr'^(—^ — -jzi ; 

hence, v = ^4m x r^y —r= ysr . 

s/ X ^c 

If c be infinite, and the whole chain fall to the earth, 

then J? = r, and v = sj \mr. Hence it appears, that 
the greatest velocity which the chain can acquire is the 
same as that of a body falling from an infinite distance. 

Prop. CCI. 

Let KQIj he a curvCy AB the abscissa, BC the ordi- 
nate perpendicular to it ; and suppose ACZ to be de^ 
scribed by a body acted upon by a force perpendicular 
to AB ; to find the law of force. 

B B 
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Put X = AB, f/ = BCy t; = velocity in the direction 
CBy F = force ; then when the time is given. Foe v ; 




A B 

but rcxiy, and *r)=y ; hence, Focy^ x being given, since 
the force in the direction CB cannot change the velo- 
city in the direction AB^ or i is constant. 

Ex. 1 . Let ACZ be an ellipse, O the center, 0M=^ 6, 
AO=zay - = c ; then y^ = c* x (a^'-x^) ; hence, yy = - 

c*xi, and yj'+y*= -c*i*, and Foe jf'oc^^^ Il^oc 

a, 3,= -—) -J! ^ 

which varies as -^ . The same is true for the hyperbola 

and parabola. 

Ex. 2. For a parabola in general, y^=^aXy ny'^'^y^z 
ax J and is being constant, w . (w — 1) jf^'^y^ + ny^^^y = 0; 

hence. Foe yoc i^ -yi — i^ =: — i '^ocfas 

ny-'"^ ny V 

. _ gj \ — (n - l)a*i* 1 



wy 



w-y^ 



y 



Prop. CCII. 

If a body he compelled to move on a curve line APR 
hy a force tending #o S ; to find the velocity and time 
corresponding to any given space. 

Let the body begin to move from A, P any point, 
PY a tangent at P, SV a perpendicular to it ; and take 
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PQ an indefinitely small part of the curve, and QT 
perpendicular to SP, and take Sp = SP. Put SA:=za, 
SP^Sp^x, AP:^z, PQ = z, PT=^i, t; = velocity at 
P, /=time through AP, F= force at P in the direc- 




tion PS. Now (Art. 206.) the velocity beginning at A, 
the velocity in the curve at P = velocity in the straight 
line AS at p. Put 2 m = 32 ^ feet representing the force 
of gravity at the earth's surface ; then v^ = - Fi, the 



fluent of which gives v. Also / = - ; but by sim. tri. 

V 



XX 



XX 



PY : X :: x: z = -pp.; hence, / = py^ > an<l the 
fiueat gives the time. 

LetFocrfa«;then(Pi-.41.)u = V^— >'V«"'"'-^'''5 



n+l 



also t = 



^/ 



4md 
n+l 



XX 

777? — / ^. , the iuent of 



which gives t. 

Ex. Let APR be a parabola, S the focus, R the 
vertex; put RS—b^ ^=-2, then by conies aSF* = 

1 
bx, and PF = \/^ + bx 5 hence, i = 



^4md 



bb2 
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XX 



a* 



XX 



sj x'-^rhxxf^/ g^x ^ Amd \/ ab+(a-b)xx--:K* 

ax 

x-^c—jfj then (if aft— c* = e)* a6+2ca:-a?»=:y + c', 
also xi =y V + cy ; hence, / = , ^^ + , ^^ , 

a nd (Arts . 39, 45.) t = A v^y* + e* + he x h. 1. (y + 
^y^+^y + C; but when f = 0, a? = a, andy=x — c, 
hence, ^=A^(j:-c)«+e*-Ax^(a-c)« + e«+*cxhJ. 

Prop. CCIII. 

Let C Ae /Ae centre of the Earthy EPLp a great 
circle^ EL a diameter^ £Q any cJurrd representing a 
perforation down which a iodjf descends freely ; tojind 
the time of descent, and velocity. 

Drave Cm perpendicular to EQ^ Er^, quadrant of 
a circle about the centre m, sn perpendicular to EQ, 



K 


-^^^^ 


E 

1 — ^ 


y 


•v /v' 




\ 




/tJ^sX 




' I 


r 


/ 


C 


/ 


K 




— — ''(D 


I 



L 



and PCp to ECLj and join Cn. Put CE=r Cm^^e, 
mE=d, m=: l6-^kety and 2 m== gravity ?it E^xssmn, 
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!; = velocity at w, f = time down En, z^Er*^ then 
C» = >ye* + jf. Now r : ^e* + J?* :: 2m : — 



s/e^+jf" the gravity at w in direction wC (Prop. 36. 
Cor. 2.) ; hence, ^e^ + x^ ' a? :: —^e'+x^ : 

the force in the direction nm ; therefore r^ = — - x — 

r 



^i, and the correct fluent gives r = y — x \/rf^— a?'*, 



t;=\/ 



2m 



r 



and when a? = 0, t; = rf v — the velocity at m. If 

therefore a semicircle £mC be described on EC, the 

• 
• — — *t 
velocity down Em varies as Em. Also, t = — r— = 

X 5 , and t = 



7= X ■■' / ^ - = — 7===^ X - , ana f = — j 

A/2m V^-^ 4/ 2m rf' ^ 



2m 
r r 



-. = (when « comes to m) — 7== X -=— = — 7= x 

d ^ ' ^^m Em ^/2m r 




EP , 

the time down which is therefore the same. 



<^2mr 

in whatever direction EQ is drawn. Hence^ the times 
of descent down all the chords ^Q are equal. This also 
agrees with a constant force acting in a direction parallel 
to ECL. 

Prop. CCIV. 

If a body be projected at A down a curve AZ, to find 
its nature, so that the body may every where approach 
the horizon equally in equal times. 

Draw AL perpendicular to the horizon, and CB, 
JFD, indefinitely near and parallel to it, also CE parallel 
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to BD. Put JB=x, B€:^y, AC^ «, CE^i, CF:=^ i, 
a = space through which a body must fall to acquire the 




velocity at A, *=8ine, c= cosine of the angle A. NoW 
the velocity at C is as i^a+x which is the velocity in 

the direction CF; hence, i : A :: ^/a+x : — ^^-: 

z 

the velocity in the direction CE^ a constant quantity ; 
but at ^, i; : ^ :: 1 (rad.) : c, and -: = c; also, 

s/a + X becomes ^/a; hence, - ^a+x = ca^ , and 



i'x(tf+j?)=c^aa;* = c*ax(i*+y'), andi^*^a4-x = c«^y, 

.3 3 J 

and the correct fluent is f x *^a +x|^ - -|^a"^ = ca % 
an equation to the semicubical parabola. 



Prop. CCV. 

Let X*— ay'=my^x ; tojind the area of the curve. 

Putry = a:, then j?!* — av^o^rrmvV^, and x=zmv* + 
dl^ ; hence, y = mv^+av^ ; therefore yi = 2m'^v*'A + 
bmavl^v + Sa^v^Vj whose fluent is l-m'v^+f wav^ +. 



.y 



^ 



y 



\cPv' = 4m* X *I5 + i^^ X ^ + -f tt'' X •^. Now 

^[r X X 

although when x^O^y^o/ii doe§ not necessarily follovif 
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that such a fluent wants no correction, because each term 
depends on the ultimate ratio of x toy, or on the angle 
which the curve first makes with the abscissa. In the 
present case we may consider, that as x = mv* + a«;^, 
when a?= 0, v=0^ m and a being positive numbers ; and 

as t)=^^ ultimately becomes = 0, and the fluent 

XX '' 

wants no correction, which it would have done if t; had 
been Ultimately a finite quantity. This substitution 
may be successfully applied when one of the terms con- 
tains a power of x or y, and each of the other terms 
contains a power of x or y, such terms being one power 
lower 'in terms of x or y, or x and y together. 

In Emerson's Fluxions, Sect. IL Prop. 10. Ex. 23. 

the equation of the curve is oc" x^y^ — a?^ c^y^ ; and sub- 

x^ . * ' 

stitutingy = — , the equation becomes a^%- ar^;s^=«^ ; 

hence, getting x and y, he finds the fluent oi yx to be 

— —- ~ , which he states to be the area. But this 

wants a correction, notwithstanding x and y vanish 
together; for from a^z-^x'^z^^-a^, when x=Of z=a; 



x^ 



hence, — = ;s = a ultimately ; therefore the above 
expression for the area becomes - -^^^ y hence the 

correct fluent becomes —--^ -^ + ^ ^^ ^he area 

gx^ 4x^ 3o 

required. 

Let us take Ex. 24. where a^+y^=:axy; and sub- 
stituting y= -T ^^^ finding x ^nd y, he gets the 

• 2ct x^ x^ • 

fluent of yx to be -— 77-7; but this also wants a 

3y 2y^ 
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correction ; for — = — r - li and — = ^— i — or ; now 

y^ y^ y^ y 

make ^=rO, then x=0, and a:^=:0, and the other part 

= — , or — = a ulti- 

y y 



of the last equation becomes — = 

matelyj hence, the correct fluent becomes 
— 4-fl* = the area. 



2 ax' 



a?^ 



6y 2y 



The contents of solids generated by curves revolving 
about an axis may also be frequently found by a like 
substitution ; and under similar forms of expression they 
will often want a correction. 



Prop. CCVI. 

If a unifomi chain ABCDE he suspended on two 
tacks B, D, in tlie same horizontal line, and AB=D£ ; 
tojind when the chain will rest. 

Let BG=zGDy and GC be perpendicular to BJ5, 
and HF to GC; put CF^x, FH=t/, CH^z, CG^d, 




BG^e, BCz=s; then (Prop. 131.) the weigh t of C^T : 

tension at ^ :: x (-—^ : i ;: « : a + xj hence, the 

weight of CB ; tension at JB :: s : a+d\ and if ^, or 
BC^ represent the weight of JBC, a + (i represents the 
tension at B, or AB^ the tension at B being represented 
by AB hanging freely down ; hence, 2a + 2a+2^ = / 
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the whole length of the chain, and 2s =z BCD. Put 
c=number whose h. 1. is 1 ; then (Prop. l^^l. Art. 109,) 

c-=l±v^^IZ; and * = ?(c-'~c-:)=5C'; also, 

6 = a X h. 1. 2L ! ; and m like manner we 

« « 

find a + d ;=z axc^ — ^d^ + 2a d = a x c*^ - 5 = 

Hence, Z = 2a x c* ; and to find the shortest chain 
possible that can be sustained, we must make the 

fluxion = 0, or ac* — =0 ; hence, a=e; put this 

a "^ 

for I, and / = 2ac, the shortest chain. 

Prop. CCVII. 

If the right-angled corner B AC of a leaf he turned 
back into BMC j. and moved into every position^ the 
area B AC (a) remaining the same ; to Jind the area of 
the curve ADMA described by the point M. 

Join AM, then APM is perpendicular to BC\ draw 
Am indefinitely near to AM\ with the centre A and 




radius -4/1= 1, describe the circular arc RZ, and pro- 
duce AM^ Amy to meet it in Sy s. Put AP = y. 
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RS =z Zj t=z tan. of the angle RAS, then - = tan. of 
BAP ; and by sim. tri. 1 : t :: y i tyi = PC^ 1 : - 
:: y : ^ = JBP; therefore ^/y +^) xy = 2a; hence y^ = 
- — T^. Again, 1 : 2y :: i : mn = 2yz; hence, the 

fluxion of the area = 2y^z = -: = ("as i =: -} 

4ati -. 2fl ^ , - 

^ig , and the area = ^ + Ci but when ^ = 0, 

the area = ; hence, the correct fluent is 2a — , . ^ 

a= area AMmA\ and when «=a quadrant, t is infinite, 
and the whole area ADM A = 2 a. 

Prop. CCVIII. 

If a body fall towards a centre of force^ z = velocity 

due to the mstance x from the centre, d = velocity at 

Jirst^ V and a the spaces through which a body must fall 

by gravity to acquire the velocities z, d, and F ^ force 

at the distance x ; then v = a — yFx. 

For t;'*=47n2, £f=4ma, putting m=l6-rV feet; and 
vi) = — 2mFx, and the fluent is v^ =^4mx —fFx\ 
but at first, t? = a ; hence, v^-a* = — AmfFx^ or 
r' = a* — AmfFxy or 4m2 = Ama—AmfFx, or 2 = 

If X = space fallen through, «=a±2m;r. 

Prop. CCIX. 

Let S fte the centre of force ; tojind the curve AM W 
in which if a body move^ it shall approach the centre S 
equally in equal times. 



I 
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Let Sj4 be a tangent to the curve at A^ and 3fjr at 
M, SV perpendicular to MTy PM a circular arc whose 
centre h S^ pm another indefinitely near it. Let j9 = 




« 'W 



SV, the other letters as in the last Prop., then « = a 
-^fFx. Now the velocity in M is such, that Mm is 
described in the same time with the velocity %^ as Pp 
v^ould be described -with the velocity rf; heilce, v : rf, 

or ^'z : ^/fl^ :: mM : Pp :: MS : itf J", therefore 
a X MS^^zx MY^^axMY^--fFx x il/r%and 

« X />*= c;?'-.*^) x/l^i, or P' == -' ^I'jri^ • ^^* *^ 

centre C rad. CJB = 1, describe the circle Bv, and let 
iS = sin. -^^aSjW, u = Bt.^^^ow Mm : wn :: x : p, and 

mw : ts ( =i u) :: X : 1 ; hence z^ = ^- 5 ; but 



iWy 



V 



v^ 



and :^ = ^^^4^; but p=^l^; hence^^ 



J? 



= i = — = — X. ^/ - fFx. 



If therefore x be given 



in terms of i, and the fluent be found, we get CM in 
terms of the angle ASM. 
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If for F we put a:, ^/Fi=^ -ix'+C; hxA^/Fi^ 
z- a, and at Aj «=0 ; that is, -fFx = ^X(rf*— x*), 

and -7^ X V^"-^' = V -y^^' ; hence, ii^j^X 

1 ^ 

whose fluent (Art, 39. 45.) is w t= /— * x ^d'^^x^-^ 

P= X h. 1, " _ " — ^ ; hence, given CM we 

know the angle ACM, and therefore the point M. 

Prop. CCX. 

Lef AV be a curve, AH = x, HB = y, take AE 
(parallel to BH) =x, EF {parallel to AH) = z; 
awrf fc/ /Ae ordinate HL = z + y ; /Aew ?y y = 

ax" + bx"""* + &C.]'', to Jind the parts of the curve 
ALW which can he squared. 

Draw the straight line ACD making the angle DAQ 
of 45**, cutting the curve in C, D, &c. Now the 




fluxion of AEF=zx, and of -^flB=yi^ and the sum 
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• 

of the two fluxions = (y+z) x i the fluxion of AHL; 
therefore the area AEFBHz=zzxe2L AHL ; hence at C, 
the area AMI = the square on AI, since AI = C/j 
same for AK^ &c, &c. And at these points % s 

X =y = aa:^+ 6a?^""'+&c.p, or ojp - ajr-ia-"*"^- 
&c. = o ; let a, /3, 7, &c. be the possible values of x in the 
last equation, then a- A I, fi-AK, &c. &c. and the 
area AIM:^a\ AKN^^, &c. &c. 

Prop. CCXI. 

Given y"+ax"y'^ = bx* ; to express x and y in terms 
of a third variable quantity/. 

Assume y a?« = v", then by substitution 1;"+ ar^Vl^an 

X " 

= 6a?'+« 'y make = 0, or a = ; then 

n r-^n . 



if^ + av^^hx*^^^ and x = — r-^ 



••♦■a |;», 

. ; also,y''=~ = 






ty*+at;'' 



Hence, we get yi in terms of v and it's fluxions, and 
therefore when we can find the fluent, we can find the 
area of the curve. In like manner, when we can And 
the fluent of y*i, we can find the solid generated by the 
revolution of the curve about it's axis ; and so on, for 
other quantities. 

Prop. CCXII. 

Given the fluents of yx, yxx, yx*x y x" "^x ; 

andletyi^A^ Ax = B, .... Qx = R, Rx = S, Sx=T, 
of which the number is n ; tojind the fluent ofT. 

As Sx=T, let Sx-a^T, then Sx^-xS^a^ T, 
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andhence,a=x«S'=/{xi; let j3=a, then Rxi + 

-R^fi=a, therefore ^ = -ft ; = Q-xj let Q ^ 
-7=/3,then Q~+— Q-7= -^, and^=^-^Q; 
proceed thus, and we get T^Sx- R — h Q — — 

1 

&c- ± ins — t;:;^ — r\ x Ax'^'-^-fysr^^i. 



Prop. CCXIII. 



If a body fall from rest in a right line towards the 
centre of force ; to Jind in what cases the whole time 
of descent can he exhibited in Jinite terms. 

If ^ = — 7=. , then (Art. 83.) / = -Ax 



V 



X 



n+\ 



-y====^ ; let the force var^ as x "* ; then for n 

X ** Tn X 

substitute -^- , and / =; -A x , , , . Put 

a - X 

4- ^ . • . mz'^-'z 

d = a y z = X ; then t = -^ A x / , . Let 

^d-z =y, then «=:rf-y% and msj'^'^i = — 2m x 
^_2y2jm-iy^ ; hence, t^2A[dr^'y - (m- l).d^-yy 

+(m- l)x-— — . d^-yy - &c.], and f =» 2-4 (rfy**-^ — 

___ (i^-y + — j-g^^ — ^ <?»-y _ &c. ) Now 
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1 ^ 8m— 1 

when x = 0, z:=::Oj and i/=id ^a^"^; hence, f=2^a «« 



m- 1 

+ ^111^ 

1 ,3 ,5 
If m=l, t-2Aa^ 



V 1.3 \ .^ ,h / 



m = 2, t^lAa^ X - , 
w = 3, t = 2Ja^ X — — 

3.5 

1 -» ^ ># ^ 2.4.6 2m-2 

m general, t = 2Aa *"* x . 

^ ' 3. 5.7 ....2m— 1 

In like manner, there are other quantities whicl;i, 
substituted for n, will give the time in finite terms. 

Prop. CCXIV. 

Given the time of descent in a right line towards 
the centre of force ; to jind the force F. 

If a = whole distance^ x any variable distance ; then 
W = — Fi, and i? = v 2f ~ Fx ; also, t = /o/_ ^ » 

hence, sj2f—Fx — '^\ let i be constant, then — 2 Fiss 

• o •* • ** 

X t y JJ^ X^ 

— ;t-, and jt oc -— - , 

Let # oc ^a — J7, then <* oc a — a?, 2ti oc ^ x^ and 

2^^+2tt = ; hence, JF«= i^ a constant quantity. 

. 1 

Let toe a—xl'', then Foe 



2W — I 



a-x] 

Prop. CCXV. 

Lef rf iwg a# C ie put on an horizontal rod AC, 
moveable about C uniformly in a vertical plane ; to find 
the place M of the ring at any time* 
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With the centre C and radius C£=:l, describe the 




quadrantal arc EG; draw FD perpendicular to CA, 
and Cw indefinitely near Cv ; Ms^ nt perpendicular 
to Cv and srlo Ms. Put CE=d, CM=zx, EF-z, 
DF^y^ DC=:irj w=l6-rVfeet, i; = velocity of the ring 
at Min the direction of the rod, ^ = corresponding time, 
J = arc of £G described in 1"; then 1 : x :: b : bxss 
the velocity of the ring at M perpendicular to the rod ; 
hence, (Art. 202.) A'^ J? = the centrifugal force at M; also, 
2 my = the force of gravity down the rod ; hence, 
b^x + 2my = the whole force urging the ring down the 

rod. Again, i : z :: l" : / = 7 > also, / = - ; hence, 



V = 



bx . . bx 

—r-y and ^ = -r-, 
z % 



% being constant. Now 

(b^x + 2my) x 7 = 'iJ = -r , and if n = -gr , -. - x- 
ny = 0. Assume x = pz^ + qz^ + rz^ + sz^ + uz^ + 

wz'' + &c. Then ^^ = 1.2/? + 2.3yz + 3.4rz« + 



s 



4 . 6*»' + 5 . Guz'^ + G.Jwz^ + &c.; also (Piop. 128.) 



z" 



2 .3 



+ 



2.3.4.5 



- &c. hence, by substi- 



tution, 
l.2p + 2.3qz+3Arz^ + 4.5sz^+5,6ut*+6.7wz^ + &ic. 



— nz 



+ — :r ^ — 
2.3 






2.3.4.5 



+ &C.1 
- &c. V = 

J. Air.) 



«^+&c. 



0, 
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therefore (Art. 110.) p = 0, 2 .39-^=0, 3 .4r-p=0, 

4.5* - g^ + -^ = 0, 5.6w — r=0, 6.7w - *- 
^ 2.3 



n . , w 



w £= 



iT3T4^=«' &c. hence. y=— , r= 0, * = 0, «=0, 

2.3.4.6-6.7^ V2.3 2.3.4.6.0.7 
+ &c. ^ ; but (Prop. 50. Cor.) — = a + ^-^ + 

= + = ^ h &c. hence, a? = 73 . 

2.3.4.5 ^ 2.3 .4.1.6.7 ^ ^ 

^ fl^-a->^gy ^ Corresponding therefore to », or to 

7 , we know x, 

. hx , m /a^+a"*-27rv 

As v zr -:- . we have t; = -r ( -z f • 

z \ 2 y 

If we neglect the centrifugal force, the equation 

•• •• 

becomes -^2-= ny, or - = ny%^ --^niry whose fluent is 

- = — n TT, and i = - W7r% = - ny, and the correct fluent 

2 m i^ 2^* 

isx = wx(5;-y) = -7rx(«-y)- Abo, v = -^ — -j-* 

^i ^ .^x 2m , ^ 2m ^ /)^. The same 

conclusion may be obtained thus: ^ = t5 ^**' ^ "^ 
y ^ ; and the accelerative force = Swiy; hence, 
'y = 2».y X ^ = -^x jj==,» and » = -5-x 



cc 
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If Ms represent hx^ and Mn represent v ; then by 
these two velocities continued uniform, the ring at M 
would be carried to r, and thus the perpendicular 
velocity would be retarded by r/, or by hx ; but as the 
perpendicular velocity of M is represented by Ms^ or hx^ 
it's fluxion hx expresses how much that velocity is 
accelerated ; hence^ Sii, or Svi, express the fluxion of 
the circulatory velocity arising from the excess^of gravity 
above the pressure P on the rod. Now 2 ffiTr expresses 
the force of gravity ; hence, 2mir — P=.the whole force 

perpendicular to the rod ; therefore 2 1;2 = (2 mir — P) x 

■• 

Of 

T, andP=2OTir— 3«is=m{4ir-(a»+a-*)}. When 

P=0, 4ir- (a* + a-') = 0, and x = ° 0,082377 

answering to 47°. 12'; at which point, if the ring were 
not attached to the rod, it would quit it 



Prop. CCXVI. 

het BAPW be an indefinite straight line^ BA=a, 
BP=x, and a body (A) set out from A, and the velo" 
city at P be as x^ ; tojind the time of describing AP. 

Let t = time, »= velocity at A\ then a** : a?" :: v : 

B A p w 

M • X (£^ 

-z X s^ the velocity at P; htoce, /=«-=— x x^*Xm 

and corrected, / = — x — ;: . 

V 1— w 

If n be less than 1, when x is infinite, t is infinite. 

If w= 1, f = - X h. 1. -; and when x is infinite, 

V a 

t is infinite. 
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If n b* grww tbfti) 1, t -'^^^^_ J) (iF^ - i?^) J 

ancj yjrhen x is ipfiryite, if = — is finite. In aH 

vx(if— I). 

suck oases therefore, an infinite syace would be deneribei 
in a Jinite time. If an lo feet, v^ 10 fiset, »:»3, tkem 
t^\" 'm whiob ume the spa^e AIV\% iufinite* 

Prop. CCXVIL 

Let the axis of an heavy circle passing through if 4 
centre be perpendicular to ifs planer about which let it 
revolve standing on an horizontal plane ; to Jind ifs 
centrifugal force in terms ofit^s weight. 

Let w = weight of the circte, r =» it*s Fadius, p =s 
velocity of if s eircuoiference, x = any part of a radiua 
from the centre, SmssS^-^foot, p = 6,283, &c. a w 
velocity in falling through f ^ by gravity ; then (Prop* 
1490 ^^^ velocity is such as would give a ceiitriAi|pd 
f force equal to it^ gravity, or weight of a particle d ; 



f;« 



hence, a"" : v^ :: d : d-^ the centrifugal force with the 

i;* dt^ 
velocity v; and r : x :: d-; : ' — ^ x x the centrifiigal 

fcfce at the distance x from the centre ; or instead of rf, 
piittingjt>a?i for the fluxion of the circle at the distance o?^ 

«e have w x a!^x the fluxion i^the eenfarifugaj force, 
ra* 

whose fluent (when x^r) is *— 7* the centrifugal force 

a a 

of the whole circle. But the fluxion of the circle (or of 
it's weight) being represented by pxx,w will be repre^ 

«e^ted by ^-— ; also, a*=2»ir; hence, the centrifugal 

fence will be represented by = -—- x 

ccS 
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Ex. Let w=s4 oz. t;=12 feet, r^-^foot; then the 
cientrifiigal force = 143 -f oz. = 11 -ff- of a lb., the whole 
force exercised on the axis« 

Hence the reason why a whirligig gives so great 
a resistance to the touch, when the finger is applied to 
the axis whilst it is revolving. And this appears to be 
the reason why, when you want to catch on a point, 
a ball drawn up by a string, you first twist the string to 
give it a rotatory motion, because it's axis is then less 
likely to get out of ifs perpendicular position from the 
action of the string. 

Prop. CCXVllI. 

If a spring be Jixed at ifs upper end in a perpeH" 
dicular position, and be drawn through a small space (a) 
out of thai position by a weight (Q) Jixed by a string 
to ifs lower end acting horizontally against it ; then 
upon the removal of Q, let the lower end impel a body 
(P) along an horizontal plane ; to find the velocity OjfP, 
and time of describing any space. 

Let x = any space described from the quiescent state 
of P, r = velocity, t = time, m = l6 -xV feet By the 

property of the spring a : x :: Q : — x x the moving 

force; now this force lying in the spring, it has to 
move P and the sping also. Let the weight of the 
spring =U7, and nw be a weight placed at the lower end 
such, that it's inertia may be equivalent to that of the 
spring, where n must be determined by experiment. 

Q 

a^^ Q 

Then the accelerative force of Q=: 



P + nw Pa+naw 

hence, vv ss -^ — ; x -xi, whose correct fluent 

^ Pa+naw 
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gives V = y/ZI^EIl X ^/a» - x\ Let z ^ 

Fa + naw 

a quadrant of a circle whose radius is a, cosine Xj p^ 

1,57079. Now/=-=^=\/^^x-^= 

V ^ 2mQ Va*— X* 

4 /Pa + naw & , , a /Pa + naw ^ 

V — :; — 7T— X - ^ and t = V — - — ^ — X 7, f^ 

(when a? « O, z = »a) V/ ^ — X ». Since Q 

varies as a, all the times of describing the whole spaces 
are the same, whatever a may he. 

When x=z0.v = V — — - the greatest velocity ; ^f 

^ p+nw ® 

therefore we determine v by experiment^ we get n. 



Prop. CCXIX. 

Le^ ajine thread be ehsely wound round a cone from 
the vertex J and turned about ifs axis lying horizontally ^ 
by a weight P hanging from the end of the thread next 
the base ; to find the velocity and time of descent. 

The thread is supposed so fine^ that each round may 
be considered as perpendicular to the axis. Let r = 
the distance of the center of gyration from the axis^ 

R = radius of the base, then r = R\/ — ; ^= weight of 

the cone, a = radius from which P at first hangs, x = 
any other radius, v = corresponding velocity, »= number 
of rounds corresponding to a diminution d of the radius, 

/?=6,283 &c. Then d : a -- x :: n : ^x(a — j?) the 

number of rounds between the radii a, x ; and as we 
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may Confeider p x -"—^ =» the itteati of thws rounds^ the 

whole qutotity of thread ran ofi^ or the desceot of P, 

ig £^ X (a« -4?*) ; il«o (Art. 6o.) ^x p «= quantity of 

matter which equally dispersed round the circumference 
of which X is the radius, is equivalent to the inertia of 

the cone ; hence, the acoelerative force = > — 



T 



P ^fT'-, 



as* 



also, the fluxion of the space described bj P =C-x ^si', 
hence, vi) s-z — *\ x ^ fa # puttitag g = 



X* 



2mpn fF\ — ar'i 



-— — rj , whose correct fluent gives v = 



5rx1(o^-.**)+^*r* X h.l. ^* + '^^i 



cannot be found in general. 



Tlitfe tilM 



Ifwe^onsider the cotie as without weight, v = 

's/S X (fl^ — ^)- This velocity therefore follows the 
same law as in Ex. 2. Art. 83, where a is the whole 
space to be described, and x any variable space. But 
by that Art. if w ==0, the times oif descent are all >equal, 
whatever be the value "of a; hence, whatever be here 
the value of ^ the time "of unrolling the who4e will be 
the same, provided g be the same, or n : if in a given 

ratio; and that tinie^= —7= x lp= y -7^ 



^g ^^ ^ ^ 32mn 
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Prop. CCXX. 

Let a hody B he drawn at T btf a string TB, 
T moving in a straight line PZ ; to find the curve 
VBW described hy B. 

Put the abscissa PA—x^ ordinate AB=^yy b = TBy 




Z T A^ . P 

then TB must be always a tangent at B; and by 
sim. tri. - y {be) : x{Bc) :: y : ^b^-y\ and i= 

^rfaose Auent (Prop. 18. ]Sx« 8. aod Pr€f>. \^.) i^ 4iP :?: 
ixh. 1. ^^^^^^y" _ ^^Tp+C; but supposing 

the abscissa to begin at the ppiat where the ordinate 
AB is a tangent to the curve, when a? = O, y = 6 ; ancji 

the correct iiueirt is a? = 6 X h. 1. - ■ "^ — ^-^ — 

y 

^yi"* - ^*. Tbi3 is called the curve of Traction. 
T may be drawn along a cui-ve line, but then the 
solution becomes mpre copdplex. 

jftiop. CCXXI. 

Let LCM be the swJiiQe ofafiuid, AJ^a t^J/efilUd 
with thejluid and closed at A by the finger ; to find the 
point P to which ihe fiuid wiU descend upon removing 
the finger. 

Let AB:=a, CB=l, AE = x^ 1;=: velocity at ^, 
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l6TVfeet^ and let 3ma ss gravity or weight of 

A' 

B 



M 



the fluid in AB, 2m x I = 2m = the gravity in CB, 
end 2m X CJ5 = gravity in CE=2mx (a— 1 - a?), and 
this is tl^tnoving force ; therefore the accelerative force 

_2mx(a-l-a?) , . 2mx(a-l— a?) 

= ^; hence, t;*i; = ^ -xx^ 



a— a? 



a-x 



2m(i — -~-^and v* = 4m[4: + h. 1. (a-a:)+C]; 

but when t; = 0, j? = O, and the correct fluent is v* = 
4m [x+h. 1. fl + h. 1. («- J?)] ; and the lowest point P 
is found by inakingi;=0, orj?=h. 1. a-— h. 1. (a— x), and 
X may be readily found by trial, by a table of hyp. logs. 

Prop. CCXXIL 

Let y+Pyx == Qx; to separate the variable quan- 
tities^ P and Q hdng functions ofn ; and thence to find 
t/ie JtuefU when it can be found. 

Let yz:zvuy then y = vu-^^uVf and vii-^-uv = 
Qi-^Pvux; assume v+Pvx = 0, then - = — P«r, 
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-/Pi 

and log. V == -fPi, and (Art. Ill, Cor.) v = a ; 
but from the assumption, vii = Qi, w £= / = 

/Pi 2# -/P# /^i 

fa Qx =: ^; hence, y = a /a Qi, and the 

quantities x and y are separated ; and according to the 
functions of P and Q in terms of x, the fluent may or 
may not be found. For this we are indebted to James 
Bernoulli. 

For more on the subject of Fluxional Equations, see 
Waring^s MeditatianesI Analytkae. 



Prop. CCXXIII. 

Let two bodies P, Q, connected hy a string going 
over a pulley at T, and lying upon two curves xy, vw, 
and P to descend; to find the velocities ofV and Q, 
after P has descended perpendicularly through any 
given space*. 

Let X = perpendicular descent of Pj, y = that of the 

T 




ascent of Q, and at any time let P acquire the real 
velocity v, and Q that of w; then (Prop. 146,) the 



* We have here given the propositioD, as being of a fluxional 
nature, and sometimes also in it's application. 
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Pvv 
moving force of iP =x •- — r in the direction of gravitr ; 

2mx ^ 

but when unconnected with the machine, P is the 

moving force; hence, by it's connection with Q, in 

Pvv 
moving force P has lost P — - — r in the direction of 
" 2mx 

Qww 
gravity. For the same reason, Q + r- ( y having 

a contrary sign to that of i) is the motive force lost 

Qww 
by Q; and <Mech. Art 149.) i x ff v. Q + -^^j^j : 

Qif Qww . . 

"^^ + " o^^;. an equivalent motive force at P ; it must 
X 2mx ^ 

therefore be this force which destroys the motive force 

^ Prv , , ^ , ^ P'^'^ Qy Qww 

and 2m x {Pi — Q^) = Pvv+QwWy whose fl^enits are 
4m X (Px'-Qif)::t^Pv^ + Qw^. Now if s = the real 

space described by P, and S that described by iQ ia tbe 

• . ' s S , vs . 

time t, then ^ = - = w aiM «c? = — r ; hence. 4m x 

(Px — Q,y) = Pw» + Q X -^, and v = 

a3 



\/ 



4mx(Px-Qy) 



i» 



P+Qx^ 



The velocity being determined 



• X 

in terms of the space, the time is found from ^ =? - • 



C 



if "t/ 

If cx»oos. rPy,€w=co8. r^v, Ihen j= -, and v ;== 



n/ 



4w»x.(Pi? — Qy) 

-— -TJl 

p+ax^ 
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This prppofiition is to be applied in all cases where 
tfajp velocities of the two bodies are not equal. 

Ex. 1. Let AC ( = a) be an inclined plane, Q 
a weight connected to F by a string moving over 
a pullet/ at T, passing under a hook at vjixed to Q and 
returns and is Jtxed at v, the string acting varaUel to 
AC, and P hanging Jreeh/ down ; to find the velocity 
tf P descending down the space x. 

Here x lengthens as the two parts vr, rT, shorten, 
Aerefore v being the velocity of P^w^jV; now when 




Q has asoended from C to A, or perpendicularly through 
BA (=&), P has descended perpendicularly through 2a; 

therefore 2 a : i :: « : r^ tKe perpendicular ascent y 
of Q corresponding to the pei^ndicular descent a? of P ; 



P-^Qx 



v'prc 



2a 



**<Mi*i*ai«<»i 



aooderathre fcfroe 



corresponding time 



If 



C*xQ 
P-^ Qx 



Also^ the 



4mx 



Jttfcxtt" ' '^»" "" 



^ mF 



m 



P^Qx 



2a 



If AC be horizontal^ a is infinite, and T 



s/ 



v/i 

^ m 






• i iw 



AP 
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If Q hang perpendicularly down, Cs 1^ and v = 
V i I- 

P+Qx\ 

Ex. 2. Let P hanging Jreefy dbwn, draw a wedge 
ABC along an horizontal plane^ having an it a weight 
Q supported hy a perpendicular plane sr, so that Q 
may ascend perpendicularly ; to find the velocity of P. 

Let jiB : BC :: 1 : r, then if P descend through x, 
Q ascends through rx; and if t; ^velocity of P, rv =s 




wy 



velocity of Q; hence, 4mx(Px- Qrx) = (P+ fF)x 
v^+QxT^v^ (for P and ff^ movfi with the same velo- 

city); hence, v = V p^^^^Qy.^ |' ^^^^ ^® 

get the time as before. 

Ex. 3. Let P draw A, B, along the horizontal 
plane LM, hanging freely dofwn^ and connected hy 
a string running through P ; to find the velocity ofV. 

Let x=: space descended through by P, v it's velocity ; 
then P acting on each body, the velocities or spaces 



A 

Q 



B 



-M 



(> 

passed over by each body will be inversely as their 
quantities of matter, and as the perpendicular parts of 
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S97 



the string have each lengthened by Xj the two hori- 
zontal parts have together shortened by 2x; but the 



vel. A : vel. B :: B i A :: 



2Bx 2Ax 



; A has 



A + B' A + B 

therefore shortened by -^ — ^ , B by -^ — jj j hence, 

the velocities of P, A, B, are v, -j — « , . . p ; there- 

' ' ^ A-^-B A+B 

fore 4mxPa? = Pi;^+^-jq-g-+^^;jq^ 

W^rP^x(^ + B) ^ The time is found 



y/Px{A+B') + 4B'J+4A*B 
as before. 



Ex. 4. Lc# C ic the center of the quadrantal arc 
TA, CT horizontal^ P hanging freely down and con- 
nected with Q fev a string passing over a pulley at C, 
drawing Q iip the curve j^rom A ; tojind V^s velocity. 

Join CQ, bisect it at m, draw Cr indefinitely 
near CQ, and draw Qc, mn perpendicular to ^T, 




and rs to CQ. Put r^CAy y^Ae; then eQss 
s/2ry — y^, and mn (= | TC + |-eQ) = } r + 
I s/2ry - y% and Cw = |-r— |y; hence, Cm — 

V i^* + i ^\/2ry— y*; and by sim. triangles i (Q^) : 
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SiQr) :: \/ir»+ ir^2ry-y' -. r; and ^ = 

r 
V/ ^>^x(Px-- Q^L_ And when Q 

comes to C, if /=:the quadrantal chord CA, then a:^/^ 

y = r, and v = V s — 7j ^'^^ velocity of P at 

that point. And this is the same velocity as that which 
would be acquired by P drawing Q up the inclined 
plane AC. 



Corrections of typographical Errata in 
Professor Vince's FLUXIONS. 



Page 27. I I. for -k- 6x*i read — Gx^x. 34.1.15./ 

2>/2ar.2a\/2. 38^. 2.f JEr. DE. 40. 1.21. f\/m-x» 

r. \/m — x'. 48. 1. 4./. 130 r. 131. 58.1. I. f BL r. PL; 
12,1 f PT r. PL. 61. 1.4./ xr.i. 86. 1. 23/ 130 r. 131. 
88* !• IS'f.x^x r. x'i. 96. 1.2./ tnr.w\\. 5, Sfcx r.pcx. 
98. 1. 3./. 130 r. 131 i 1. 12./ ay^x r.p^^x. 106. 1. 20./ 
d^ in den. r. /?•. 1 13. 1. 5. / 130 r. 131 5 1. 20,/ Dr. Q; in 
fig. f V r. q. 1 19. 1- 1 6* / bisects r. is bisected by. 121.1- 6. 
/.59r.60, 129.1.21/. EGFr.HGF. 131.M8./3.3(n+ 1) 

r. 3(3w+ 1). 136. 1- 1./ - mn(b^a) r. ?mn\b-a). 142- 1. 12. 

3 3 

/ Pr r. PR. 144- 1. 2./. P-K? - 7+^* r. P^ = TT?!*. 
1 46. K 1 1 ./ ^ ^. ^. 1 55 . 1. I a. / /"" + iwy " r. (<»"• + my ")•. 
I68.1.6./ev*r.et/*. I72. 1. 19./ 3 Pg r. 2p g. 173.1.5./ 

54r.98. 180. 1. 8./ it/tf±f ^. li/lZ+f . igl. L 20. 

f'i(a-S/)r.(ia--y). 18^. l.l. f xx" r. z\ 197- 1- !«• 
/. 5rjr r. %yy. \ 93. 1. 12./. J? r. v. 200. 1. 21. / ^ r. 2. 1. 22. 
fir. 2. 20J. 1. 1./ I v*v r. 2 V* v. I. 2. dele 4. 203- 1. l7. 
/ x— 6 r. x-a^ 205- L 27./. - r. =. 2O9. 1. 4. / l67. r. 67. 

1.12. f.xx r. — ; 1. 13. in den./ « r. ^A*, 1. 17. / x'^'^^i 

r.z'^-'Z' 214. 1.14./ (e+/:r)»r.(e+/a;^). QlS-lfsn + m 
r.sn + fi. 216.1. 11./ Cr.^5/(fw + 2)r.(m4-2«). 217-1-10. 
/ ^ r. i. 218. 1. 15. / if 6 = r. 4* =. 228- 1. 5./ ay i r. 
^y ^- 230. 1. 26. / ^Od'pr r. SO a'^qr; 1. 30. / SOa^pr r. 30a*qr. 
231. 1. 2./ Sa^ r. 30fl*; 1. 7-/ ny*-^' r. nf-^y. 235. 1. 8. 

/ + ) + &c.— vr. + &C. — v J. 241.1. 3./ wr.v. 

251. 1. 3./ sign r. sine. 253- 1.6. /^ f.y. 255. 1. 2. /./;~ 
^•io"; 1. 14. /^^r r.hyv. 256- 1. 1./ 4nj: r. 4/i*j'; 1.4. 
/ no: r. wx* 5 1. 4. //;v r. iwv; 1.5./ j^v r.p'o. 257- 1- 7. 
/. 1 +t; r. 1 -v; 1. 16./ +/j t; r. - av. 258- 1. 13. /. 1 +v ' 

•*. 1 -v. 259. 1. IO.//7-/1 r. r-n. 270- 1- 14./ ^r r. */a. 
289- 1- 1. / horiz. r. cO. 294- 1. 8. f. ^^nx r.2 nx •¥ f. 



«97- 1- «l- /. 81 »•• 82- 307- 1. 6./. «- + • r. «•+• ; I. 8. 

/iw+1 r. »+l. 310.1. 11./ V^'^*^- v4^*5 *1S. 
/ Ch. 2. r. Sec. S. 31?. 1. 4./ ^2P0 r. 2B0. 321- b fig. 
/.Lr.Q. 323. 1. ^^'f-f^~y '"^^fz^- 328. 1. 16. 

/ P v/^^ »■• V/^^. 330. 1. 18./. 2 r. z. 331. 1. 17. 



m ^ m 



/ 1 - - r . ;, X (^ 1 - . ^ ; /. 1 - ^ r. ^ X (^ 1 - — ^ . 

333. 1. 16./ ^:» - ^-^ . fl* r. ^^ . fl*. 335. 1. 11. dele r. 

—4/7 — ^ 1 > j^ 

353. 1. l./.-'7=^^--7=X-r^. 355.1. 14./ V'iiTw + V^ 

r. ^JT^- V^ 363. 1. 7./ -f r. I- . 365. 1. 14. / ^i^x 

r. tf '^; / bty r. b^-x^ f. {a'^xf' r. (a*^^)*; 1. 15./ (i + y)* 
. r. (4 + x)«; I. 17./ (^^ x)* + (6 + y)* r. (fl-^y)^ + (* + x)\ 
366. 1. 25 f.x ^- AF r.x X AF. 369- 1- 6. / 82 r. 83. 
371- 1. l7./ + b X r- — 4x ; changing the signs accordingly, 
the operation proceeds in the same manner. 374* 1. 17- 

/ — ^ ^- — y—- 379- 1- ^i-/- ^ ^- *> 1- i^-/ ^^ - 
r. ^; 1. 15. /— Ji r.— |£i 1. 17. / C r. S. 380- 1. 6. 
/C r. S; 1.7./Cr. S. 381.1.15./ -i- r. -^5 1.24. 

/ sx=r r. sx^T. 382. 1. 15./ (rf-2yr-' ♦-• («i-yr-' ; 

1. 15, I6./2 J r. 2»»^} 1. 16. /dy"-'f-,d--'y./.J.3.5 
r. 1.2.5. 383. 1. 2. / 1.3.5 r. 1.2.5, and in the next four lines 

fzJ r. 2mJ i 1. 15./ ^ r. -^ . 385- 1- 6./ 2.3.4.1.6.7 

»•. 2.3.4.6.6.7. 1. 7. f-zy r. ly. 393. !• 12. / ww r. wa. 
263. 1. 4. /. ,= r. +. 



The Author's absence from Cambridge must apologize for these 
typographical Errata. 
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